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Hornberger and Wiberg: Numerical Methodsin the Hydrological Sciences

6. Introduction to Finite Difference Methods for Partial
Differential Equations

6.1. Classification of partial differential equations

Thereisa"sandard” classfication of partid differential equations (PDE'S). Thereis nothing
sacred about this classfication, and thereis actualy nothing essentid in it that we will use.
Nevertheless, the terminology is used widdly so it pays to have a passing knowledge of the
taxonomic jargon. Congder the following to be your introduction to some terminology.

Consder the second-order PDE with congtant coefficients A, B, and C. ("D" represents some
arbitrary function and isirrdlevant to the classfication.)

2 2 2 X
A‘ﬂu+Bﬂu+C‘ﬂu+ae Tu Tud_

DcX,y,u,—,—==0.
1 x? TxTy Ty° Sxyu'ﬂxﬂyz

The equetion is

dliptic, if B>4AC <O0;
parabolic, if B>~4AC=0;

hyperbolic, if B>-4AC>0.

Three "generd" equations from mechanics that often appear in the hydrologica sciencesare 1)
Laplace's equation, 2) the heat equation, and 3) the wave equation. These equations are,
respectively, dliptic, parabalic, and hyperbolic. Consider the definition of the classes above and
convince yoursdlf that the classifications are as indicated by completi ngm Also think about
the one-dimensiona forms of the Navier- Stokes and the advection dispersion equationslisted in

The latter equations are presented usng dimensionless variables. Note that the
classfication isn't particularly informative about these equations unless the second-order terms (the
ones invalving the Reynolds number, R, and Peclet number, Pe) dominate. That is, the classfication
"works' only for low Reynolds numbers and low Peclet numbers. (If you are unfamiliar with these
equations or the dimensonless parameters, consult atext on fluid dynamics)

6.2. Finite difference approximationsfor derivatives

The method known as the "finite- difference method" uses approximations to the partia
derivatives in equations to reduce PDE's to a set of agebraic equations. Various approximations to
derivatives are liged in Table 3.1. In particular, recal the gpproximations to first and second
derivatives listed below (cf. equations 3.2 through 3.5).
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Table 6.1. Some equations that arise frequently in hydrological problems.

EQUATION A |B | C | B>4AC | CLASSIFICATION
, T T 1 (0|1 |-4 Hlliptic
L aplace's equation: >+—=0
x* Ty
2
Heat equation: Tu 1 l:
Tt 9qx
2 2
Wave equation: ﬂ—l; :ﬂ—l:
1t° 9x
Navier- Stokes:

fu, Ju_ 1 R Tp 197%

9T X F rUfTX RYTX?

Advection-disperson:
Tc,Tc_11 ’c
9T X Pef X?

The forward-difference gpproximation to afirst partia derivative with respect to x at point x;, y;:

MOy _ TOE+Dxy ) - T%0 )
Tx Dx

— fi+l,j - fi,j +O(DX)
Dx

+ O(Dx)

The backward- difference gpproximation to afirst derivative:

ﬂf()ﬁ’y]‘): f(xi’yj)- f(xi' D(iyj)
fix Dx

fi i~ fi—l'
=—1 - +0O(Dx)
Dx

+0O(Dx)

The central-difference gpproximation to afirs derivetive:

TOGY) _ FOx+Dxy)- F(x-Dxy))
Tx Dx

— fi+1,j - fi-l,j +O(DX)2
2Dx

+0(Dx)*
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A centra-difference approximation to the second derivative:

ﬂzf — f(X1 +Dx1yj) '2f()§ !yj)+f(xi_ D(’yj)
ﬂXz (DX)2

— fi+1,j - 2fi,j + fi—l,j +O(DX)2
(Dx)?

+O(Dx)?

Similar equations give the gpproximations for partid derivatives with respect toy.

Subdtitution of these approximations for the derivativesin a PDE leads to a set of dgebraic
equations. The numerica solution to the PDE is recovered by solving the algebraic equations.

6.3. Example: The Laplace equation

Steady-<ate flow of groundwater in a homogeneous, isotropic, constant-thickness, horizontal
aquifer is governed by the Laplace equation [[Box 6.1]. The equation, in terms of groundwater head,
h,is

2 2
1 I; + u =0
ix® Ty

Congder the Laplace equation gpplied to arectangular section of aguifer with Dirichlet
boundary conditions (which just means that the heads on the boundaries are specified). Let the
aquifer be 400m long in the x direction and 200m long in the y direction. Apply agrid with Dx=50m

and Dy=50m and usei and j to index the position on the grid superimposed on the domain. The
heads on the boundary are fixed a 100m dong the right side of the boundary and O el sewhere

Fgre6 1)

The subgtitution of centra- difference gpproximetions to the derivativesin the Laplace equation
for agenerd node (i,)) leadsto:

hi+Lj B 2hij +h-l,j + hi,j+1' 2hij +h,J-l
(Dx)? (Dy)?

=0 (6.1)
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0 0 0 0 0 0 0
0 4—hy —hpg—hy3—hgq—hg—hg— hy —]100
| | | I |
0 —hg— hg —hjp— h11 —h1z— h13— h14—{100
| I R
0 |— hi5s — h1g fh17 h1g — h1g — h2p — h21—— 100
0 0 0 0 0 0 0
Equations are numbered; b
this is unknown hyg- Lj+1
[For this node, i=3, j=2.]
idj —— hj —— hjaq
hi,j1

Figure6.1. Finite difference grid for the L aplace equation.

Let Dd represent both Dx and Dy, which we specified were equa at 50m. Equation (6.1) can
then be written:

g}Dz)z %hiﬂ_,j + h-Lj + h,j+l + h,j-l - 4hJ ): 0 (62)

Now consider the equation for node 1 of Figure 6.1. It is clear from the problem that we have 21
unknowns (7 "i" nodestimes 3 "j" nodes). We number the nodes and use a single subscript on h to
designate which unknown we are considering (Figure 6.1). Equation (6.2) for node 1 indicates

1 _
ﬁ(h2+o+hg+0-4hl)—0. (6.3)

We can write an equation like this for each of the 21 nodes to get a system of 21 equationsin
21 unknowns. Thefirgt of these equations (for h;) shows a -4 asthe coefficient on the first unknown
and ones for the second and eighth unknown. Write the equation for the second node. Y our result
should show a -4 coefficient for the second unknown and ones for the firgt, third, and ninth. If we

write dl of the equations and put them in matrix-vector form, the result is a set of smultaneous linear
equations.
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Solving the exampl e problem in MATLAB

We have dready seen how to solve systems of equationsin MATLAB (Chapter 2.9). All that
must be doneis to oecify the matrix and right-hand vector. One way that comes immediately to
mind is to write an m-file that loops through the 21x21 dements of the matrix. Such afile might look
likethis (If you havent dready used dl of the MATLAB logicd operations, "= =" indicates "equd

to", "~=" indicates "not equd t0".)

A=zeros(21, 21); %real l ocate space for the matrix
for k=1:21 % 21 rows
for n=1:21 % 21 col ums
A(k, n) =0;

if k==n A(k,n)=-4;end

if k==n-1 & n~=8 & n~=15 A(k, n)=1;end
if k==n+l1 & k~=8 & k~=15 A(k, n)=1;end
if k==n-7 A(k,n)=1;end

i f k==n+7 A(k,n)=1;end

end
end
Theresultin MATLAB is (for the first 9 rows and columns)
A(1:9,1:9)
ans =
-4 1 0 0 0 0 0 1 0
1 4 1 0 0 0 0 0 1
0 1 -4 1 0 0 0 0 0
0 0 1 -4 1 0 0 0 0
0 0 0 1 -4 1 0 0 0
0 0 0 0 1 -4 1 0 0
0 0 0 0 0 1 -4 0 0
1 0 0 0 0 0 0 4 1
0 1 0 0 0 0 0 1 -4

which isthe desired result.

There are very good reasons to avoid this "brute-force’ method for setting up finite-difference
matrices. Firs, MATLAB is very efficient at dealing with vector operations and not very efficient a
deding with "for loops'. (If you do want to perform loop ca culations such as those shown above,
make sure to preallocate space for the matrix, i.e., to use A=zer os( 21, 21) before sarting the
loop.) More importantly, the matrices can become large rather quickly. For the ample example
above, we had 21 unknowns leading to a matrix with 21 rows and 21 columns, designated a 21x21
matrix. In this case the matrix has 441 entries. But if we want to halve the grid spacing in the
example problem, we wind up with 15x7=105 unknowns and our matrix is 105x105, and has
11025 entries. And thisisn't alarge problem at dl. How do we recover from the difficulty of
working with large numbers of matrix entries? If we look at the matrix for our example problem, we
get aclue. Most of the entries in the matrix are zero. Matrices that arise in finite-difference (and
finite-element) methods are sparse; they have many zero e ements. If we can take advantage of the
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parseness and store only non-zero entries, we save tremendousy. MATLAB does this through a
series of sparse matrix commands as indicated below*.

hel p sparse
SPARSE Buil d sparse matrix from nonzeros and indices.

S = SPARSE(...) is the built-in function which generates matrices
in MATLAB' s sparse storage organi zation. 1t can be called with
1, 2, 3, 5 or 6 argunents.

S = SPARSE(X) converts a sparse or full matrix to sparse form by
squeezi ng out any zero el enents.

S = SPARSE(i,j,s,mn,nzmax) uses the rows of [i,]j,s] to generate
an mby-n sparse matrix with space allocated for nzmax nonzeros.
The two integer index vectors, i and j, and the real or conpl ex

entries vector, s, all have the sane |length, nnz, which is the
nunber of nonzeros in the resulting sparse matrix S

There are several sinplifications of this six argunent call.

S = SPARSE(i,j,s,mn) uses nzmax = | ength(s).
S = SPARSE(i,j,s) uses m= nmax(i) and n = max(j).
S = SPARSE(m n) abbreviates SPARSE([],[],[].mn,0). This

generates the ultinate sparse matrix, an mby-n all zero matrix.

The argunent s and one of the argunments i or j nay be scal ars,
in which case they are expanded so that the first three argunents
all have the sanme |ength.

For exanple, this dissects and then reassenbles a sparse matri x:

[i,j,s] = find(S);
[mn] = size(S);
S = sparse(i,j,s,mn);

So does this, if the |ast row and col untm have nonzero entries:

[i,j,s] = find(S);
S = sparse(i,j,s);

Al of MATLAB' s built-in arithmetic, |ogical and indexing operations
can be applied to sparse matrices, or to nmixtures of sparse and

full matrices. Operations on sparse nmatrices return sparse nmatrices
and operations on full matrices return full matrices. |In nost cases,
operations on m xtures of sparse and full matrices return ful
matrices. The exceptions include situations where the result of

a m xed operation is structurally sparse, eg. A .* Sis at |east

as sparse as S . Sone operations, such as S >= 0, generate

! Reprinted with permission from The Mathworks, Inc.
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"Big Sparse", or "BS', matrices -- matrices with sparse storage
organi zati on but few zero el enents.

See also FULL, FIND and the sparfun directory.

Let's use the sparse matrix commands to build the matrix for the example problem. First we
want to have a 21x21 square matrix with vaues of —4 on the main diagond (the entries running from
the top left to the bottom right of the matrix).

M di ag=sparse(1:21,1:21,-4, 21, 21);

Next we build the subdiagond, the line of entries directly below the main diagond.

L1 _di ag=sparse(2: 21, 1: 20,1, 21, 21);

Findly, we build the diagond that is 7 eements down from the main diagond. These are the entries
that arise from the line of nodes below the one being considered, e.g., hg occursin the first equation

(equation 6.3 and.

L2_di ag=sparse(8:21,1:14,1, 21, 21);

Note that we do not have to build the super diagonals, the ones above the main diagond,
expliatly --- they are just the trangpose of the subdiagonals. The matrix that we want (actudly, we
will have to make aminor modification; see below) isjust the sum of the appropriate diagond
matrices.

A=M di ag+L1_di ag+L2_di ag+L1_di ag' +L2_di ag' ;

How big is our sparse matrix? si ze( A)
ans =

21 21

What does the matrix look like? A(1:9, 1: 2)

ans =
(1,1)
(2,1)
(8,1)
(1,2)
(2,2)
(3,2)
(9,2)

Y ou see that the only entries listed are non zero. The MATLAB "full"* command can be used to
convert a sparse matrix to the regular form.
full (A(1:9,1:9))

ans =

1 1
PR ANRRRERDN

1
ocor A
1
oOr AR
1
P AR O

1

NP OO
rOoOOO
ocoooo
ocoooo
ocoor
ocor o
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0 0 0 1 -4 1 0 0 0
0 0 0 0 1 -4 1 0 0
0 0 0 0 0 1 -4 1 0
1 0 0 0 0 0 1 -4 1
0 1 0 0 0 0 0 1 -4

The matrix is not quite right yet. The matrix should be "blocked" with the limits of the "blocks'
corresponding with the ends of the rows of the finite-difference grid. (Figure 6.2 shows that the
matrix is composed of three 7x7 "blocks' thet are identical.) The blocks arise because there isno
"one" in the position to the right of the rightmost point on the row (e.g., variable 8 does not gppear
in the equation for node 7). Likewise, thereisno "one' in the position to the left of the leftmost
positionin arow (e.g., variable 14 does not appear in the equation for node 15). Thus, we need to
st severd dementsin our sparse matrix to zero.

A(7, 8)=0; A(8, 7) =0; A( 14, 15) =0; A( 15, 14) =0;

We can use the MATLAB "spy" command to look at the Structure of matrix A graphicaly
(Figure 6.2).

spy(A)

T
L]
L]
L]
L]
1

10

12

T

°
L]
°
°
°
1

14

T
[}
°
°
1

16

T
L]
L]
L]
1

18

20

22 : : :
0 5 10 15 20
nz =85

=i Figure 6.2. The sturcture of matrix A. The number of non-zero entriesin the matrix isnz.

The final step, solving the equations, can be done using methods presented in Chapter 2. For
example, we can st the right-hand vector using known quantities (the heads on the boundaries) and
obtain the solution easily usng the MATLAB backdash command
b=zeros(21,1);b(7)=-100; b(14)=-100; b(21)=-100 ,;
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h=A\ b;
output=[h(21:7) h(8:14) h(15:21)]

out put =
0. 3530 0. 4989 0. 3530
0.9132 1.2894 0.9132
2.0103 2.8324 2.0103
4. 2957 6. 0194 4. 2957
9. 1532 12. 6538 9. 1532

19. 6632 26. 2894 19. 6632
43. 2101 53.1774 43. 2101

Y ou might want to prepare an m-file, generdizing the statements above, to solve the sample
problem for user-pecified grid spacing and look at the effect of decreasing grid spacing on the
answers.

6.4. Example problem: The" Toth" problem

Asanillugration of how to generalize the gpproach outlined above, consider the m-file below to
solve the Laplace equation for atwo-dimensiond, vertica dice of an aguifer with atop boundary
specified by undulating vaues of ground-water head. The undulations are to represent the effects of
topography. Toéth (1963) investigated the problem in anow classic paper.

The boundary conditions for the left and right Sides and for the bottom of the domain are not
fixed heads. Rather, we assume that there is no flow across these boundaries. In this case the
derivative of h with respect to the spatid coordinate is zero. We handle the condition by using the
central difference gpproximation to the derivative at the boundary node. Consider the gpproximation

for aboundary node"i" inagrid (Figure 6.3}.

Equation (3.4), the central-difference approximetion for the first derivative, requires vaues at "i-
1" asswell asa "i+1". That is,

1 h»(h+1' hl)
1 x 2Dx

69
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ficticious node "i-1" node " node "i+1"
- - - 0— o

Mo flow through this
houndary.

Figure 6.3. Nodesin the vicinity of ano-flow boundary.

Inredlity, we don't have anode at "i-1", but we insert afictitious node just to alow usto tregt
the boundary condition. For no flow, the derivative above must be zero and thisimplies that h;.;
must equa h.;. Consequently, when h;_; occursin the finite-difference equations, we st it to hi. ;.
In effect, this means thet the coefficients on the "hi.1's" in the Téth problem must be set to 2 instead
of 1. (The best way for you to digest thisisto study the code and think about the appropriate
boundary conditions.)

% This is a finite-difference solution for Toth's problem

% Code by George Hornberger and Jeff Raffensperger

%

% First set the grid size.

%

J=i nput (' Nunmber of nodes in the x direction? (Try 75 if in doubt.)")
K=i nput (' Nunber of nodes in the y direction? (Try 25.) ')

WEi nput (" Nunmber of hill-valley waves? (Try 3.) ")

anp=i nput (' Anpl i tude of hill-valley waves (0-10)? (Try 3.) ")

%

% The nunber of nodal points is J*K

%

n=J*K;

%

% Finite-difference equations generate SPARSE nmtrices;

%that is, nobst entries are zero.

% MATLAB t akes advantage of this sparsity by NOT storing the entire matri x.
%

% Set the coefficient matrix for the Laplace equation.

%

M DI AG=sparse(1:n,1:n,-4,n,n);

L1 DI AG=sparse(2:n,1:n-1,1,n,n);

L2 DI AG=sparse(J+1:n,1:n-J,1,n,n);

A=L2_DI AGtL1 DI AG+tM DI AG+L1_DI AG +L2_DI AG ;

%

% Next set the vector of "knowns" and nodify the coefficient matrix
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% This is a finite-difference solution for Toth's problem.

% Code by George Hornberger, Fall 1993.

% Modified to include a sinusoidal top boundary, Jeff Raffensperger  

% Spring 1994

%

% First set the grid size.

%

J=input('Number of nodes in the x direction? (Try 75 if in doubt.)')

K=input('Number of nodes in the y direction? (Try 25.) ')

W=input('Number of hill-valley waves? (Try 3.) ')

amp=input('Amplitude of hill-valley waves (0-10)? (Try 3.) ')

%

% The number of nodal points is J*K.

%

n=J*K;

%

% Finite-difference equations generate SPARSE matrices; 

% that is, most entries are zero.

% MATLAB takes advantage of this sparsity by NOT storing the entire matrix.

%

% Set the coefficient matrix for the Laplace equation.

%

M_DIAG=sparse(1:n,1:n,-4,n,n);

L1_DIAG=sparse(2:n,1:n-1,1,n,n);

L2_DIAG=sparse(J+1:n,1:n-J,1,n,n);

A=L2_DIAG+L1_DIAG+M_DIAG+L1_DIAG'+L2_DIAG';

%

% Next set the vector of "knowns" and modify the coefficient matrix

% to account for the boundary conditions.

% The heads at the top are set to grade linearly from 20 to 0.2,

% with W sine waves of amplitude A superimposed.

%

dh=20/J;

hT=20:-dh:0.2;

%

for i=1:J

	hT(i)=hT(i)+amp*sin(2.*pi*((i-1)/(J/W)));

end

%

% Let's look at the topography of the water table...

%

dJ=0:1:J-1;

dK=0:1:K-1;

figure(1)

plot(dJ,hT)

%

% Next set the right-hand vector, adjust the coefficients on the no-flow boundaries, and fix the matrix entries at the edges of the "blocks".

%

rhs=zeros(n,1);

for j=1:J				% Bottom and top boundaries

    rhs((K-1)*J+j)=-hT(j);

    A(j,j+J)=2;

end

for k=1:K				% Right-hand boundary

    A(k*J,k*J-1)=2;

end

for j=1:J:K*J			% Left-hand boundary

    A(j,j+1)=2;

    if j>1 & j<K*J		% Block the matrix

        A(j,j-1)=0;

        A(j-1,j)=0;

    end

end

% 

% The finite difference equations are in the form A*h=rhs, where

% "A" is the coefficient matrix, "h" is the vector of unknown heads,

% and "rhs" is the vector of known quantities.

%

% The MATLAB "\" function solves the system of equations.

%

h=A\rhs;

%

% The unknown heads can be put back into the gridded form to view

% in our x-y orientation.

%

hh=reshape(h,J,K);

%

% Add in the known heads along the top boundary and rotate the grid

% into the upright position.

%

hh=[hh hT'];

hh=hh';

% 

% Next we can contour the heads.

%

figure(2)

contour(hh,12)

axis equal

%

% The MATLAB gradient function, allows us to calculate the flow         

% directions.

%

[px,py]=gradient(hh);

%

% We can plot the flow vectors on the contour plot. 

% (Note: the "1" in the "quiver" command regulates the size of the      

% arrows.)

%

hold on;quiver(-px,-py,1);hold off;
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% to account for the boundary conditions.
% The heads at the top are set to grade linearly from20 to 0.2,
% wi th Wsine waves of anplitude A superinposed.
%
dh=20/ J;
hT=20: - dh: 0. 2;
%
for i=1:J
hT(i)=hT(i)+anmp*sin(2.*pi *((i-1)/(J/IW));
end
%
% Let's |l ook at the topography of the water table...
%
dJ=0:1:J- 1,
dK=0: 1: K- 1;
figure(l)
pl ot (dJ, hT)
%
% Next set the right-hand vector, adjust the coefficients on the no-flow
boundaries, and fix the matrix entries at the edges of the "bl ocks".
%
rhs=zeros(n, 1);

for j=1:J % Bottom and top boundaries
rhs((K-1)*J+j)=-hT(j);
A(j,j+)=2;
end
for k=1:K % Ri ght - hand boundary
A(k*J, k*J-1) =2;
end
for j=1:J:K*J % Left-hand boundary
A(j,j+1)=2;
if j>1 & j<K*J % Bl ock the matrix
A(j,j-1)=0;
A(j-1,])=0;
end
end

%

% The finite difference equations are in the form A*h=rhs, where

% "A" is the coefficient matrix, "h" is the vector of unknown heads,
% and "rhs" is the vector of known quantities.

%

% The MATLAB "\" function solves the system of equations.

%

h=A\r hs;

%

% The unknown heads can be put back into the gridded formto view
% in our x-y orientation.

%

hh=r eshape(h, J, K);

%

% Add in the known heads al ong the top boundary and rotate the grid
% into the upright position.

%

hh=[ hh hT'];

6-11



Hornberger and Wiberg: Numerical Methodsin the Hydrological Sciences

hh=hh" ;

%

% Next we can contour the heads.

figure(2)

cont our (hh, 12)

axi s equal

%

% The MATLAB gradient function, allows us to calculate the flow
% directions.

%

[ px, py] =gr adi ent ( hh);

%

% We can plot the flow vectors on the contour plot.

% (Note: the "1" in the "quiver" command regul ates the size of the
% arrows. )

%

hol d on; qui ver (- px, -py, 1); hold of f;

6.5. Solving the two-dimensional Poisson equation

One problem that arises very frequently in practice involves the solution of atwo-dimensond
ground-water flow problem through a horizontal aquifer. Heads are averaged over the vertical and
the equation to be solved is the Poisson equation ([Box 6.1]); also see a hydrogeology text — Fetter,
2001, for example — to review the derivation of the equation and the physica meaning of the terms))
The pertinent equation is.

lge‘rm?#laerﬂ—h?:-w (6.4)
Tx& Tx6 Tyé& fyo
where w is a source term such as recharge (dimensions of length per time); a negative w would
indicate a Sink such as evaporation or pumping. The transmissivity, T, can vary with x and .

A block-centered grid is often very useful for solving ground-water problems, especidly for
grids with unequd grid spacing (varying Dx and Dy) and for spatidly varying transmissvities, T [
[6.7). We picture the nodes at the center of blocks that define the transmissivities and the finite-
difference epsin x and y directions. For example, consider the 3x5 set of blocks shown
schematicdly beow. Vadues of head, transmissivity, and grid spacing for each block are indicated
within the block.

hlv Tl; Dxll Dyl h21 TZ! DXZ! DyZ h3| T35 DXS! WS

h6| T65 D>Q3! Dy6 h7| T75 DX7! DY7

hlla Tll: Dxll, Dyll

A finite-difference gpproximation for the second derivative with respect to x in the second block
above can be written
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é 21T 2T.T u
TR AR T RS A
ez 1o 213 211 112 u
an1+2Dx2+Dx3(_)
2 2

These types of equations are the basis for many of the computer codes used to solve ground-water
problems (e.g., see Bredehoeft 1990 and ). Wheat isimportant from our standpoint is that
we again obtain a set of equations that must be solved and al we need do is determine how to set
up the gppropriate matrix and right-hand vector if we want to use MATLAB to obtain a solution.

Following Bredehoeft (1990) we define

T v - 2T T, cX = L y — TJ'-1/2
DXy, Dx.,T +DxT,, DX/, Dx Dy, Dy
C|X+1 — Ti+l/2 ’ and ij+l - Tj +1/2 ’

DX 12 DX Dyj+1/2Dy

where Dx isthe width of the centrd (i,j) block, and Dy isthe height of the central block. With these
definitions, we can derive the following as the finite- difference representation of the Poisson
equation.

X X y y X 4 X Y 4 AY —
¢ h|-1 +Ci+1h|+1+ c hj—l +Cj+lhj+l- (C +G, tC +Cj+1)h| =-W

Note that the finite-difference matrix for a problem will have the form (for agrid with 9 nodesin
the x direction):

a@ b d, 6
& oa b d;
¢ & & b :
S ;
¢ X -
(;; -
(; X =
¢ X :
¢ e
& 3 b
é 8o 2y g

wherethe "a's' are the coefficients on h; in the Bredehoeft equation, the "b's’ are the coefficients on
hi.1, the "c's’ are the coefficients on h;.y, the "d's" are the coefficientson h;.4, and the "e's’ are the
coefficientson h.;.

6.6. An example problem
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A waste-disposd pond is designed to lose water to evaporation and to "trap” the contaminants
in the dudge at the bottom of the pond (Figure 6.4). Unfortunatdly, the pond, which is aout 50 m
on asde, lesks (asdo dl such ponds!) and contaminated water is recharged to the underlying
aquifer a arate of 4my* (~1.25 m s?). Recharge over the rest of the areaiin this semi-arid
environment is negligible. Streams that dissect the area bound the aquifer to the north and south.
The stream to the north, 75 m from the north end of the pond, is topographicaly higher and, on
average, isa"losng stream”, with water infiltrating into the aquifer. The boundary can be
gpproximated as having a congtant head of 0.2 m above datum. The boundary to the south, some
100 m from the south end of the pond, aso can be approximated by a constant-head boundary with
ahead of Om. Because the undisturbed flow in this stream-aquifer system tends to be directly from
north to south, we can choose east and west boundaries (away from the pond) to be "no-flow"
boundaries. The west no-flow boundary is 80 m from the edge of the pond and the east no-flow
boundary is 50 m from the pond. The transmissivity of the aquifer is estimated to be 0.0015 nv s?,
except in the southwestern part of the aguifer where the transmissivity is thought to be haf of that
vaue

RIVER, CONSTANT HEAD = 0.2m

TRANSMISSIVITY 1S0.0015 m%s*
(except southwest quadrant)

POND

TRANSMISSIVITY
1S0.0008 m*s* IN THE SW
CORNER

RIVER, CONSTANT HEAD =0m
Figure 6.4. Schematic diagram of the example problem.
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RIVER, CONSTANT HEAD = 0.2m

TRANSMISSIVITY IS 0.0015 m’s”
(except southwest quadrant)

TRANSMISSIVITY
1S 0.0008 m’s" IN THE SW
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For the example, we use avery smple (coarse) grid (Figure 6.5). The vaues in the schemétic
below give the values for the blocks in the grid. For the blocks representing the area of the pond,
the Sizeis 25 m x 25 m, the transmissivity is 0.0015 n¥ s*, and the recharge is 1.25x10° ms™.
There are 25 cdls (unknowns), numbered from " 1" in the upper left, “2" in the next cdl to the right,
...... ,"6" in the cdl in the second row leftmost position, ......, and "25" in the lower right cell.

As mentioned above, the difficult part of finite-difference solutionsisin setting up the matrices.
Review the mHfile listed below to see how one might proceed to write a code for this problem.

Dx 40 40 25 % 50
Dy 75 75 75 75 75
T1 15e-3 | 153 T1 T1 15e-3
40, 25,15~ | 40, 25, 50, 25, 1.56-3
3 15e-3
40,25, 15e- | 40, 25, 50, 25, 1.56-3
3 15e-3
40,50, T2 | 40,50, 25 25,50, | 50,50, 1.5e-3
(8e-4) 8e-4 50 T1

T2
40, 50, 40, 50, 25 25,50 | 50,50, 1.56-3
8e-4 8e-4 50 T1

T2

Figure6.5. Schematic of the finite-difference blocks for the
example problem. The dark shaded squares indicate the overlying
pond and the lighter shaded cells are where the transmissivity is
relatively lower.

% exanpl e code for poisson equation

% set the grid spacing and transmissivity matrices

[ X, Y] =meshgri d(cunmsum([0 40 40 25 25 50]), cunsum([0 75 25 25 50 50]));
dx=di ff (X );dy=diff(Y);

dx=dx(:, 1:5);dy=dy(:,1:5); dx=dx";

T=0. 0015*ones(5, 5);

% account for heterogeneity in the southwest corner
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Ax 40 40 25 25 50
Ay 75 75 75 75 75
TI 1.5e3 | L.5e3 T1 T1 1.5¢-3
40,25, 40, 25, 50,25, 1.5¢-3
1.5¢3 1.5¢-3
40,25, 40, 25, 50,25, 1.5¢-3
1.5¢3 1.5¢-3
40,50, T2 | 40, 50, 25 25,50, | 50,50, 1.5¢-3
(8e-4) 8e-4 50 T1

T2
40, 50, 40, 50, 25 25,50 | 50,50, 1.5¢-3
Sedt Se-4 50 T1

T2




NPendleton
figure6_5.jpg


% example code for poisson equation

%

% set the grid spacing and transmissivity matrices

%

[X,Y]=meshgrid(cumsum([0 40 40 25 25 50]),cumsum([0 75 25 25 50 50]));

dx=diff(X');dy=diff(Y);

dx=dx(:,1:5);dy=dy(:,1:5);dx=dx';

T=0.0015*ones(5,5);

%

% account for heterogeneity in the southwest corner

%

T(4,1:3)=0.0008;T(5,1:3)=0.0008;

%

% form "minus half" and "plus half" arrays for bredehoeft equations

%

Tjm1=[zeros(5,1),T(:,1:4)];Tim1=[zeros(1,5);T(1:4,:)];

Tjp1=[T(:,2:5), zeros(5,1)];Tip1=[T(2:5,:);zeros(1,5)];

dxim1=[zeros(1,5);dx(1:4,:)];dyjm1=[zeros(5,1),dy(:,1:4)];

dxip1=[dx(2:5,:); zeros(1,5)];dyjp1=[dy(:,1:4),zeros(5,1)];

%

% preallocate zero matrices for the coefficients

%

a=zeros(1,25);b=a;c=a;d=a;e=a;rhs=a;

%

% set up the coefficients

%

Toverdxminus=(2*T.*Tim1)./(dxim1.*T+dx.*Tim1);

Toverdxplus=(2*T.*Tip1)./(dxip1.*T+dx.*Tip1);

Toverdyminus=(2*T.*Tjm1)./(dyjm1.*T+dy.*Tjm1);

Toverdyplus=(2*T.*Tjp1)./(dyjp1.*T+dy.*Tjp1);

cx=Toverdxminus./dx;cy=Toverdyminus./dy;

cxp1=Toverdxplus./dx;cyp1=Toverdyplus./dy;

[ii,jj]=find(isnan(cx)==1);cx(ii,jj)=0;

[ii,jj]=find(isnan(cy)==1);cy(ii,jj)=0;

[ii,jj]=find(isnan(cxp1)==1);cxp1(ii,jj)=0;

[ii,jj]=find(isnan(cyp1)==1);cyp1(ii,jj)=0;

c=reshape(cx',1,25);b=reshape(cxp1',1,25);

e=reshape(cy',1,25);d=reshape(cyp1',1,25);

a=-(c+b+e+d);

a(1:5)=a(1:5)-b(1:5);

a(21:25)=a(21:25)-c(21:25);

a(1:5:21)=a(1:5:21)-d(1:5:21);

a(5:5:25)=a(5:5:25)-e(5:5:25);

%

% set the top boundary -- head of 0.2m

%

for j=1:5

	rhs(j)=rhs(j)-b(j)*0.2;

end

%

% set the no-flow conditions at the sides --note that the following loop 

% is ok for this example, but does not work for general heterogeneity!!

for i=1:5

	k=(i-1)*5+1;

	d(k)=2*d(k);

	k=k+4;

	e(k)=2*e(k);

end

%

% recharge at the pond grid cells 

%

w=-1.25e-7;

rhs(8)=w;rhs(9)=w;rhs(13)=w;rhs(14)=w;

%

% use the sparse matrix commands to set the full matrix and then solve the equations

%

U1_diag=sparse(6:25,1:20,b(1:20),25,25);

L1_diag=sparse(1:20,6:25,c(6:25),25,25);

U2_diag=sparse(2:25,1:24,d(1:24),25,25);

L2_diag=sparse(1:24,2:25,e(2:25),25,25);

M_diag=sparse(1:25,1:25,a,25,25);

A=M_diag+U1_diag+U2_diag+L1_diag+L2_diag;

h=A'\rhs';

aa=reshape(h,5,5); 

x=X(1,2:6);

y=Y(2:6,1); 

mesh(x,y,aa);xlabel('distance, x, in m')

ylabel('distance, y, in m');zlabel('ground-water head, m') 

pause

[xx,yy]=meshgrid(35:5:185,70:5:230);

zz=interp2(x,y,aa,xx,yy);surfc(zz);

zlabel('head, m');xlabel('regular grid point # (x)')

ylabel('regular grid point # (y)')  
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T(4, 1: 3) =0. 0008; T(5, 1: 3) =0. 0008;

% form"m nus half" and "plus half" arrays for bredehoeft equations
Tjml=[ zeros(5,1), T(:,1:4)]; Tim=[zeros(1,5);T(1:4,:)];
Tjpl=[T(:,2:5), zeros(5,1)];Tipl=[T(2:5,:);zeros(1,5)];

dxi mi=[ zeros(1,5);dx(1:4,:)];dyjm=[zeros(5,1),dy(:,1:4)];
dxi pl=[dx(2:5,:); zeros(1,5)];dyjpl=[dy(:,1:4),zeros(5,1)];
% preal l ocate zero matrices for the coefficients
a=zeros(1, 25); b=a; c=a; d=a; e=a; rhs=a;

% set up the coefficients

Toverdxm nus=(2*T. *Ti ml) ./ (dxi mL. *T+dx. *Ti ml) ;

Toverdxpl us=(2*T. *Ti pl)./ (dxi pl. *T+dx. *Ti pl);

Toverdym nus=(2*T. *Tj ml) ./ (dyj mL. *T+dy. *Tj mL) ;

Toverdypl us=(2*T. *Tj pl) ./ (dyj pl. *T+dy. *Tj pl);

cx=Tover dxm nus. / dx; cy=Toverdymni nus. / dy;
cxpl=Toverdxpl us./dx; cypl=Toverdypl us./dy;

[ii,jj]=find(isnan(cx)==1);cx(ii,jj)=0;
[ii,jj]=find(isnan(cy)==1);cy(ii,jj)=0;
[ii,jj]=find(isnan(cxpl)==1);cxpl(ii,jj)=0;
[ii,jj]=find(isnan(cypl)==1);cypl(ii,jj)=0;

c=reshape(cx', 1, 25); b=reshape(cxpl', 1, 25);
e=reshape(cy', 1, 25); d=reshape(cypl', 1, 25);
a=- (c+b+e+d);
a(l:5)=a(1l:5)-b(1:5);
a(21: 25)=a(21: 25)-c(21: 25);
a(l1:5:21)=a(1:5:21)-d(1:5:21);
a(5:5:25)=a(5:5:25)-e(5:5:25);
% set the top boundary -- head of 0.2m
for j=1:5
rhs(j)=rhs(j)-b(j)*0.2;
end
% set the no-flow conditions at the sides --note that the follow ng | oop
%is ok for this exanple, but does not work for general heterogeneity!!
for i=1:5

k=(i-1)*5+1;

d(k)=2*d(k);

k=k+4;

e(k) =2*e(k);
end
% recharge at the pond grid cells
w=-1. 25e-7;

rhs(8)=w; rhs(9)=w; rhs(13)=w; r hs(14) =w;

% use the sparse nmatrix conmands to set the full matrix and then solve the
equati ons

Ul_di ag=sparse(6: 25, 1: 20, b(1: 20), 25, 25);
L1_di ag=sparse(1l: 20, 6: 25, c(6: 25), 25, 25);
U2_di ag=sparse(2: 25, 1: 24,d(1: 24), 25, 25);
L2_di ag=sparse(1l: 24, 2: 25, e(2: 25), 25, 25);
M di ag=sparse(1l: 25, 1: 25, a, 25, 25);

A=M di ag+Ul_di ag+U2_di ag+L1_di ag+L2_di ag;
h=A"\rhs'

aa=r eshape(h, 5, 5);

X=X(1, 2: 6);

y=Y(2:6,1);

mesh(x, y, aa); xl abel (' di stance, x, in m)
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yl abel (' di stance, y, in m);zlabel (' ground-water head, m)
pause

[ xx, yy] =meshgri d(35: 5: 185, 70: 5: 230) ;
zz=interp2(x,y, aa, xx,yy);surfc(zz);

z| abel (" head, m);xlabel (‘regular grid point # (x)')

yl abel (' regular grid point # (y)')

The matrix "ad' from the code above gives the heads arranged in an order to ease interpretation.

Y ou should keep in mind that the heads in matrix “aa’ are for noda points and, for this example
problem, are not equaly spaced. The MATLAB "contour” command and the related others that we
used previoudy assume that the matrix € ements are representative of equaly spaced points. Thus,
the output above should not be contoured directly, at least not with the MATLAB "contour”
command. One thing we can do with unequally spaced data is use the "mesh” command (Figure
6.6) once the x and y vaues are specified.

ground-water head, m
o}
o
I

o0

180

100

150 200

distance, x, in m 200 230 distance, v, inm

Figure6.6. Meshplot of solution to example problem.

If we want to contour the heads, we can usethe MATLAB i nt er p2 command to interpolate
the unequally spaced data onto aregular grid.
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head

40 40 regular grid point # {y)

Figure 6.7. Datainterpolated to aregular grid can be contoured.
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6.7. Problems

The Brookhaven landfill was congtructed on (Wisconsin) glacia outwash deposits. The landfill
overlies the upper glacid aguifer, the lower boundary of which isthe Gardiners Clay. The aquifer is
composed primarily of sand and gravel with smal amounts of feldspar, mica, and other minerds.
See Wexler (1988) for details.

Precipitation in the area averages 47.4 inches annualy. Under naturd conditions, about hdf this
amount recharges the aguifer, with the remainder going to evapotrangpiration. The bulk of the
recharge water flows toward the south in the upper glacid aquifer, discharging to streams and bays.

Depth to the water table ranges from 0 to 55 feet, depending on surface eevation. Saturated
thickness of the upper aguifer ranges from 100 to 130 feet. The sands and gravels are quite
permesble. Etimates of hydraulic conductivity range from 187 to 267 feet per day. Beaverdam
Creek, which isfed dmost totaly by groundwater from the upper glacia aquifer, drainsthe area
(Figure 6.8).

]
Brookhaven [~ head along top is
no flow sanitary 30 feet everywhere
along — landfill
this
b d no flow across
oundary — this boundary
head=
20 ft Beaverdam Creek drops

steadily from 20 feet at
’_r,_f—'-""fﬂ- the point indicated to 2.3
feet at the boundary of the
area to be modelled.

heads 2.5 2.3

. 25'2.9" 3.1
along the
bottom \ \

o an
S SV
boundary

as indicated | I
1 mile

Figure 6.8. Schematic layout for the Brookhaven Landfill problem.

The landfill was congtructed with a PV C liner, but despite this precaution, leachate has entered the
aquifer. Landfill operations began in 1973 and by 1982 a plume extended severd thousand feet to
the southeest of the landfill.

As a conaultant to the local government, your assgnment is to develop a ground-waeter flow
modd for the Ste using the information available. The flow model is needed to interpret the
directions of leachate migration. This interpretation is direct, in part, in that aflow net isgenerdly a
good guide to picturing contaminant migration. The interpretation isindirect, in part, in that the
results from aflow modd are required to implement atransport model. (Note: such assgnments are
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"imprecisg”. Y ou have greet latitude in designing the modd, but keep in mind that gpproximations
must be made -- no model can capture even afraction of the complexity of the "red world". The
trick in developing a useful modd is choosing useful gpproximations) [Solve the problem first using
atransmissvity two orders of magnitude smdler than suggested by the data. Thiswill dlow you to
visudize what is going on more eesily.]

One hint that you may find useful is how to assign afixed head to an interior node. Suppose the
generd finite-difference equation for the interior node is.

gh., +ch_, +bh,, +dh,;- ah =0

where J isthe number of columnsin the finite-difference grid. Rather than change the vdue of h; in
al of the equationsin which it gppears, we can adjust just the particular equation above and carry
on with the solution in an "as usud” fashion. To do thiswe change a to 1, by, ¢, d;, and g to zero
and change the 0 on theright-hand side to h-, where h- isthe vdue a which we want to fix h;. Note
what thisdoes. Thevaduesaf €, ¢, b, and d are zero. Thus, the equation is

h=h

fixing h a this node at the desired congtant vaue.
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Box 6.1. Groundwater flow equations

The basis of the equations used to describe the flow of groundwater is the
conservation of mass equation, which, when applied to afixed control volume, basically
says that the rate of mass inflow minus rate of mass outflow equals rate of change of mass
storage — what goes in minus what goes out equals the change in what’s inside.

[ g+d(" q,)/dz DZ] DxDy
*

X

Figure B6.1.1. Control volume for deriving the conservation equation.

One way to derive the general equation of continuity for pore-fluid flow is to specify
an arbitrary control volume to be a small rectangular parallelepiped in afixed, Cartesian
coordinate frame with sides of length Dx, Dy, and Dz (Fig. B6.1.1). Without any loss of
generality, we take the directions designated by the arrows on the axes as positive (Fig.
B6.1.1) and consider the case of positive flows. Consider first the inflow of massinto the
control volume. The inflow into the parallelepiped in the zdirection is r q,DxDy, where

r isthe density of water and g, is the specific discharge (volumetric discharge per unit
area) in the z direction. Density times the specific discharge gives the mass flux (mass per
area per time) so multiplication by the area, DxDy, yields the mass inflow in the z
direction. The mass flows in the x- and y-directions can be similarly calculated. Because
specific discharge can change with distance, the value of g, at the top face need not be the
same as that at the bottom face. We can estimate the specific discharge at the top face
using the Taylor series (Chapter 3.2). Because the distance separating the two faces (Dz2)
is as small aswe wish to make it, we can get an acceptable approximation of the flux at
the top face by just retaining the first two terms of the series (i.e., alinear extrapolation):

q,(z+ D) = 0,(2) +“ﬂiDz (B6.1.1)
4
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The expression for the mass outflow in the z direction is then

& q, +1 % ooy (86.1.2)

& 1z a

Now the expression that we need for the continuity equation is the net inflow of mass —
the difference between the inflow and the outflow. For the z direction,

net mass flow,= (rq,(z) - rq,(z+ Dz))DxDy = - %DXQ/DZ

Using similar expressions for the x- and y-directions, the total net mass inflow can be
obtained:

total net massinflow = - o % I b 110 0y (B6.1.3)
& Tx Ty z §
For steady flow there can be no change of mass in the control volume so the net inflow
must be zero. If we further assume that the density is constant, equation (B6.1.3) implies
that

ﬂqx + ﬂqy + 1-[qz —
x Ty 1z

The forces driving flow through an aquifer are due to gravity and pressure gradients.
These forces, expressed on a per unit weight basis, are represented in groundwater flow
eguations in terms of a head gradient. Groundwater head is defined as pressure per unit
weight plus elevation, which is the head due to gravity.

(B6.1.4)

Darcy's law relates the specific discharge to the head gradient. Darcy's law states that
this relationship is linear, with the constant of proportionality between specific discharge
and head gradient being the hydraulic conductivity, K. If we make the assumption that the
aquifer isisotropic, i.e., that K is independent of direction, Darcy's law can be written as
follows.

Th
=-K—
Oy x
q,=-K % (B6.1.5)
_h
qz =-K ﬂZ

Combining equations (B6.1.4) and (B6.1.5), we obtain an equation for steady
groundwater flow.

N e, & ho, T & Tho_ (B6.1.6)
x& X 2 ﬂyg yg 12& Nz




For the case of a homogeneous aquifer, one for which K is constant, equation (B6.1.6)
reduces to the Laplace equation.
2 2 2
Th, Ih Th_,
G A 4

For the case of a horizontal aquifer of constant thickness, b, we assume that there is no
vertical flow so equation B6.1.4 takes the form

(B6.1.7)

b p g (B6.1.8)
x x

When (B6.1.8) is combined with Darcy's law, we obtain

Vg, o, Teg, Mho_,

& fxg ™& o

Teg o, T2 fho_,

& g & Np
where T is the transmissivity of the aquifer. If there is recharge to the aquifer, e.g., by
sow flow through an overlying confining layer, the equation is modified accordingly:

Vg fho, Tagtho
x& xz Tx& Txg
wherew is the recharge rate.

(B6.1.9)

(B6.1.10)

If the aquifer is homogeneous, T is constant and can be brought outside the derivative
in (B6.1.9). Theresult is
2 2
ﬂ_h + ﬂ_h =0
1'|'X2 ﬂyZ
so again we find that the Laplace equation describes the steady flow of groundwater
through a horizontal aquifer.

(B6.1.11)

Finaly, note that Darcy's law indicates that flow is down the gradient in head. This
implies that flow lines for groundwater in an isotropic aquifer are perpendicular to lines of
constant head. In MATLAB this means that if groundwater heads are computed and
contour lines drawn, the gr adi ent and qui ver commands can be used to depict the

flow.




Box 6.2. MODFLOW

The most widely used computer program in the world for simulating groundwater
flowv MODFLOW, amodular code developed by the U.S. Geological Survey in the early
1980's and continually improved since then (McDonald and Harbaugh, 1988; Harbaugh
et a., 2000). The code along with documentation can be downloaded from the USGS
Web site.

MODFLOW uses the finite difference method to solve the groundwater equations
using the block centered node approach. An aquifer system is divided into rectangular
blocks by a grid organized by rows, columns, and layers. Each block is caled a"cell.”
Hydraulic properties are assigned to the cells, and boundary conditions are set by
specifying cells to be constant head, no-flow, and so forth (see Figure B6.2.1).

Cells where heads are to be computed

Cells where heads are specified
I Inactive cells— no flow

Figure B6.2.1. Example of aMODFLOW grid. Finite difference equations are written for cell -centered
nodes.




Cells where heads are to be computed
Cells where heads are specified
Inactive cells —no flow
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Box 6.3. A block-centered finite differ ence approximation

For the block-centered approach, the transmissivity (and other properties) are
assigned to blocks. The nodes, at which the heads are calculated, are at the center of the
blocks.

Block i-1 Block i Block i+1
Ti-l Ti Ti+l
hi-1 hi his1
- €EDx.1/2> | €Dxi/2>- €Dxi/l2> | €Dxj+1/2~>-

The partial derivative in the x direction, 18%'ﬂ—h9 IS approximated as:
x& xg

g e o5 fho
& Tx .y, & Txg.y,
DX

The derivatives at the halfway points are approximated in a straightforward manner. For
example,

%mg » ZTiTi+1 (h+l- h)
& Txay T+T. Dx

in which the transmissivity is approximated using the harmonic mean, %
i + i+1

If the block sizes are unequal, the equations are modified slightly; see Bredehoeft
(1990) for further details.
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7. lterative Solution of Systems of Equations

7.1. Introduction

The methods for solving partid differential equations presented in Chapter 6 relied on Gaussian
eimination (conveniently implemented with MATLAB' s “\" command) to solve the system of
equations obtained when finite differences are used to approximate the derivatives. Gaussan
elimination is not the only way to solve a system of equations. Iterative methods provide an
dternative that can be advantageous. For example, when programming in one of the popular
languages (FORTRAN, PASCAL, C), it ismuch easier to code the "loop™ ca culations needed for
typicd iterative solutions than it isto code Gaussan diminaion. The matrix gpproach used in
Chapter 6 is convienent for MATLAB but is not the way the caculations generdly are done when
working with a"non-matrix" language. [Consult the text by Wang and Anderson (1982) for more
detail.] Also, some of the very large matrices that arise in complex hydrologica problems are not
solved directly very eesly — iterative methods are actudly preferred to Gaussan dimination. The
basic idea of iterative solutions to equations was aready presented in Chapter 2. In this chapter,
we explore how iterative methods can be used to solve systems of equations.

7.2. Fixed-point iteration revisited

Recdl tha "fixed-point iteration” is one option for solving nonlinear equations [ Chapter 2.6].
The eguation iswritten in the form

x=g(x)
and the iteration formulais Imply
Xysr = g(xk ) .

Convergence of the iteration is not guaranteed in genera and the convergence criterion typicaly
used isacheck on whether X, is"sufficently dosg" to xy.

Of course alinear equation isjust aspecid case of anonlinear equation. Although iteration
doesn't make good sense computationdly for asingle linear equation, we can look at this case to
motivate the actud use that interests us— solution of systems of linear equations. So, let's take the
ample example

3X =6.

To develop an iteration formula, we must "split" the 3. For example, we can say that 3x=2x+X,
subtract x from both sides of the equation, divide by 2, and have the iteration formula

"Xy 3,
2

Xy =

Thefirg severd depsin theiteration are

-X0+3
2

X =

7-1
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.. .2
X, = -X1+3:-_1&'>ﬁ+3(;_)+3:%—19 X, t -—9
2 2 2 (4] %2@ 29

- e 1o’ & adp’C

We can see from ingpection of the generd equation above that the iteration converges to the right
answer. Thefirst term goesto zero ask® ¥ (i.e, 1/2 to the k™ power approaches zero). The
term in brackets is the geometric series. Thelimit of this seriesis [1/(1+1/2)]=2/3, so in the limit, X,
approaches 3* (2/3)=2.

There are other ways — in fact, an infinite number of ways— we can "split" 3 in the origind
equation. The genera case can be represented as

4 NS .. .2 LK g3

_-(3-a) +6_e-(3-a)u L@ 3-a a8-ad aB8-a0 0
- — = A ‘] — = 1'—+ —+‘...+ —_— = T
YT N, S a g % gaEg a &a p &€a p;

We can see the requirement for convergence of the method. The term -(3-a)/a must be lessthan
onein magnitude. (Otherwise, astheterm israised to higher and higher powers, the iteration
diverges) Thiscondition requiresthat a >3/2. Istherea"best” vauefor a? It should be clear
from an examination of the steps above that the smaller our "iteration number", the faster the effect
of theinitid guess goesto zero and the faster the termsin the series goes to zero and hence the
fagter this series converges. Therefore, we want to have the absolute value of the "iteration number”
(3-a)/a beassmal aspossble. We canlook at vauesfor the iteration number asa vaiesfrom
3/2 to 10.

al pha=3/2:1/6:10;

i ter=abs((3-al pha)./al pha);

pl ot (al pha,iter);

x|l abel (" value of the splitting paraneter al pha')

yl abel (' magni tude of the iteration nunber')

The graph that results from the MATLAB operations above (Fig. 7.1) shows that thereisa"best”
vaue. Aswewould have expected for this smple (Smple-minded?) problem, 3 isthe best splitting
parameter because then no iteration a al isrequired! The example is nonetheless ingtructive
because one can see that the progress of the iteration — how fast the process converges — depends
on the choice for splitting. To make good use of information on whether a split is "good”, we need
to know something about the magnitude of the iteration number. We will return to this notion
directly, but firgt, let'slook at solutions for matrix-vector equations.
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0.6

0.5

0.4f

magnitude of the iteration number

0 1 1 I I I 1 1
1 2 3 4 5 6 7 8 9 10

value of the splitting parameter alpha

Figure7.1. Splitting parameter for the example 3x=6.

7.3. Iterative solution of a system of equations

The notions above generdize to matrix-vector equations pretty well. Take a system of
equations given by

Ax=Db.
Split the matrix A into D+B. Rewrite the equation as follows,
Dx=-Bx+b
x=-D"'Bx+D'b
which leads to the iteration formula
X, =-D'Bx +D .
Generd iteration formulas have thisform. The specifics differ because the choice of how to split
the matrix differs. The smplest iteration (or at least one very smple one) uses the diagona dements

of matix A toform D. Thismethod uses the sum of the part of A that isbelow the diagond (L) and
the part of A that is above the diagond (U) asthe B matrix. Theiteration formulais therefore

k+l

= DH(LU) % 4D b =[x (1 4Q+ @ Q) DD,

where Q=D™(L+U). Note that because D is adiagond matrix, D™ istrivid to compute — it isjust
the inverse of theindividud diagond dementsof D. Thisis afeature sought in iteration methods
because computationa easeis one of the reasons for using iterative methods. Thissmple iteration
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formulais known as Jacobi iteration. For finite-difference gpproximations to the L aplace equation
[Chapter 6.3], this method "works', that is, it converges. Note that this means that ® 0 ask®
¥. But how fast will it converge? And are there better methods? How can we judge these
methods? For the single linear equation that we used as an example in the firgt section of these
notes, it turned out that the magnitude of the "iteration number" was important. But now we have an
iteration matrix, Q, rather than an iteration number. We need to examine the notion of the
"magnitude’ of amatrix before we proceed.

7.4. Vector and matrix norms

Y ou are dready familiar with the idea of magnitude applied to avector. If the x component of
velocity is 10 m s and the y component is 10 m s*, you know that the magnitude of the vlodity is
about 14.14 m s*. You arive at this answer by squaring the lengths of the x and y components,
adding, and taking the square root. This measure of the magnitude of avector is known asthe L,
norm. A "norm"” isjud the generdization of ameasure of Sze.

The norm of avector X is an associated, non-negative number, ||| , thet satisfies the following
requirements.

1) [q|>0forxt 0; |o|=0

2) o =dld

3) [x+yl £ +y]

Here are the three most popular ways of assgning a vector norm.

i) x|, = miax|>q| (the maximum component of the vector)

i) X, =p| +|%| +...+|x,| (thesum of thelengths of al of the componenents)

ii) | x|, = X%+ .+ (the"standard" norm with which you are familiar).

These are often referred to asthe Ly, L3, and L, norms, respectively. These are the most
commonly used forms of the more genera L, norm, | x||p =[x+ XP+ X + o000+ xr?])/p [Box 7.1].

The norm of asquare matrix A is a non-negative number, | A, sttisfying

1) |[A|>0for At 0; ||Z| =0,iff Z =0
2) Al =[ellAl

3) |A+ 8| £|A] +[8|

4) || £[[Alle]

Because in many problems we have both matrices and vectors, it is convienent to introduce the
norm of amatrix in such away that it will be congstent with avector norm. A matrix normissad to
be compatible with a given vector norm if
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[AE[AIA-

A matrix norm congtructed to be compatible is said to be subordinate to the given vector norm.

For the three "popular" vector norms given above, the subordinate matrix norms are:

)| All, :maxén |a], (the maximum sum of row elements)
' ka

i) | Al = mkax{;°1n |a|, (the maximum sum of column elements)
i=1

ii)|All, =\ , ,wherel _isthelargest eigenvalue of the matrix A’ A

Next consider how matrix-vector norms are useful in examining iteration. Here are three useful
theorems about matrix norms (given without proof).

Theorem 1. Inorderthat A"® 0asm® ¥, anecessary and sufficient condition isthat the
eigenvauesof A be less than unity in magnitude.

Theorem 2. No egenvadue of amatrix exceeds any of its normsin modulus. (This means that, from
Theorem 1, sequential powers of amatrix will converge to zero if any matrix normis<1.)

Theorem 3. Inorder that the series | + A+ A% +...+ A™+... converge, it is necessary and
sufficent that A" ® 0. In this case, the sum of the series convergesto (I-A)™.

Armed with this knowledge, we go back to Jacobi iteration,
X1 =- DH(L+U)x +D b =[Q "% +(1+Q+Q* +..+Q") Db,

from which we see that the method convergesiif and only if |Q| <1. Note that, in direct andlogy

with thetrivid example that we used for motivation — iterative solution of asingle linear equation —
the rate of convergence of the matrix iteration problem is determined by the "size" of the iteration
matrix. The smaler the norm of Q, the faster will the method converge. The am of improved
methods for solving linear equations iteratively isto reduce the norm of the iteration matrix. In
particular, because it is the maximum egenvaue of theiteration matrix that controls convergence,
"good" iterative methods will have iteration matrices with smal eigenvalues.

7.5. Iterative methodsfor finite difference equations

Recdl the example problem from Chapter 6.3 (for the Laplace equation).

M di ag=sparse(1: 21, 1:21,-4, 21, 21);

L_di agl=sparse(2:21,1:20,1, 21, 21);

L_di ag2=sparse(8:21,1:14,1, 21, 21);
L_diagl(8,7)=0; L_diagl(15, 14)=0;

A=M di ag+L_di agl+L_di ag2+L_di agl' +L_di ag2';

Remember that these steps give the blocked matrix with -4's on the main diagona and 1'son afew
off-diagonds.
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full (A(1:9,1:9))

ans =
-4 1 0 0 0 0 0 1 0
1 4 1 0 0 0 0 0 1
0 1 -4 1 0 0 0 0 0
0 0 1 -4 1 0 0 0 0
0 0 0 1 -4 1 0 0 0
0 0 0 0 1 -4 1 0 0
0 0 0 0 0 1 -4 0 0
1 0 0 0 0 0 0 4 1
0 1 0 0 0 0 0 1 -4

Theright-hand vector for this example problem has three values of -100.
b=zeros(21,1); b(7)=-100; b(14)=-100; b(21)=-100;

Now rather than use the MATLAB backdash command to get the solution, suppose we use the
Jacobi iteration gpproach. The matrix D isjust what we defined asM di ag inthe MATLAB
satements above. The L+U portion is everything e'se; we can define them in MATLAB as

L=L_di agl+L_di ag2; U=L'; LnU=L+U;

Toget D?, just write Di nv=i nv(M di ag) . Theiteration matrix is Q=- Di nv*LnU. We solvethe
equations using aloop that ends when the fractiona changein h islessthan 10°.

convcrit=1e9;

h_ol d=ones(21, 1);

kount =0;

whi | e convcrit>le-3
kount =kount +1;
h=Q*h_ol d+Di nv*b;
convcerit=max(abs(h-h_old)./h);
h_ol d=h;

end

It takes 40 iterations to reduce the relative change in the iterative values to < 10°. Compare the
results from this iteration (below) with the results in Chapter 6.3 obtained with the™\" command.

output=[h(1:7) h(8:14) h(15:21)]

out put =
0. 3519 0. 4973 0. 3519
0.9112 1. 2865 0.9112
2.0076 2.8287 2.0076
4.2929 6. 0153 4.2929
9. 1505 12. 6501 9. 1505

19. 6612 26. 2865 19. 6612
43. 2090 53.1759 43. 2090

What about the rate of convergence? A good iteration method will have anorm thet is"small”.
The closer to unity the norm, the dower will be the rate of convergence. For the Jacobi iteration
matrix for the example problem, abs(max(ei g( Q) ) gives0.815. For the small example problem
thisisn't horrendous, but as the sze of the problem gets bigger (the mesh spacing for afixed area
getsfiner), the norm of the Jacobi iteration matrix gets close to one very quickly. The method
aways converges, but progress can be agonizingly dow.
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The method known as "successve over-rdaxation” (SOR) isthe smplest of the useful iterative
methods for solving sysems of linear equations. The iteration formulais

X = S(W) X, +(W D+ L)'1 b,
where the iteration matrix, S, is
S(w)=-(w D +L)*(U+(@1-w *)D).
The Greek |etter w in the iteration formulais an iteration parameter, chosen to accelerate

convergence. Theidentification of an optima vaue for w is not easy for complex problems.
Theoreticaly, the optima vaue of w for the Laplace equetion is

_ 2
1+1- 1 Q)
wherer (Q) isthe magnitude of the largest eigenvaue of the Jacobi iteration matrix.

W i

For the example problem, we can calculate w,,: using 0.815 for r (Q), avaue that can be found
usng the MATLAB nor mest command, wopt =2/ (1+sqrt (1- (nor mest (Q)~2)), which givesa
vaue of about 1.27. We can apply the SOR method to the example problem:
y=i nv(D*( 1/ wopt) +L) ;

S=-y*(U+(1-(1/wopt)) *D);
convcrit=1e9;

h_ol d=ones(21, 1);

kount =0;

whi |l e convcrit>le-3

kount =kount +1;

h=S*h_ol d+y*b;

convcrit=max(abs(h-h_old)./h);

h_ol d=h;
end

For the SOR method with wqy, =0.815, the convergence criterion is satisfied after 14 iterations.
Theresults are,
out put=[h(1:7) h(8:14) h(15:21)]

out put =
0. 3529 0.4988 0. 3530
0.9131 1.2893 0.9132
2.0103 2.8323 2.0103
4.2957 6.0194 4.2957
9.1532 12.6538 9.1532
19. 6632  26.2894  19. 6632
43.2101 53.1774  43.2101

How "big" isthe iteration matrix for the SOR method? abs (max(ei g(ful | (s))))
givesans = 0. 2671, whichisconsderably smaler than the norm of the Jacobi matrix. We can
look at the norm as afunction of w to get afed for how the SOR acceleration parameter works.

w=1: 0. 025: 2;
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for i=1:max(size(w))
ysinv(D*(1/w(i))+L);
S=-y*(U+(1-(1/wW(i)))*D);
rho(i)=abs(max(eig(full (S))));
end
pl ot (w, r ho)
xl abel (" SOR iteration paraneter')
yl abel (' Magni tude of maxi num ei genval ue of the iteration matrix')
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SOR iteration parameter

o
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Figure7.2. Splitting parameter for the SOR example.

Compare this figure with the one we drew for our smple-minded, one-linear-equation example.
The andogy isn't perfect by any means, but the outcome is the same — there is an optimum vaue of
an iteration parameter that speeds convergence of the iterative procedure.

Thebig trick is, of course, to choose a good iteration parameter. Sometimesit is sensible to
caculate the maximum egenvalue of the Jacobi matrix, but that procedure isin no case the
"universal" solution. If you need to pursue this topic further, you will have to consult atext on
numerica solution of systems of linear equations. Although the text isa bit "long in the tooth" now,
you might try Remson et d. (1971) for a dart.

The iterative methods that are used most widely today are more efficient (smaller matrix norms)
than the very smple methods presented above (including SOR). One of these methodsis called the
Strongly Implicit Procedure (SIP). MODFLOW [Box 6.2] uses SIP to solve the groundwater flow
equations (McDonad and Harbaugh, 1988). The SIP method uses ahandful of iteration
parameters, choosing them is an art, although the performance of the method does not depend
criticaly on having exact vaues.
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Another rdaivey new method is the conjugate-gradient method (e.g., Hill, 1990). The
conjugate-gradient technique is not only powerful, but the acceleration parameter is caculated as
part of the solution so no specid tricks are needed to make it work efficiently. The conjugate-
gradient method is redlly an iterative method for finding the minimum of a nonlinear function. Itsuse
in solving sparse linear systems stems from recognizing that the minimum of

1 2
f(x)==|Ax-b
(4 =/ Ax- o

isunique and occurs for avaue of x that satisfies the equation Ax=b. MATLAB has severd built-in
conjugate-gradient solvers, including cgs, which uses the “ conjugate gradients squared” method.
The syntax isx=cgs( A, b) where Ax=b isthe system to be solved (A isan nxn square matrix and
b haslength n). Error tolerance and maximum number of iterations can be set as described in

“hel p cgs”. Another MATLAB conjugate-gradient solver ispcg, which uses a preconditioned
conjugate gradient method. However, for pcg the nxn coefficient mairix A must be pogtive definite
and symmetric, which is often not true of the coefficient matrices in finite difference solutions to
partia differentid equations,
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7.6. Problem

For the problem on the Brookhaven landfill from Chapter 6.7, use the Jacobi, SOR, and conjugate-
gradient methods to solve the finite- difference equations. Write your own code for the Jacobi and
SOR methods; use MATLAB'scgs function for the conjugate-gradient method. Compare the
number of iterations needed to achieve a solution using the different methods. (The number of
iterationscan be setin cgs.) Examine the effect of changing the value of the convergence criterion.
Examine the effect of changing grid spacing. (Note that MATLAB' s preconditioned conjugate
gradients solver, pcg, will not work for this case because the coefficient matrix is not symmetric.)
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Box 7.1. Lp norms and circles
The general equation for the L, norm is
X, =D+ X+ 3¢ 4000+ X0V

As noted in the text, p=2 gives the “standard” distance; p=1 gives the sum of absolute values;
and p=¥ gives the maximum component. Other values of p don’'t have as intuitive a
meaning. One interesting way to think of these normsisin terms of the associated circles. In
two dimensions, the line of constant value of anorm isacircle. The L, (Euclidean) norm
produces the circle we are used to. But other norms also correspond to "circles.” We can
view these "circles’ using the following m-file.

function y=isolLp(p)

x=[1;y=[1;

x=0:0.01: 1;

y=(1-x.7p)."(1/p);

plot(x,y,-X,y,'b",x,-y,"b",-x,-y,"b")

axi s('square')

The figure below shows the resulting "circles' for four values of p.

p=1 p=2
1 1
~ 0.5/ \
> 0 0
-0.5 -0.5\ /
-1 -1
-1 0 1 -1 0 1
p=¥ p=5
1 1(
0.5 0.5 w
> 0 0
-0.5 —0.5\ J
-1 -1
-1 0 1 -1 0 1
X X

FigureB7.1.“Circles” associated with the L, norm for several values of p.




Box 6.2. MODFLOW

The most widely used computer program in the world for simulating groundwater
flowv MODFLOW, amodular code developed by the U.S. Geological Survey in the early
1980's and continually improved since then (McDonald and Harbaugh, 1988; Harbaugh
et a., 2000). The code along with documentation can be downloaded from the USGS
Web site.

MODFLOW uses the finite difference method to solve the groundwater equations
using the block centered node approach. An aquifer system is divided into rectangular
blocks by a grid organized by rows, columns, and layers. Each block is caled a"cell.”
Hydraulic properties are assigned to the cells, and boundary conditions are set by
specifying cells to be constant head, no-flow, and so forth (see Figure B6.2.1).

Cells where heads are to be computed

Cells where heads are specified
I Inactive cells— no flow

Figure B6.2.1. Example of aMODFLOW grid. Finite difference equations are written for cell -centered
nodes.
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8. Finite Difference Solutionsfor Transient Problems

8.1. Background

Hydrologica problems often involve time as avariable. The propageation of flood waves
through river systems, the decline in water levelsin aguifers as water is pumped from wells, the
speading of a contaminant through awaterway or aguifer, and the drying of surface layers of soil by
evapotranspiration are examples of problems where the variablesof interest — river stage, ground-
water head, or soil moisture — vary tempordly.

A particularly important type of equation used to describe transient (i.e,, time-varying)
problemsin hydrology isthe heat equation (Chapter 6.1). This equation describes not only heat
flow in the naturd environment (e.g., See Domenico and Schwartz 1998), but such things as
diffusion of chemicasin sediments (e.g., Boudreau 1997), the movement of flood wavesin channels
using the diffuson andogy (e.g., Bras 1990), and the change in groundwater head in an aquifer
(e.g., Fetter 2001).

8.2. Unidirectional flow in an aquifer

To illugtrate the numericad methods used to solve the heat equation, consider a horizonta aquifer
with constant formation properties, T (transmissivity) and S (Storativity)*. The head in the aguifer is
taken to vary with only one spatia coordinate, x. The equation that describes the variation of head
intime and space isthen

Th _T1%
it Sqx*
Further suppose that the aquifer is bounded by constant-head streams at x=0 and 2 km and that at

someinitia time the head in the aquifer is devated at the center of the aquifer rdative to the sreams
because of arecharge event. The head distribution is given by

h=0.1x for O£ Xx£1000m
h=0.1(2000- x), for 1000 m £ x£ 2000 m.

(8.1)

The parameter T/Sfor the aquifer is151.5 n?s®. The problem isto determine heads in the aquifer
asafunction of time assuming that recharge has ceased.

8.3. A forward difference (or explicit) approximation

Finite difference approximations for trangent problems involve differencing both time and space
derivatives. We will adopt the convention of using a'j" superscript to denote grid pointsin time and
an "i" subscript to denote space grid points. Thus h! denotes head at spatia grid point 'i" and time

grid point 'j".

! For transient conditions, the derivation of the conservation equation shown in Box 6.1 must be adjusted to accommodate
changes in time within the control volume. This leads to inclusion of the time derivative of head multiplied by a storage
coefficient. See atext on hydrogeology, e.g., Fetter (2001), for more details.
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Onefinite-difference gpproximation to equation (8.1) isformed by usng the heads a timej in
the gpproximation of the right-hand side:

i _ Ri - j j 0
ik Sg 2h "2 62)
@
The way that we solve time-varying problemsisto Sart a an initid time when conditions are known
and then calculate conditions one time step into the future. Conditions at this step in the future are
then "known" and one can proceed to calculate conditions at 2Dt. And so forth. Thus, in generd
terms, conditions at time'j" are known and conditions at time 'j+1" are to be cal culated. Because

the heads on the right Side of equation (8.2) are at the '] time, the gpproximation to the time
derivative is a forward- difference gpproximation.

The unknownsin equation (8.2) form avector gh/™* h/** h/™... /"¢ We canwrite
equation (8.2) in matrix-vector form as

hi*t =wh! (8.3)
, . ® Tpt O
where W has diagond entries equd to (1- 2§S(— %) and sub- and super-diagond entires
Dx) g

equa to > . Themethod is explicit because each component equation of the set of

equations (8.3) isindependent of the others. The equations are not linked directly, so no solution of
asystem of equationsis required. Equation (8.3) requires only matrix multiplication.

Let'slook at how the solution works. We choose a spacing in the x direction of 250 mand a

p 2 N
time step of 206 s &— (DX) %.3
é a
% Explicit solution to exanple one-D groundwater problem
% Set paranmeter values and grid spacing
dx=250; x=250:dx:1750; Tover S=151.5; dt=dx”"2/(2*ToverS);
h_ol d=[ 0. 1*x(1:4) 0.1*(2000-x(5:7))]'; %nitial head val ues
al pha=Tover S*dt/ dx"2; %lransm ssivity divided by storage coefficient
M di ag=sparse(1:7,1:7,1-2*al pha, 7,7); %bDi agonal of Wmatrix
L_di ag=sparse(2:7,1:6,alpha,7,7); %f-diagonal of Wmatrix
WEM di ag+L_di ag+L_di ag' ; 9N mat ri x
hh=zeros(7,10); %re-allocate matrix for solution
for j=1:10 %0 ten tine steps
h_new=Wh_ol d; % The explicit solution
hh(:,]j)=h_new;
h_ol d=h_new,
end
hh'
ans =
25. 0000 50. 0000 75. 0000 75. 0000 75. 0000 50. 0000 25. 0000
25. 0000 50. 0000 62. 5000 75. 0000 62. 5000 50. 0000 25. 0000
25. 0000 43. 7500 62. 5000 62. 5000 62. 5000 43. 7500 25. 0000
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21. 8750 43. 7500 53. 1250 62. 5000 53. 1250 43. 7500 21. 8750
21. 8750 37.5000 53. 1250 53. 1250 53. 1250 37.5000 21. 8750
18. 7500 37.5000 45. 3125 53. 1250 45. 3125 37.5000 18. 7500
18. 7500 32. 0312 45. 3125 45. 3125 45. 3125 32. 0312 18. 7500
16. 0156 32. 0312 38.6719 45. 3125 38.6719 32. 0312 16. 0156
16. 0156 27. 3438 38.6719 38.6719 38.6719 27. 3438 16. 0156
13.6719 27. 3438 33. 0078 38.6719 33. 0078 27. 3438 13.6719

We can do the comparison with the andytica solution aswell (Figure 8.1) and show that the
gpproximate nature of the numerica solution is evident with the relaively coarse spatid grid spacing
used in this example.?

% Anal ytical solution is an infinite Fourier series; see, e.d.
% Car sl aw and Jaeger 1959
time=0:dt:10*dt; fdtine=time(2:11); % set tinme vector for solution
x1=250; x2=750; % choose values of x for solution
n=0: 25; % use 25 terns in Fourier series solution
h250=zeros(1, 11); h750=zeros(1,11); % preallocate solution vectors
% conmpute the exact solution for 11 tines
for j=1:11
h250(j ) =800* sum( (ones(si ze(n))./(pi”"2*(2*n+1)."2)).*cos((2*n+1).* Y
pi *(x1/1000-1)/2). *exp(0.3738*(2*n+1).~2*time(j)/1000));
h750(j ) =800*sum( (ones(size(n))./(pi”~2*(2*n+1)."2)).*cos((2*n+l).*%
pi *(x2/ 1000-1)/2).*exp(-0.3738*(2*n+1)."2*time(j)/1000));
end
plot(fdtinme, hh(1,:), or',fdtinme, hh(3,:)," or',tinme, h250,"'b"',tinme, h750,"'b")
x|l abel (' Ti ne, seconds')
yl abel (' Heads at 250m (|l ower curve) and 750m (upper curve)')

2 The analytical solution isin the form of an infinite Fourier series. See Carslaw and Jaeger (1959).
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Figure8.1. Heads calculated using explicit method with the analytical solution.

8.4. Stability problemswith the explicit method

The explicit method is attractive because of itssmplicity. To be useful, however, the time steps
in the explicit method must be kept smdl. To illugtrate the problem, let'slook at the solution above

for aDt double that of our original choice, i.e. Dt =(Dx)“S/T .

% set tinme and space steps and paraneters
dx=250; x=250:dx:1750; ToverS=151.5; dt=dx”*2/(ToverS)
al pha=Tover S*dt/ dx"2;
% place initial heads in vector h_old
h_ol d=[0.1*x(1:4) 0.1*(2000-x(5:7))]1";
% construct the finite-difference matrix
M di ag=sparse(1:7,1:7,1-2*al pha, 7,7);
L_di ag=sparse(2:7,1:6,al pha, 7,7);
WEM di ag+L_di ag+L_di ag' ;
% preal |l ocate solution matrix
hh=zeros(7, 10);
for j=1:10 % sol ve the equations for 10 tine steps
h_new=Wh_ol d;
hh(:,j)=h_new;
h_ol d=h_new,
end
hh(1:4,:)"'

ans =
25 50 75 50
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25 50 25 100

25 0 125 -50

-25 150 -175 300
175 - 350 625 - 650
-525 1150 -1625 1900
1675 - 3300 4675 -5150
-4975 9650 -13125 14500
14625 - 27750 37275 -40750
-42375 79650 -105775 115300

Obvioudy, something is dragtically wrong! The calculated heads are oscillating with absolute values
getting ever larger with Smulation time. Thisisadassc example of ingability.

The way to study stahility problemsisto look a how errors (in computation there will always
be smdl round-off errors) propageate through the solution. If the true solution to the finite-difference
equationsisgiven by H, the best that we can caculae is H+ e, where e isthe error. For one of the
individua equations of (8.3), the true computation should be

Hii+1=r|-|ii_l+(1- 2r)Hij +rHij_1 (8.4

wherer =

> Our computation isimperfect, however, and is actualy given by the equation

S(Dx
Hij+1+eij+l —r (Hij_1 +e|J;1) +(1-2 r)(HiJ +eii ) +r (Hij+1+eij+l) . (8.5)

Subtracting (8.4) from (8.5), we find that the errors are governed by exactly the same equation as
are the true heads:

el =r (eii_l) +(1- 2r) (eij ) +r (eiLl). (8.6)

A rigorous andysis of errors can be made in anumber of ways. It turns out that we can get the right
answer udng avery smpleandyss. We want away to cadculate abound on the error at time j+1.
Looking at equation (8.6), we ask, "What is the worst thing that could happen?' (It turns out that in
computation, the worst thing aways does happen.) Clearly, the error a time j+1 will belargest if e
at thei-1 and i+1 spatiad nodes have the opposite sign to the error a node i. Without loss of
generdity, we can assume that the errors are al'so equd in magnitude. In that case (8.6) becomes:

el" =(1- 4r)e) . (87)

Noting that this equation would serve as abound for dl vaues of j, we find that, after m time steps,
the error isrelated to any initia error by

e/ =(1- 4r)"e’. (8.8)

We seethat, if (1-4r) > 1 in magnitude, the error will grow as a power of the number of time steps.
Such unbounded growth in error is what we mean by ingability. The stability criterion for the
explicit method is read directly from (8.8).
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[L- 4r|£1, or
r££.
2

The stability redtriction renders the explicit method cumbersome for many applications. For any
approximation to be reasonably good, Dx must be kept small. Because Dt must be scaled by (Dx)?,
each time step is very small and alarge number of computational steps may be required. If the
gability restriction on the time step could be removed, Dt could be sdlected independently of Dx
and the computation could be much more efficient. A modification to the finite-difference
gpproximation accomplishesjust that am.

8.5. A backward difference (or implicit) approximation

To show how to avoid the rather strict stability criterion for explicit methods, let usrevigt the
finite difference equation (8.2) and see what happens if we use the unknowns at the j+1 time step to
gpproximate the spatid derivative.

i1 _ i j+1_ j+1 i+10
oW _Tohe - 20 +h (89)
Dt S (Dx) 5

With this gpproximeation, we are "looking backward” in time from the time step at which we teke the
spaid derivative, 0 the finite difference goproximation in time is a backward difference. With this
equation, if we place the "unknowns' (dl heads a the j+1 time step) on the left-hand sde of the
equation and dl the "knowns' (the heads a time j) on the right-hand side, we get

AhI* = hi| (8.10)

where the diagond dementsof A are (1+2r) and the sub- and super-diagond dementsare-r. The
solution isimplicit because a system of matrix-vector equations must be solved.

How about the ability? The same type of andlyss that we used for the explicit equation gives
the equation for the error as

-rel T+ (@+2r)elt - relll =g/,

The absolute wordt that can happen in this caseis for the errors at timej+1 for thei-1 and i+1
nodes to be equal to the error for nodei. Then the error at the j+1 time step would be equd to the
error a thej time step. No explosive growth. No ingtability. Even under the worst conditions.
Thus, theimplicit method is unconditiondly stable for the ground-water equation. We can use any
time steps that we want. Of course, large time stieps will not result in a very accurate solution to the
equation, but the solution will be stable.

How does the implicit method work in practice? The modification to the MATLAB code for the
explicit method isn't very difficult.

% set tinme and space steps and paraneters
dx=250; x=250:dx:1750; Tover S=151.5; dt=dx"2/(2*ToverS);
al pha=Tover S*dt/ dx"2;
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% place initial heads in vector h_old

h_ol d=[0.1*x(1:4) 0.1*(2000-x(5:7))]1";

% construct the finite-difference matrix

M di ag=sparse(1:7,1:7,1+2*al pha, 7, 7) ;

L_di ag=sparse(2:7,1:6,-al pha, 7,7);

A=M di ag+L_di ag+L_di ag"' ;

% preal |l ocate solution matrix

hh=zeros(7, 10);

for j=1:10 % sol ve the equatios for 10 tine steps
h_new=A\ h_ol d; % sol uti on uses the backslash conmand
hh(:,j)=h_new,
h_ol d=h_new,

end

hh'

ans =
24. 7423 48. 9691 71.1340 85. 5670 71. 1340 48. 9691 24.7423
24.1471 47.1038 66. 3301 75. 9486 66. 3301 47.1038 24.1471
23. 2616 44.7521 61. 5390 68. 7438 61. 5390 44.7521 23. 2616
22.1756 42.1791 57.0369 62. 8903 57.0369 42.1791 22.1756
20. 9760 39. 5530 52.8777 57. 8840 52.8777 39. 5530 20. 9760
19. 7308 36. 9713 49. 0482 53. 4661 49. 0482 36. 9713 19. 7308
18. 4872 34. 4872 45.5190 49. 4926 45.5190 34. 4872 18. 4872
17. 2755 32.1276 42. 2606 45. 8766 42. 2606 32.1276 17. 2755
16. 1137 29. 9039 39. 2467 42.5616 39. 2467 29. 9039 16. 1137
15. 0115 27.8186 36. 4551 39. 5083 36. 4551 27.8186 15. 0115

The numericd solution is"smoother” for the implicit method than for the explict method
(compare Figure 8.2 with Figure 8.1).

To illudrate thet the solution is stable for larger values of r, rerun the example with r=1, the
vaue that led to explosve ingability with the explicit method. As the results on the next page show,
the calculated heads "behave' even when r exceeds 0.5. Itisthe ahility to take relively large time
seps that leads to the preference for the use of implicit methods in finite-difference solutions of
ground-water-flow problems.
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Heads at 250m (lower curve) and 750m (upper curve)
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Figure8.2. Heads calculated using implicit method with the analytical solution.

h_ol d=[ 0. 1*x(1:4) 0.1*(2000-x(5:7))]";

al pha=Tover S*dt/ dx"2;

M di ag=sparse(1:7,1:7,1+2*al pha, 7, 7) ;
L_di ag=sparse(2:7,1:6,-al pha, 7,7);
A=M di ag+L_di ag+L_di ag' ;
hh=zeros(7, 10);
for j=1:10
h_new=A\ h_ol d;
hh(:,j)=h_new,
h_ol d=h_new,

end
hh'

ans =

23.
. 0349
19.
17.
15.
13.
11.
10.
. 7699
. 6140

22

9362

7685
4690
3076
3526
6191
0979

46.
42.
37.
32.
28.
24.
21.
18.
16.
14.

8.6. Theg method

8085
1684
2706
6386
4537
7502
5048
6745
2120
0721

66.
57.
49.
43.
37.
32.
28.
24.
21.
18.

4894
6618
8750
1762
4150
4444
1451
4207
1915
3904

77.
64.
54.
47.
40.
35.
30.
26.
22.
19.

6596
3278
6926
0150
6150
1679
4860
4425
9418
9075

88

66.
57.
49.
43.
37.
32.
28.
24.
21.
18.

4894
6618
8750
1762
4150
4444
1451
4207
1915
3904

x=250: dx: 1750; Tover S=151.5; dt=dx"2/(ToverS);
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We can "mix and match” the explicit and implicit methods. That is, we can gpproximate the
spatid derivative as g times the finite-difference gpproximation for the spatia derivative a the j+1
time step plus (1-g) times the gpproximetion at timej. Thisresultsin aset of equations

Ghi*' = Hhl,

where the diagond dementsof G are (1+2rg) and the sub- and super-diagond dementsare  -rg,
and the diagond dementsof H are [1-2r(1-g)] and the sub- and super-diagond eementsarer(1-
g). When g=0, we recover the explicit method; if g=1, we get the implicit method.

For g=1/2, this method is known as the Crank-Nicolson method. Recall that the forward- and
backward- difference approximations to afirst derivative in time have truncation errors O(Dt)
whereas the central- difference gpproximation has truncation error O((Dt)?). The Crank-Nicolson
gpproximation is, in a sense, a central-difference gpproximation intime. In fact, one can show that
the truncation error for this caseis O((Dt)?).

8.7. Flow in an unsatur ated soil

Problemsinvolving flow in an unsaturated soil generadly are attacked by solving the Richards
equation [Box 8.1]. Such problems are quite difficult because the relationships between matric
potentid, y , and moisture content, g, and between hydraulic conductivity, K, and moisture content
are highly nonlinear. The materiad in the following section is meant to serve as an introduction to
how such problems can be approached.

Congder the problem of vertica flow of soil moisture. The Richards equation for this problem
can be written (with "Z' measured vertically downward from the surface)

Ta _T¢é . Tyou K@)
—=—K(@Q)=—p- —=.
7t 728 Dz vz
There are anumber of ways for expressing the dependence of y and K on g. One of theseisas
follows.

(8.11)

s=—, where nisthe porosity;

S|

y (s)=y ,ms'}/m, where m is a parameter;

K(s) =Ks°, where c isaparameter.

where K¢ and y & are the vaues of these parameters for s=1. Given these forms for the nonlinear
relationships, equation (8.11) can be written

Ta_18 md@yaidons /mia) & olowd o
Tt Tzg “&np & m pengkns  fzy § = GngEns SNz

The equation is obvioudy nonlinear. There are no "standard” way's to solve such equations. Suffice
it to say that solution is often achieved with consderable difficulty.
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Solutions to nonlinear equations can be obtained by "linearizing” the nonlinear equations and
accepting the solution to the linear equations as an approximation to the solution to the nonlinear
equations. Often, iterative methods are used. One non-iterative approach for solving the nonlinear
finite-difference soil moisture equationsis a " predictor-corrector” method. In predictor-corrector
methods, the nonlinear terms are taken out of the equations by substituting known vauesin these
terms. The basic idea behind predictor-corrector methodsisto eiminate the nonlinear terms by
goproximating them with values a the j™ time level, solve these equations to get a " predicted” value
of the dependent variable &, say, timelevel j+1/2, use these "predicted” vauesto linearize the
nonlinear termsin the origina equation, and obtain "corrected” vaues by solving these equations.

To implement a predictor-corrector method for the soil-moisture equation, it is rewritten as:

19 _119 eum wuﬂq

12 vyt eYﬂZ YUﬂZ

wherey, u, and w are functions of moisture content:

dy dK dK dy d?y
=K—, w=—, and u= + K

Y= g dq dgdg g’
Note that they, w, and u terms are the nonlinear termsin the equation; if these were known and
congtant (i.e,, not functions of g), the soil-moisture equation would be lineer. The equation is solved
fromt’to t "in two steps. Hirst astep (the “predictor”) is made to an intermediate point half way
betweent! and t **. Then, using the results from this half step, the solution is advanced to time't 1**
(the "corrector"). The predictor equationis:

Qij-?é - 2Qij+}é +Qij:1% - 1 ] }/ q| éqj aﬂiju - qij—l(? Wij l;wijﬂ - qij—l(?

DZ ) % 6 20z gy 20z o

and the corrector equation is:

1 al.ﬁl 29" +q)f + g/ - 2 +Qij+18:
2e DZ D22 O
i i e J O u
i_QiJJrl' iJ J+}/ % }/ J }/ aalo&]llﬂ J+1 q|+1 q| 1
) e + + +¥0 =
v O eyuj A 3 e . J}/ gzgé 2Dz oz

The predictor uses an implicit method covering atime step Dt/2, linearized by approximating y,w,
and u at thej™ time level. The corrector is a Crank-Nicholson method covering the full time step —
levd j toleve j+1 —and linearized by approximating y, w and u using the results from the predictor,
i.e, thej+1/2 values. (See Remson et dl., 1971 for details.)

An implementation of the predictor-corrector in MATLAB may be helpful. Consder the
problem of infiltration into an initialy dry sandy loam soil (Ks=3.4 x 10° ems?, y &=-25 cm,
n=0.25, m=5.4, c=3.4). Moisture content at the start of the infiltration event is equa to 0.10
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everywhere. The moisture content at the soil surface isinstantaneoudy raised to 0.25 and held there
(e.g., by applying apond of water in an infiltrometer). The time evolution of the moisture profile can
be studied by integrating the Richards equation numericdly.

% 3 function files precede the main code
function y=Kdpsi (paramtheta) % function "y
Ks=param(1l); c=param(2); n=paranm(3); psis=paran(4); nmeparan(5);
y=(Ks*(-psis/m*(theta/n).~(c-1-1/m)/n;
function w=dk(paramthet a) % function "w'
Ks=param(1l); c=param(2); n=paranm(3); psis=paran(4); nmeparan(5);
w=(Ks*c*(theta/n).”(c-1))/n;
functi on u=dKdpsi (paramt heta) % function "u
Ks=param(1l); c=param(2); n=paran(3); psis=paran(4); nmeparan(5);
ulc=Ks*c*(-psis/nm;
u2c=Ks*psis*(1/m*(1+1/ m;
u=((ulc+u2c)*(theta/n).”(c-2-1/m)/ n"2;
% mai n predictor-corrector loop (using the y, w, and u functions above)
Ks=3. 4e- 3; psis=-25; n=0.25; nm=3.3; c=3.6; %/al ues of paraneters
parans[Ks ¢ n psis n]; nz=30;
dz=100/nz; dt=60; %set time and space steps
ysat =- Ks*psi s/ m wsat =Ks*c;
t het a_ol d=ones(nz+1, 1) *0. 1;
t heta_ol d(1) =0. 25;
out put =zeros( 15, nz+1)"';
time=zeros(19, 1);
out kount =1;
for j=1:.75 % time | oop
% predictor to advance one-half of the tine step
y=Kdpsi (param theta_ol d(2: nz));
w=dK( paramtheta_ol d(2: nz));
u=dKdpsi (param theta_ol d(2: nz));
bracketternm=((u./y).*(theta_old(3:nz+1l)-theta_old(1:nz-1))/(2*dz)-w./y);
m er m=- 2*ones(nz-1, 1)/ dz*2-2*ones(nz-1,1)./(y*dt);
M di ag=sparse(1:nz-1,1:nz-1,ntermnz-1,nz-1);
Lt er mmones(nz-1,1)./dz"2;
Ut er mmones(nz-1,1)./dz"2;
L_di ag=sparse(2:nz-1,1:nz-2,Lterm(2: nz-1),nz-1,nz-1);
U di ag=sparse(1:nz-2,2:nz-1,Uernm1l:nz-2),nz-1,nz-1);
A=M di ag+L_di ag+U_di ag;
rhs=-2*theta_old(2:nz)./(y*dt)-(bracketterm (2*dz)).*...
(theta_old(3:nz+1l)-theta_old(1:nz-1));
rhs(l)=rhs(1l)-low(1l)*theta_ol d(1);
rhs(nz-1)=rhs(nz-1)-up(nz-1)*theta_ol d(nz+1);
sol n=A\r hs;
thetahal f=[theta_ol d(1);soln;theta_old(nz+1)];
% corrector to advance to the next tine
y=Kdpsi (paramt het ahal f (2: nz));
w=dK( param t het ahal f (2: nz));
u=dKdpsi (param t het ahal f (2: nz));
bracketterm=((u./y).*(thetahal f(3:nz+1l)-thetahal f(1:nz-1))/(2*dz)-w./y);
M er m=- ones(nz-1,1)/dz"2-ones(nz-1,1)./(y*dt);
M di ag=sparse(1:nz-1,1:nz-1,d,nz-1,nz-1);
Lt ermrones(nz-1,1)./(2*dz"2)-bracketterm/ (4*dz);
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Ut er meones(nz-1,1)./(2*dz"2) +bracketterm/ (4*dz);
L_di ag=sparse(2:nz-1, 1:nz-2,Lterm 2: nz-1),nz-1,nz-1);
U di ag=sparse(1l:nz-2,2:nz-1,Uterm 1: nz-2),nz-1,nz-1);
A=M di ag+L_di ag+U _di ag;
rhs=-theta_old(2:nz)./(y*dt)-(theta_old(1l:nz-1)-2*theta_old(2:nz)...
+theta_ol d(3:nz+1))/(2*dz"2)-bracketterm *(theta_ol d(3: nz+1). ..
-theta_old(1l:nz-1))/(4*dz);
rhs(1)=rhs(1)-low(1l)*theta_ol d(1);
rhs(nz-1)=rhs(nz-1)-up(nz-1)*theta_ol d(nz+1);
sol n=A\r hs;
theta_new=[theta_ol d(1);soln;theta _old(nz+1)];theta_ol d=t heta_new;
if rem(j, 15)==
out put (:, out kount) =t het a_new,
ti me(out kount) =dt *15* out kount ; out kount =out kount +1;
end
end
zz=0:-1/nz:-1; axis([0 0.26 -1 0]);
plot (output(:,1),zz,output(:,2),zz,output(:,4),zz)
x|l abel (" Vol unetric noisture content');ylabel (' Depth, neters')
ti me=time/60;
text(0.11,-0.6,["profiles for tinmes ' nun2str(tine(l)) ' ' nun2str(tine(2))
nunmgstr(tinme(4)) ' mnutes'])

The results of the computation (Figure 8.3) show that the moisture propagates into the soil with a
fairly sharp front. In cases with a sharp front, time and space increments need to be kept small to
avoid "glitches’ in the solution. (Try the code above with nz=20, ingtead of 30, for example)) You
should keep your skepticism intact when you are generating solutions to complex equations and not
believe everything immediately asit comes out of the computer.

-0.1r

-04f

Depth, meters

-0.6[ profiles for times 15 30 60 minutes

-0.8[

-0.91

-1
0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26
Volumetric moisture content

Figure 8.3 Solution to the Richards equation.

812



Hornberger and Wiberg: Numerical Methodsin the Hydrological Sciences

8.8. Problems

1. Heat flow in the earth is governed by the processes of conduction and convection. In regions
where water is free to move, heat flow in the near surface (the top several hundred meters of the
earth's surface) is strongly affected by convection and the anadlysis of temperature changesis
quite complicated. Inthe arctic, however, permafrost essentially renders water motion
meaningless as a heat-flow mechanism. In these areas, conduction is the primary mechanism by
which hest is trangported in the crust and ardatively smple andyss may be gppropriate. The
equation for such aproblem s

1T _ K 7°T

it rcy?

where T istemperature, z is depth below the surface, t istime, K isthermd conductivity, ¢ is heet
capacity, and r isdengty.

Condder heat flow in the top 1km of the crust. The surface boundary condition is a specified
temperature. The bottom boundary condition (at 1km) is that the upward hest flux, g, be equal
to K&y, where G is the geotherma gradient, about 3°C per 100m. The therma conductivity of
rock and of permafrost is about 0.5 ca m*s* °C* and r cisabout 0.5 ca cmi®°C™,

a) Write acode, usng the g method, to solve the temperature problem for permafrost regions.
Explore the effect of changing grid spacing and g.

b) Useyour code to cdculate the steady- Sate temperature profile for a surface temperature of
-15°C. Start the computation with T=0°C everywhere.

c) Starting with the steady- dtate temperature profile asthe initia condition, calculate the
temperature profile every decade under conditions of a steadily increasing surface
temperature a arate of 3.5°C per century.

d) Mann et d. (1998) suggest that globa surface temperature remained relaively steedy for
severa centuries prior to the 20 century and then the temperature rose at arate of about
0.5°C per century. Of course surface temperature trends at any locale can depart from the
globa mean trend. The table below gives measured temperatures from a borehole on the
north dope of Alaskain 1984. Using your code, offer an interpretation of these data. By
asking you to use your code, the intention is that you should be quantitative in your answer.
Y ou will want to run your code emphasizing the top tens of meters of the temperature
profile — otherwise the fine detall of the changing temperature profile may be obscured by
the coarse spatia discretization. [After you have finished this problem, you may want to
look at the article by Lachenbruch and Marshdl (1986) which isthe source for these data.
For amore up-to-date discussion of the analysis of borehole temperature profiles rdative to
climate, see Pollack and Huang (1998). For data from boreholes around the world, see
http://mwww.ngdc.noaa.gov/pa eo/borehole/borehole.html. Findly, in case you are prone to
accept the reaults of the andlyss of borehole temperatures uncriticaly, see Mann and
Schmitt (2003) for adiscusson of difficulties associated with inferring climate change from
borehole temperature profiles]
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Depth below surface, meters  Temperature, degreesC

1199
9.00
5.99
3.04
-0.01
-3.00
-4.49
-524
-5.92
-6.11

-6.37

-6.46

-6.50

-6.60

-6.69

-6.71

-6.75

-6.76

-6.78

-6.73

8|8I18|R(E|E|8|3|8|8|8

8186|185 |B(&|S|d

2. Explore the solution of the Richards equation for unsaturated flow. How are results sendtive to
the time and space steps? How does the infiltration front progress for various soil types? (The
vaues below are from Bras, 1990.)

SOIL TYPE K (cms™) Ve (CM) N m c

Clay 34x 105 -90 045 044 75
Silty loam 34x104 -45 0.35 12 47
Sand 8.6x10-3 -15 0.2 54 34
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Box 8.1. Equation for flow in an unsaturated soil

Water in the subsurface can be conveniently divided into groundwater, or water under
pressure > 0, and soil moisture, or water under pressure < 0. That is, generally speaking,
soil moisture is water above the water table (the surface defined by p = 0) that is under
"tension” (under pressure less than atmospheric).

Water in the unsaturated zone, like water in the saturated zone, moves down a gradient
inhead. For soil moisture, the total head, h, is taken as the sum of the head due to
gravity, -z (for the z axis directed downward), and capillary pressure head or matric head,
y.
h=y - z

Matric head is a function of the moisture content. That is, in a very dry soil, capillary
(and other) forces hold the water very strongly (high y ) while in amoist soil the water is
held less strongly (lower y ). Matric head also depends on pore size, which generally
scales with grain size, so that finer-grained sediment or soil has a larger matric head at a
given level of saturation than coarse-grained soils. The relationship between matric head,
y , and moisture content, g, for a given soil is known as the matric characteristic.

Darcy's law is used to describe the flow of water in the unsaturated zone. The law has
the same form as for flow in saturated soils— specific discharge is proportional to the
gradient in total head — but in the unsaturated zone, the hydraulic conductivity is a
function of moisture content: K=K(q). Darcy's law is then written

=- K(Q)—

where """ represents a distance variable in the direction of flow.

For many applications we are concerned with the flow of soil moisture in the vertical,
or "z" direction. In this case Darcy's law is (for z measured downward)

qz:-K(q)@:- K(q)diw - 2)
Z

édy U
=-K(@ )8 = ]H
For the case of vertical flow of water, the appropriate continuity equation [Box 6.1] is:
fla __ Ya,
1t 9z

The left side of this equation represents the rate of change of massin a small control
volume, and the right side is the difference between the inflow rate and the outflow rate,
each expressed on a per unit volume basis. Combining the continuity equation with
Darcy's law results in the Richards equation.

Ta_
Tt

Ty u TK@)

8()ﬂzl=zl 1z




Box 6.1. Groundwater flow equations

The basis of the equations used to describe the flow of groundwater is the
conservation of mass equation, which, when applied to afixed control volume, basically
says that the rate of mass inflow minus rate of mass outflow equals rate of change of mass
storage — what goes in minus what goes out equals the change in what’s inside.

[ g+d(" q,)/dz DZ] DxDy
*

X

Figure B6.1.1. Control volume for deriving the conservation equation.

One way to derive the general equation of continuity for pore-fluid flow is to specify
an arbitrary control volume to be a small rectangular parallelepiped in afixed, Cartesian
coordinate frame with sides of length Dx, Dy, and Dz (Fig. B6.1.1). Without any loss of
generality, we take the directions designated by the arrows on the axes as positive (Fig.
B6.1.1) and consider the case of positive flows. Consider first the inflow of massinto the
control volume. The inflow into the parallelepiped in the zdirection is r q,DxDy, where

r isthe density of water and g, is the specific discharge (volumetric discharge per unit
area) in the z direction. Density times the specific discharge gives the mass flux (mass per
area per time) so multiplication by the area, DxDy, yields the mass inflow in the z
direction. The mass flows in the x- and y-directions can be similarly calculated. Because
specific discharge can change with distance, the value of g, at the top face need not be the
same as that at the bottom face. We can estimate the specific discharge at the top face
using the Taylor series (Chapter 3.2). Because the distance separating the two faces (Dz2)
is as small aswe wish to make it, we can get an acceptable approximation of the flux at
the top face by just retaining the first two terms of the series (i.e., alinear extrapolation):

q,(z+ D) = 0,(2) +“ﬂiDz (B6.1.1)
4




The expression for the mass outflow in the z direction is then

& q, +1 % ooy (86.1.2)

& 1z a

Now the expression that we need for the continuity equation is the net inflow of mass —
the difference between the inflow and the outflow. For the z direction,

net mass flow,= (rq,(z) - rq,(z+ Dz))DxDy = - %DXQ/DZ

Using similar expressions for the x- and y-directions, the total net mass inflow can be
obtained:

total net massinflow = - o % I b 110 0y (B6.1.3)
& Tx Ty z §
For steady flow there can be no change of mass in the control volume so the net inflow
must be zero. If we further assume that the density is constant, equation (B6.1.3) implies
that

ﬂqx + ﬂqy + 1-[qz —
x Ty 1z

The forces driving flow through an aquifer are due to gravity and pressure gradients.
These forces, expressed on a per unit weight basis, are represented in groundwater flow
eguations in terms of a head gradient. Groundwater head is defined as pressure per unit
weight plus elevation, which is the head due to gravity.

(B6.1.4)

Darcy's law relates the specific discharge to the head gradient. Darcy's law states that
this relationship is linear, with the constant of proportionality between specific discharge
and head gradient being the hydraulic conductivity, K. If we make the assumption that the
aquifer isisotropic, i.e., that K is independent of direction, Darcy's law can be written as
follows.

Th
=-K—
Oy x
q,=-K % (B6.1.5)
_h
qz =-K ﬂZ

Combining equations (B6.1.4) and (B6.1.5), we obtain an equation for steady
groundwater flow.

N e, & ho, T & Tho_ (B6.1.6)
x& X 2 ﬂyg yg 12& Nz




For the case of a homogeneous aquifer, one for which K is constant, equation (B6.1.6)
reduces to the Laplace equation.
2 2 2
Th, Ih Th_,
G A 4

For the case of a horizontal aquifer of constant thickness, b, we assume that there is no
vertical flow so equation B6.1.4 takes the form

(B6.1.7)

b p g (B6.1.8)
x x

When (B6.1.8) is combined with Darcy's law, we obtain

Vg, o, Teg, Mho_,

& fxg ™& o

Teg o, T2 fho_,

& g & Np
where T is the transmissivity of the aquifer. If there is recharge to the aquifer, e.g., by
sow flow through an overlying confining layer, the equation is modified accordingly:

Vg fho, Tagtho
x& xz Tx& Txg
wherew is the recharge rate.

(B6.1.9)

(B6.1.10)

If the aquifer is homogeneous, T is constant and can be brought outside the derivative
in (B6.1.9). Theresult is
2 2
ﬂ_h + ﬂ_h =0
1'|'X2 ﬂyZ
so again we find that the Laplace equation describes the steady flow of groundwater
through a horizontal aquifer.

(B6.1.11)

Finaly, note that Darcy's law indicates that flow is down the gradient in head. This
implies that flow lines for groundwater in an isotropic aquifer are perpendicular to lines of
constant head. In MATLAB this means that if groundwater heads are computed and
contour lines drawn, the gr adi ent and qui ver commands can be used to depict the

flow.
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9. Finite Difference Methods for Transport Equations

9.1. Background

In Chapter 8, we considered problems related to time-dependent diffusion of quantities
such as heat, solutes, and head. In those problems, diffusion was the only process
responsible for the flux or transport of the quantity of interest. However, asolutein a
moving fluid not only will be transported by diffusion, but will also be advected with the
fluid. In this case both transport processes — advection and diffusion — must be included in
the equation for the time-dependent change in concentration,

2
Te,leple (9.1)
Tt T x T x

where u is the advection velocity and D is the diffusion or dispersion coefficient. (Vertical
and transverse variations in flow velocity increase rates of mixing compared to molecular or
turbulent diffusion. The increased rate of mixing is commonly parameterized by a dispersion
coefficient. See, e.g, Fischer et a., 1979 or Hemond and Fechner-Levy, 2000.) Equation
(9.2) is commonly referred to as the advection-diffusion or advectiondispersion equation (or
simply the transport equation). Here we'll refer to (9.1) as the advection-dispersion equation.

9.2. Numerical dispersion

When considering numerical solutions to the advection dispersion equation, it is helpful

to non-dimensionalize equation (9.1) using the dimensionless parameters f = tu/L, and X=
x/L,

Tc,Tc_11°%

- 9.2
1t Tx Peqx (92)

where L is alength scale. The dimensionless coefficient on the right-hand-side of the
equation is the Peclet number, Pe = uL/D. The Peclet number represents the ratio of the time
scale for advection to the time scale for diffusion or dispersion. When the Peclet number is
large, the term on the right can be neglected, i.e., dispersion is relatively unimportant. When
the Peclet number is small, transport is dominantly by dispersion.

To illustrate one of the difficulties associated with solving equations having the form of
the advection-dispersion equation numerically, we first consider the equation for large Peclet
numbers. In this case the dispersion term is negligible compared to the advection term and
the equation we want to solveis:

ﬂ?+ﬂ?:ﬂc+uﬂczo.
1Tt Tx Mt 9x

Let ¢ be the concentration of some tracer in a stream flowing at velocity u. The problem
is to describe the downstream transport of the tracer when it is injected at location x = 0 such
that the concentration in the stream at the injection point isheld at 1 unit. That is, initialy ¢
is equal to zero everywhere, then c =1 at x = O for all subsequent time. We can see
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intuitively what the solution to the problem is: the concentration "front” (c = 1 on the
upstream side and ¢ = 0 on the downstream side) propagates downstream at speed ul.

The advection equation provides an easy demonstration that apparently sensible finite-
difference schemes do not always work. Take the straightforward explicit representation of
the (dimensional version of the) advection equation:

. . aaDtgs . .
¢ =cd - 82ng(cij+1 - CiJ-l) (9:3)

This benign-1ooking method is actually unconditionally unstable! That is, there are no values
of the time and space steps, no matter how small, that will make this method stable. Y ou can
do the smple "worst-case" stability analysis (Chapter 8.3) to show this.

The Lax scheme often is used to solve equations in which the advective term is dominant.
To use this scheme, we replace the ¢! on the right- hand side of the finite-difference equation

above with (qL1 +c,j_l)/2.

c1+1:a@.J+l+Q'.1(?_5th9/C,J ) J-) or
i & 2 . 82ng\ i+1 -1/ ’
C|j+1=ﬁ—+ thOCI{1+£__ UDtQCILl

2 2Dxa "l 82 2Dxo

Now if you use our smple stability analysis procedure, you will find that the Lax scheme s
stable if the following stability criterion (referred to as the Courant condition) is met:

ujet

—£1l
Dx

Let's look at the solution to our problem using the Lax scheme.

% Lax solution for the advection problem

c=zeros(1, 21); %initial conditions
c(1)=1; % boundary condition
u=1; dx=2; dt=2; % set velocity and grid steps

% note: solution for dt=dx/u=2 should preserve sharp front

for i=1:20
c(2:20)=(0.5+u*dt/ (2*dx))*c(1:19) +(0.5-u*dt/ (2*dx)) *c(3:21);
cc(i,1:21)=c;

end

% repeat for dt=1.5

c=zeros(1, 21);

c(1)=1;

dt=1.5;

for i=1:20

c(2:20)=(0.5+u*dt/ (2*dx))*c(1:19) +(0.5-u*dt/ (2*dx)) *c(3:21);

cc2(i,1:21)=c;

end

% plot the profile at t=24 (12 steps for dt=2; 16 for dt=1.5)

z=0: dx: 40;

9-2
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plot(z,cc(12,:),"'b",z,cc2(16,:),'r")

x| abel (' Di stance frominjection point')
yl abel (' Reduced concentration')

|l egend('dt=2","'dt=1.5")

= dt=2
—— dt=1.5 H

©
[{e]
T

o
[00]
T

©
]

O
[e2]
T

Reduced concentration
© o o o
N w N [6)]

©
[

00 5 10 15 20 25 30 35 40
Distance from injection point

Figure9.1. Lax solution for a simple advection problem for two time steps

Curioudly, the solution for Dt = 2 is better than the solution for Dt = 1.5. What is going
on? It turns out that the change we made to ensure stability was not totally benign. Let's
consider our modification of equation (9.3) more carefully. The forward- in-time, central-in
space approximation that is unconditionally unstableis:

DX Dt &DXxg
To achieve stability, we replaced the first term on the right-hand side with an average of the
concentrations at the surrounding nodes. It turns out that thisis equivalent to adding the term
” o
Dx I -2c/+¢,0 . . .
l ( ) aeqﬂ 26 2+ G.1 + to the right- hand side of the equation. But note that the term that
2 D (o:

¢ _d eu o
— = (C|J+1' CIJ-l)

2
109 e g
Dt

we had to add is a numerical approximation to a dispersion term equal to > 0
X

is, we introduced a numerical dispersion term.

Of course, the dispersion term in adifferential equation is not exactly represented by the
numerical approximation — recall that we truncated a Taylor series to get the approximation
to the second derivative [Chapter 3.2]. The actual differential equation that we are
approximating in using the Lax scheme can be written
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.. €12
e, eI ox®@L o 0%c, .

it Ix 2 &Cr g
where Cr is the Courant number (Cr =uDt/Dx) and the ellipses (...) represent higher order
terms in the equation. Now it is clear why the solution for Dt = 2 is good — the Courant
number is exactly unity so the dispersion term is knocked out of the equation above. The
solution for Dt = 2 "moves' the front exactly one grid space in atime interval and all of the
truncation errors magically cancel. In general, however, the only way we have to control
numerical dispersion errors in solving transport problems is to use small time and space grid
sizes. (There are some special ways to use finite-differences to control numerical dispersion
— for example, the "method of characteristics’ — but we will not consider these here.)

9.3. The advection-dispersion equation
With this bit of background on numerical dispersion, we return to the full advection
disperion equation.
fc fc_17%
Tt T%x Pef X
A Crank-Nicolson approximation for this equation is:

i i i+l

Dt 2& 2Dx 2Dx M
_eel caloly - 26"+l | ¢y-2¢/+¢), 0
&Pe2 DX DX 4

Mo el 1écit. @ d oo
G 'C+1ec - -1+¢+1’Q-1l;|

(Note that the Lax method is unstable when the dispersion term is included in the equation.)
Let'slook at a MATLAB implementation of this solution for a couple of grid spacings and
compare the solution to an analytical solution for a semi-infinite domain. (The comparison
will be valid as long as the concentration at the downstream end of the domain that we are
simulating remains very close to the zero background concentration.)

% adv_di sp. m

% Cr ank- Ni col son solution to advection-di spersion equation

% Sol ution for a Peclet nunber of 30, a distance of 4 dinensionless
% units and a total tine of 1.5.

Pe=30; | ength=4; endtinme=1.5;

%

% First do the solution for dx=0.2 (21 nodes) and dt=0. 25.
nnodes=21; nsol n=nnodes-2; dx=l ength/(nnodes-1); dt=0.25;

nti mes=endti me/ dt;

x1=0: dx: | engt h;

col d=zeros(nnodes, 1); cold(1)=1; %set initial and boundary conditions
M er me1l/ dt +1/ ( Pe* dx"2);

Ut ermel/ (4*dx) -1/ (2*Pe*dx"2);

Lterme-1/ (4*dx) - 1/ (2*Pe*dx"2);

M di ag=spar se(1l: nsol n, 1: nsol n, M erm nsol n, nsol n);

U di ag=sparse(1: nsol n-1, 2: nsol n, Ut erm nsol n, nsol n);

L_di ag=sparse(2: nsoln, 1: nsol n-1, Lt erm nsol n, nsol n);
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A=M_di ag+U_di ag+L_di ag; %onstruct the |eft-hand-side matrix
M erme1l/ dt -1/ ( Pe*dx"2);
Ut erme- 1/ (4*dx) +1/ (2* Pe*dx”"2);
Lterm=1l/ (4*dx) +1/ (2* Pe*dx"2) ;
M di ag=spar se(1: nsol n, 1: nsol n, M erm nsol n, nsol n);
U di ag=sparse(1: nsol n-1, 2: nsol n, Ut erm nsol n, nsol n);
L_di ag=sparse(2: nsoln, 1: nsol n-1, Lt erm nsol n, nsol n);
rhsmat ri x=M_di ag+U_di ag+L_di ag; %onstruct the right-hand-side matrix
for j=1l:ntines
rhs=rhsmat ri x*col d(2: nnodes-1); %al cul ate rhs vector
%adj ust rhs vector for boundary condition at x=0
rhs(1)=rhs(1)+2*(1/ (4*dx) +1/ (2*Pe*dx"2))*col d(1);
cnew=A\r hs; %ol ve the equation
cnew=[ col d(1); cnew, col d( nnodes) ] ;
col d=cnew;
end
cl=cnew,
%
% now do the solution for 81 nodes and for dt=0.1
%
nnodes=81; nsol n=nnodes-2; dx=I| ength/(nnodes-1); dt=0.1,;
nti mes=endti me/ dt;
x2=0: dx: | engt h;
col d=zer os(nnodes, 1); col d(1)=1;
M er m=1/ dt +1/ ( Pe* dx"2);
Ut ermel/ (4*dx) -1/ (2*Pe*dx"2);
Lterm=- 1/ (4*dx) -1/ (2*Pe*dx"2) ;
M _di ag=spar se(1: nsol n, 1: nsol n, M erm nsol n, nsol n);
U di ag=sparse(1: nsoln-1, 2: nsol n, Ut erm nsol n, nsol n);
L_di ag=sparse(2: nsol n, 1: nsol n-1, Lt erm nsol n, nsol n);
A=M di ag+U_di ag+L_di ag;
M ermel/ dt - 1/ ( Pe*dx"2);
Ut er me=- 1/ (4*dx) +1/ (2* Pe*dx"2) ;
Ltermel/ (4*dx) +1/ ( 2* Pe* dx"2);
M di ag=spar se(1: nsol n, 1: nsol n, M erm nsol n, nsol n) ;
U di ag=sparse(1l: nsoln-1, 2:nsol n, Ut erm nsol n, nsol n);
L_di ag=sparse(2: nsol n, 1: nsol n-1, Lt erm nsol n, nsol n) ;
rhsmat ri x=M_di ag+U_di ag+L_di ag;
for j=1:ntines
rhs=rhsmatri x*col d(2: nnodes-1);
rhs(1)=rhs(1)+2*(1/ (4*dx)+1/ (2*Pe*dx"2))*col d(1);
cnew=A\r hs;
cnew=[ col d(1); cnew, col d( nnodes) ] ;
col d=cnew;
end
c2=cnew,
%
% The anal ytical sol ution.
xanal yt =0: 0. 02: 4;
argl=(xanal yt-endtine)./(2*sqrt(endti ne/Pe));
arg2=(xanal yt +endtine) ./ (2*sqrt(endti ne/ Pe));
o=ones(si ze(xanal yt));
canal yt =0. 5*(o-erf (argl) +exp(1/ Pe)*(o-erf(arg2)));
pl ot (x1,cl, ' bo-',x2,c2,'r+-"',xanal yt, canalyt,'g")
x| abel (' Di mensi onl ess di stance')
yl abel (' Reduced concentration')
| egend(' coarse spacing','finer spacing','analytical solution')
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The results of the computation (Figure 9.2) indicate that the effects of numerical
dispersion are easily noticeable for the coarse spacing but appear to be greatly diminished for
the finer spacing. One way to check for numerical dispersion is to halve the grid spacing and
see if the answer remains the same. Note also the "overshoot" near the front for the coarse
spacing. This, like the more subtle effects of numerical dispersion, is afeature that also is
seen quite often in numerical solutions for problems in which advection is important.

1.4 T T
=8= coarse spacing
= finer spacing
1.2r analytical solutionn
§ Y
<
<
8 0.8
c
o
o
0.6
=)
e}
2
0.4
0.2f
0 ! ! ! L =(un =SSN N, VNI TP PI-NT. §
0 0.5 1 15 2 25 3 3.5 4

Dimensionless distance

Figure 9.2. Resultsfor numerical solution of the advection-dispersion equation.

9.4. Transport of reactive solutes

Often, we are concerned with solutes that interact with the mineral grains — of the aquifer
if we are dealing with groundwater transport, of the streambed material if we are dealing with
streamflow. To illustrate some of the embellishments of the methods that we have
considered so far when applied to such transport problems, we will look at the transport of
silica colloid through sand (Saiers et al., 1994). The interaction between the colloidal
particles and the sand grains can be described using first-order kinetics. The transport
eguations are:

ffc, Tc__T%

—+Uu—=D—- k; c+Kk,s
1t 1x 1 x
E:kfc- K, S

where sis the amount of adsorbed constituent (equal to the bulk density of the aquifer
material divided by the porosity times the adsorbed concentration expressed in mass of
congtituent per mass of mineral grains), and k; and ky, are "forward" and "backward" rate
coefficients, respectively, for the transfer of colloidal mass between the aqueous (c) and the
adsorbed (s) phases. A fully implicit finite-difference approximation for these equationsis:
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j+1 j j+1 j+1 j+1 j+1 j+1
G D' G +UC|+12I;)C|-1 :DQ+1'EC’|2+C’|—1 _ kfc,j+1+kb51]+l
t X X
. )
S]+ - s] _ k Cj+l_ k sj+:|_
Dt f™i b

The way to picture the formulation of (and hence the solution to) this problem in matrix-
vector notation is to note that we have twice as many unknowns now — the values of the ¢/**
for the "regular" advection-dispersion problem and the s'** aswell. To gain a solution, we
again number the c's sequentially, ¢; through c,. Now, rather than doing the same for the s's,
we let the first s be cy41, the second s be ch42, and so on so that the n™ siscz,. Our vector of
unknowns is then

C =[Cy,CyyereenesCpry Crrag s Cprpg yeeenes o
where the second n e ements are the unknown values of the sorbed concentration.

How does the coefficient matrix look for our approach? Consider the matrix to be
blocked into n~ n submatrices. The upper part of the matrix is for the equations for the
agueous concentrations. The diagona elements in the upper left block (M in matrix below)
arethe coefficients on ¢;/**: 1/Dt+2D/Dx?+k;. The upper diagonal elements (U) are the
coefficientson ¢!;: u/2Dx- D/Dx?. Likewise the lower diagonal (L) contains the coefficients
onthe ¢!*': -u/2Dx- D/Dx?. The matrix block in the upper right (r) contains the coefficients
on the ssin the equations for the agueous concentrations. The diagonal elements (for the
block) are the coefficientson §'**, -kp.

M U r
L M U r
L MU r
L M U r
L M U r
L M U r
L M U r
L MU r
L M U r
L M U r
L M r
d m
d m
d m
d m
d m
d m
d m
d m
d m
d m
d m
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The lower half of the matrix is for the equations for the adsorbed concentrations. The
diagonal elements in the right, lower block (m) are 1/Dt+kp,, and the coefficients in the lower
left block (d) are-ks. The right-hand-side vector is composed of the appropriate "known"
guantities involving the j time step.

The solution in which we are interested is the breakthrough curve at the end of a column
of sand. Initial conditions are zero concentration everywhere. The top boundary condition is
areduced concentration of 1 during pulse injection and a reduced concentration of zero
thereafter. The bottom boundary condition is subtler. Flow occurs out of the bottom and the
concentration changes with time. Thus, the bottom boundary condition is neither afixed
concentration nor a specified flux. The appropriate condition is that the flux occurs only by
advection, i.e. dispersion=0. Thisimpliesthat 1°c/qx* =0 (since Dt 0) or, in terms of
finite differences, ch+1- 2ch+ Cra= 0. Solving for the concentration at the fictitious n+1"
node gives Cn+1 = 2Cn- Cn1.

% kinsorp.m Inplicit solution to advection-dispersion equation with
% ki netic sorption
% Sol ution for u=15.38cm h, D=2.43cn2/h, L=14.5cm kf=0.13h"-1,
% kb=1.08h”-1, and a pul se input of 2.28 h (2.42 pore vol unes).
v=15.38; |ength=14.5; D=2.43; kf=0.13; kb=1.08; pul se=2.28; endtinme=5.0;
%
% do the solution for 49 nodes and for dt=0.02h.
%
nnodes=49; nsol n=nnodes; dx=l ength/(nnodes-1); dt=0.02;
nti mes=endti e/ dt; npul se=pul se/dt;
nt ot al =2* nsol n;
ti me=0:dt:endtinme-dt;
time=tinme/0.94; % orrection specific to this data set
cbottonmrzeros(size(tine));
c=zeros(nnodes, 1);c(1)=1;
s=zeros(nnodes, 1);
cold=[c; s];
%
% Set the coefficient matrix
M er me1l/ dt +2* D/ (dx”2) +kf ;
Ut ermrv/ (2*dx) - D/ (dx"2);
Lter m=-v/ (2*dx) - D/ (dx"2);
M di agUL=sparse(1: nsoln,1:nsoln,Mermntotal ,ntotal);
U di agUL=sparse(1:nsoln-1,2:nsoln,Uermntotal ,ntotal);
L_di agUL=sparse(2: nsoln,1l:nsoln-1,Ltermntotal ,ntotal);
M di agUR=spar se(1: nsol n, nsol n+l: ntotal,-kb,ntotal,ntotal);
M di agLR=spar se(nsol n+1: ntotal , nsol n+1: ntotal, 1/ dt +kb, ntotal , ntotal );
M di agLL=sparse(nsol n+l:ntotal, 1: nsol n, -kf,ntotal ,ntotal);
A=M di agUL+U _di agUL+L_di agUL+M di agUR+M di agLR+M di agLL;
% Bott om boundary
A(nnodes, nnodes) =1/ dt +v/ dx+kf ;
A(nnodes, nnodes- 1) =- v/ dx;
% Set the right hand side
rhs=col d./dt;
% Do the sol ution
for j=1l:ntines

% t op boundary

i f j<=npul se
rhs(1)=rhs(1)+v/(2*dx) +D/ (dx"2);
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end

cnew=A\r hs;

col d=cnew;

rhs=col d./dt;

cbotton(j)=cnew(nsol n);
end
| oad silica.dat;
plot(tine,cbottom'b',silica(:,1),silica(:,2),"+r")
x| abel (' Di mensi onl ess tinme, (pore volunes)')
yl abel (' Reduced concentration')
| egend(' nodel ', " data')

©
~
;

o
o
T

o
=

Reduced concentration
o
a1

o
[
T

0 1 2 3 4 5 6
Dimensionless time, (pore volumes)

Figure 9.3. Breakthrough curve for example.
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9.5. Problems

1. Thetransport of solute in a stream flowing over alluvium can be approached by
considering the water velocity in the aluvium to be negligible with respect to that in the
stream and by considering the exchange of solutes between the stream and the groundwater
in the sediments to be governed by a ssimple first-order expression. (If you need to read up
on the notion of the "transient-storage” model, you can start with the paper by Bencala and
Walters, 1983.) The equations to solve (for a somewhat more simplified representation of
the channel and the flow processes than that given by Bencala and Walters) are

2
e, E:Dﬂ (2"’+a(s- C)
Mt 1x 1 x
d—S:-a A(s- C)
dt A

where c represents concentration in the stream, s represents concentration in the substream
sediments (the "hyporheic zon€"), a is afirst-order exchange coefficient, A is the stream
cross-sectional area, and As is the cross-sectional area of the storage zone.

Write a code to solve the transient-storage- zone model. Apply the code to the stream at
Shaver Hollow, Virginia using the data below (from Castro and Hornberger, 1991). [To get
into the ballpark with the parameter values that you will need, note that Bencala and Walters
obtained values of a in the 10 per second range, D on the order of 0.1 n¥ s, and A/As in the
range of 0.3 — 1 for Uvas Creek, a small gravel-bed stream; other dataindicate that A/Asis
larger for larger streams and rivers (Bencala and Walters, 1983).]

Data below are for bromide concentrations at a station 131 m downstream of the injection
point. At the injection point, concentrations in the stream were maintained approximately
constant at 47.8 mg L™* from 1015 on 2 Aug 1988 through 0700 on 6 Aug 1988.
Concentrations at the injection site were zero thereafter.

Day of August Time Bromide Concentration
1988 (mg LY

2 1406 167

2 1506 4.96

2 1606 7.60

2 1704 10.38
2 1806 12.61
2 1906 14.37
2 2058 16.82
2 2214 18.92
2 2359 21.29
3 0206 23.04
3 0413 24.92
3 0613 25.92
3 0802 25.92
3 1204 28.04
3 1609 28.04
3 2016 31.55
4 0800 34.13
4 1155 31.55
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4 1602 30.34
4 1955 32.81
5 0818 36.92
5 1202 34.13
5 1558 34.13
5 2004 35.50
6 0640 38.41
6 0730 36.92
6 0829 38.41
6 0956 37.31
6 1156 34.51
6 1409 27.30
6 1616 1581
6 1815 9.89
7 0823 3.39
7 1147 2.66
7 1628 218
8 0825 164
9 0712 0.99
12 0825 0.52
20 0920 0.14
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10. The Finite Element Method: An Introduction

10.1. Background

Finite-difference methods for solving differentid equations are atractive for anumber of
reasons. Firgt, they are conceptudly straightforward — they “make sense”. Second, the equations
arerdatively easy to derive, a least for aregular mesh. Third, programming to obtain asolution is
not too difficult.

Finite-difference methods have some serious drawbacks, however. Firg, it often is desirable to
have an irregular mesh (unequally spaced nodes). The finite difference equations are not essy to
writein generd terms under this condition. Second, it is quite cumbersome to handle irregular
boundaries using finite differences. And findly, anisotropy is not easy to incorporae into finite-
difference methods.

A popular numerical method that overcomes the drawbacks of finite-difference methods
(admittedly at the expense of some of the attractive features of the method) is the finite-dement
method. In the finite-element method, the solution to the differential equation is gpproximated asa
continuous function of the independent variables, as opposed to being gpproximated at only a
discrete number of points, the nodd points of a mesh. The presentation below starts with the
method of collocation to illustrate the idea of gpproximation with a continuous function and then
goes on to the finite-dlement method itsAlf.

10.2. Collocation

The basic ideafor the method of collocation is to consder some functional approximation to the
solution to a differentid equation and then find coefficients in the gpproximate function to make it
"closg" to the actud solution. For example, we can consder the approximating function to be a
polynomid of degree n with the (n+1) coefficients sdlected to match the boundary conditions and to
fit the solution aswell as possible. An illudtrative example should help dlarify the idea

Congder the problem of groundwater flow between two drains (Figure 10.1). With the Dupuit

assumptions', the equation describing the problem is (e.g., see Fetter 2001):

d é, dhu

—aKh—/=-w

dx&  dxH

h(0) = h, (10.1)

h(L) =h,
where K is hydraulic conductivity and w is recharge rate. To make the problem even more
concrete, let h,=5m, h,=10 m, L=100 m, K=10 cm d*, and w=0.15 cm d™.

! The Dupuit assumptions are used to simplify the problem of flow in an unconfined aquifer. Basically, the assumptions are
that the vertical component of flow in a horizontal aquifer is negligible — that the head gradient is the slope of the water
table and that flow is horizontal.
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water table

Figure 10.1. Schematic of groundwater flow between two drains.

Choose a second-degree polynomia to represent the true solution. The polynomia can be
made to satisfy the boundary conditions by judicious choice of two of the coefficients.

h =5+0.05x+ Cx(x- 100) (10.2)

where C isacongtant a our digposd to fit the gpproximate solution to the true solution. First,
expressthe left Sde of (10.1) in terms of the trid function (10.2).

h =5+ 0.05x + Cx(x- 100) =5 +(0.05- 100C)x + Cx?

dn_ (0.05- 100C )+ 2Cx
dx

Kﬁ% = K g5 +(0.05- 100C)x+Cx* [ (0.05- 100C )+ 2CX]
X

= K{5(0.05- 100C) +§(0.05- 100C)* + 10Cx+3C(0.05 - 100C)x* +2C*x’}
& ~dh
d &ndhy- K{§0.05- 100C)? +10C{j+ 6C(0.05- 100C)x+6C’x’}
dx & an

For the exact solution to the differential equation, the derivative that we just caculated is equd to -w

for dl vaues of x. Because h is gpproximate, there will be aresidual between the derivative and w
for at least somevauesof x:
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residual =r =-w- K{|(0.05- 100C)? +10C|+6C(0.05- 100C)x + 6C*3*}

The objective of the method of collocation is to make the resdua as close to zero as possible. With
one free coefficient a our disposal, we can select one value of x a which to make the resdua equa
zero exactly. A logicd choice might be a x="50, hdfway between the drains. This choice leadsto
the following solution.

- w- K{|(0.05- 100C)? +10C|+ 6C(0.05- 100C)50 +6C? (50)2} =0
- wi/K - {[(0.05- 100c)? +10C] + 6C(0.05- 100C)50 + 6C7 (50)%} =0
- 0.0175- 15C +5000C* = 0

C =-8.9792x10".

[Note that there are two solutions for C (the equation is quadratic) but only the one that makes
sense for the problem at hand is presented. Also note that reducing the resdud at x=50to zero is
not the same as reducing the difference between approximate and actud vaues of h at x=50 to
zero.]

11

=
o
T

— analytical
— collocation

Water-table height, m

5 1 1 1
0 20 40 60 80 100
Distance, m

Figure 10.2. Approximate solution to the groundwater-drain problem determined using collocation compared
with the analytical solution.

The approximate solution is"similar” to the andytical solutior? (Figure 10.2), but quite possibly
not as good as we might want. In the method of collocation, a better fit can be obtained by usng a
higher order polynomid asthe trid function. For example, if we used a cubic equation, we would

2 The MATLAB symbolic toolbox can be used to derive the analytical solution. Letting u be dh/dx, the problem can be
represented as two differential equations, h* du/dx+u*2=-w/K and dh/dx=u. The solution is obtained by the statement:
[ h, u] =dsol ve(' h*Du+u”2=-.015',' Dh=u',"' h(0)=5',"' h(100)=10","'x").
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have had two free coefficients to fit and could have chosen two points in the domain to match the
differentia equation exactly.

The approximate solution with the second-degree polynomia would have been much better for
the example problem had the drains been only 10 m apart and the head difference between them
only 0.5 m. Given the stated problem, however, increased accuracy requires a more complex
gpproximating polynomia and, consequently, a solution to more complicated equations. Thefinite-
element method overcomes the problems of collocation by bresking the domain into a number of
elements and usng smple polynomids to approximate the solution over each "smdl" eemernt.

10.3. Weighted residual method

In the method of collocation applied to the example problem, the resdua between the
gpproximate solution and the right-hand side of the differentid equation was minimized (set to zero)
a one point in the domain. A genera method for determining a good approximation is to reduce the
integrd of the resduds over the domain to zero. In fact, in the generd method of weighted
residuals, the residuds are multiplied by some function W(x) (the weighting function) and the
integra of the product is set to zero. For the example problem, we would require:

100

OV(X)r(xdx =0 (10.3)

0

The method of collocation aswe gpplied it isa specid case of the weighted resduad method with
the weighting function set to the Dirac delta function, afunction that "sdects’ the collocation points
(x=50 in the example) from the integrd and sets the residud a these points to zero.

10.4. Thefinite element approach: Galerkin weighted resdual method
Condder again the example problem of groundwater flow between drains. Thistime, we will
amplify the problem by congdering the linearized verson —i.e., by replacing the term Kh with a
constant tranamissivity, T, which we will take to be 80 nfd™.
dédnu_pdh_
dx& dxf dx®
or,

2
TN W= 0.15cm/ day
dx
o (10.4)

h(100) = 10m
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11

107

N

he2 is a straight lin¢ from h1 to h2

Groundwater head, m
[0}

el e2 e3 ed
5 1 1 1
0 20 40 60 80 100

Distance, m

Figure 10.3. The domain is broken into four elements, el through e4. The groundwater head is approximated by
astraight line over each element, with the endpoints denoted by the heads at the nodes, h;.

Thefirg gep in the finite-element method is to divide the domain into elements, in this case four
line segments (Figure 10.3). The dements are bounded by nodes, the endpoints of the line
segments. The next step is to gpproximate the solution over each dement. The smplest
gpproximating polynomias are straight lines, which can be expressed as.

%XXO

hlgx'xua T X'Xua

&XXO

_hgxs Xzﬂ g 2!21

h_haex h ng
“ SX_XSQ X - X3 g

(10.5)

&X; - X 0 &X- X, 0
=+hy =
X- X g - %X g
It iseasy to check that equations (10.5) are straight lines connecting the heads at the two endpoints
of an dement.

he, =N,
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The graight-line gpproximation for an dement can be written in terms of generd “bads
functions’, x(x), defined for each dement. Thei™ basis function has avaue of one a nodei and
drops linearly to zero at the adjacent nodes (Figure 10.4). The basis functions are written explicitly
asfunctionsof x asfollows.

1 Xa- X
1 %an X
T XX
fx-x%,

, forx EX£x,,
X.

(10.6)
, forx_ £EXEX

15

Value of basis function

o 1 1 1
0 20 40 60 80 100

Horizontal distance, m

Figure 10.4. The basis functions (“ chapeau functions”) for the example problem. Thereis abasis function for
each node. The function for node three is shown by the bold line.

The gpproximations for the groundwater heads in terms of the basis functions are:
h, =h?+h.2., (10.7)

wherei represents the i element. (Compare equation 10.7 with equation 10.5 given the definition
of the X; in equation 10.6.) The expression for h over the entire domain is then:

h=a xnh (10.8)
k

The next Sep is to subdtitute the gpproximate function for h into the governing equation and
form the resduas aswe did in section 10.2.
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d’h, N
dx’
Thisresidud isweighted and integrated over the domain of h as suggested in equation (10.3). The
Gderkin method uses the bad's functions themselves as the welghting functions. Although this choice
may seem arbitrary, it turns out that it can be shown that use of the basis functions asweightsis
“best” in asense. The pecific form for equation 10.3 for the example problem is then:

residual =r =T

w

h, O
kL widx=0 (10.9)
1%}

. e
of

where Risthe domain over which the integration is carried out. The second derivaive is diminated
from equation (10.9) by integrating by parts’. Let u be x and dv be

2
T (:j 29 dx (givingv = Tc(lj—he). Equation (10.9) can be written:
X X

dﬁ 100 100 dX dﬁe 100
T—| - O—T—dx+ Oxwdx=0 10.10
dx|o dx dx ?X ( )

We garted our solution to the problem by dividing the domain into a number of dements.
Instead of integrating across the entire domain R— from x=0 to x=100 — it makes more sense to
integrate over the eements and then sum them to get the totd integrd. That is, we can rewrite
equation (10.10) as.

& b,

Xa _Mndx, dhe
- T, dx + wdx =0 10.11
L Xele g y (}X ( )

% ,ﬁdxdxp

where the e subscripts refer to eements. Note that in this particular example T, is constant, but even
if it were varidble, it could be approximated as constant over an element and still be brought outside
theintegra for the dement. In such acase, the coefficients derived would vary from eement to
element as T varied.

Next we evduate equation (10.11) for a single eement. Fird, note thet the first term on the left-

hand side of (10.11) issmply the total water flow into the dlement a x; (Q =T — dn

) minusthe
X=X
flow out of the dement at x;.; (Q+1). Now consider the second integrd in equation (10.11). For
the dement, there are two portions of the basis functionsto consider (Figure 10.5). For Xx;, the

second integral on the left-hand side of (10.11) reads:

_I_y”dx d( ) T odx, dxh dx, dx

— dx=T, ‘( i
dx dx dx

hx, +h,.Xx
dedx

i+1

= )d (10.12)

and for X1 itis

3 (‘udv =uv- (‘vdu.
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“ox.,, d U dx.,, dX dx.., dx.
T A i+1 ¥ hx. + X. . )Jdx=T. A i+l Lh + i+ i+l h..)dx (10.13
e? dX dX(I i I’1+1 |+l) e?( dX dX i dX dX |+1) ( )
15

X1

Value of basis function

O 1 1 1 1
X %41

Figure 10.5. The two segments of the basis function for ageneral element (cf. Figure 10.4).
Theintegra can be evauated easily once we find the derivatives of the bas's functions with respect
to x. From equation (10.6) it is clear that:

dx, _ 1 dx,, -1

(G- %) A (- X)
Thus, the integrands in equations (10.12) and (10.13) are not functions of x and the necessary
evduation issmply theintegrd of dx.

Theladt integra on the left-hand side of equation (10.11) iseasily evaluated. Consider the
integrd for x; and note that we can use equation (10.6) to make a substitution to convert the integral
with respect to x to an integral with respect to x;. In making the subdtitution, the limits of integration
changeto 0to 1 (when x=x;, x; =0) and dx isreplaced by (., - X )dx; .

da X=X o4
w, dx=wgXx; (X,,- X ) dx,
X1~ % O (67 %)

x2
= W(X1- &)70
_W(X- %)
2
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The integration for X, isamilar.

Carrying out dl of the integrations, the equations corresponding to (10.11) [treating (10.12) and
(10.13) separately] become:

hi _ I'-\+1 U oy o /2:0
(%= %) (&ﬂ-&Y%@“ %)+ Wik - %)

I
Q Q|+1 Te |
1
1 B hi + hi+1

R ICS

Now note that when the sum is done for al dements, the outflow from one eement is equd to
the inflow to the next. Thus, the“*Q’'s’ for all interna nodes cancel and these terms can be dropped.
For the example problem, we do not have flow boundary conditions, so the Q' s can be dropped
there as wdl. The equations for a Single eement can be written in matrix-vector form.

}/ jé—ahoc 6
é}{) }6 —eh+1ﬂ (;WDAT‘EQ

where D; isthe element size, in this case (X, - % ).

(10.14)

Q Ql+l )2 .E(Xiﬂ' Xi)+W(Xi+1' Xi)/2:0

(10.15)

Thefinite-dement procedure is completed by assembling dl of the dement matrices— the
leftmost matrix in equation (10.15) — into a“globa” matrix and solving the resulting equations for the
nodd vaues of head. The globa matrix for our 4-dement example will be 3 x 3 because the heads
a each end of the domain are fixed. (For the first dement, the first row and first column of the
element matrix disgppear because the head is known. The known value of head a node 1 is
trangposed to the right-hand side of the equation for the first eement. Likewise for the last ement,
the second row and column disappear.) The contribution from the first dement to the globd matrix

is
%V 0 00
¢/ (%- %) *
g -
¢ 0 0 0.
é 0 0 0%
@
The contribution from the second dement is;

ae}/xsxz }/szz OE
‘?/ngz yxsxz 0;

O_
and from the third and fourth:
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e (0]
go 0 N
EO %Xf %) %x4 :
80 %th' %) %X4

and
Do o 2
Qo :

é”/xsx

The globd matrix is Imply the sum of the dement matrices. In the same fashion, the right-hand
vector is assembled by adding contributions from each dement. Also, the known values of head at
the endpoints of the domain are transfered to the right-hand vector. The resulting equations follow.

ge/lfxz xl)+%x3- X, ) /]fxg x,) 0 1@20
_/V(Xs'xz) /V(’%'Xz)+/%4-xs) /]{ - %) éh ;:
’ H- %) Mo x)* Mo x5

e Xl e X/ /xz %)
w( X, - Xz/ X_)%AB
e X%T3+ - %T4+1%Xs' X, )

(The boundary conditions have been placed in the first and last equations as gppropriate.
Alternatively, we could have kept 5 equations and smply made the firgt and fifth smple satements
of the boundary conditions—e.g., h;=5.)

DO O O vO O

('DOUO «O) O vO) O O
Q& -l .|. 1 O

To obtain the numerical solution, assume that transmissivity is constant at 0.8 mfday™. The
finite-dlement equations are then:
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%%0 Va0 O %o a9.0281+050
; Yoo YootV Vo fhis¢ oae
E o '%o %0+ %0; h,5 §.0656+0.255

The numerica solution is an excdllent approximeation to the exact solution® (Figure 10.6), even with
thefarly coarse mesh.

11

101 f
E of
=
2 — exact
< finite element
2 8y o nodal values
[
5
©
= 77

6 -

5': 1 1 1 1

0 20 40 60 80 100

Horizontal distance, m

Figure 10.6. Finite element solution to the example problem.

10.5. Steady diffusion into sediment

As an example that demonstrates how variable properties, as well as unequal dement Sze, can
be accommodated in the finite-element method, consider the diffusion of oxygen into the sediment at
the bottom of alake or estuary. The equation used is a combination of Fick’s law of diffuson and
conservation of mass — much the same as the groundwater equation is acombination of Darcy’s law
and conservation of mass (see Boudreau, 1997). For steady-state conditions, the equation to solve
is

d dco

—&FD—=+R=0. (10.16)
dzé dzg

4 The MATLAB statement to obtain the exact solution is;
h=dsol ve(' D2h=-0.0015/0.8',' h(0)=5",' h(100)=10","'x').
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wheref isthe sediment porosity, D isthe diffuson coefficient of oxygen in the pore water
(corrected for tortuosity), and Ris the rate of oxygen consumption by reections in the sediment.
Extension of the method to conditions other than those assumed here is straightforward [Box 10.1].

Consider a 0.005-m thick layer of sediment with z=0 at depth and z=0.005 m at the sediment
surface. The flux of oxygen into the sediment from the overlying water is 0.0125 n mol cni?s™. The
oxygen concentration at the 0.005m (z=0) depth is zero. The conditions are given mathemdticaly
by:

c(0)=0
dc

J=fD= =0.0125 n mol cm®s™
dZ z=0.005

The diffusion coefficient, D is the product of the free-water diffusion coefficient, Dy, (=11.6 x10°
cn? s for this problem) and the square of the sediment porosity. That is, D =f °D,,,. The

porosity,f , varies with depth:

Depthinterva (cm) z at bottom of Porosity Rate of oxygen consumption
below surface interval (cm) nmol cm®s™*

0-0.05 045 09 0.02

0.05-0.1 04 0.85 0.07

0.1-0.2 0.3 0.8 0.04

0.2-0.3 0.2 0.75 0.02

0.3-05 0 0.7 0.01

We proceed as above to define the basis functions, do the integrations, and so forth, assuming that
Randf vay from eement to dement but are congant within any given dement. The finite-dement
equations are very Smilar to those for the groundwater problem (the equations are nearly identicd.).
There are some differences. First, the top boundary (the n™ noda vaue) condition is a flux
condition. Look at equation (10.14). The “natural” boundary condition for the finite-element
method is aflux condition. Thus, dl that needsto be doneisto place the flux on the right-hand side
of the equation. Also, the porosity and diffusion coefficient vary and so are kept as part of the
coefficient matrix. To smplify the notation somewhat, definel asf D =f (f °D,,)=f°D . The

finite-dlement equations (i.e., the globa matrix-vector equation) are:
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¢ 1 ueGu ¢ cbot U
e ue  u e u
é-% I%) +|% -|% aCd & RD/2+RD,/2
é 1 1 2 2 ué u é a
é @ G é (
e ueé" u é a
é ué. u é a
& e a_é u
é 6 G=é G
é ué u é a
é ué u é a
é Gé u é a
e -In-z n2 'I aé u é u
9 Dn-2 n2 nl n u§ l;j é L:‘
¢ Géc,,0 &R, ,D,,/2+R,,D, /20
e n1 ue u é u
2] D, . / e a e R D,./2- 00125 g

where the subscripted D’ sindicate the dement lengths.

Thesolutionin MATLAB is now easy to congtruct. The m-file below does the caculaion and
plots the results.

% di agen. m

% This is a finite element solution to calculate the steady state
% concentration distribution in a heterogeneous (| ayered) sedinent.
% Set free-water diffusion coefficient

D fw=11. 6e- 6; %em2 sh-1

% set nodal values of z

z=[0 0.05 0.1 0.15 0.2 0.25 0.3 0.325 0.35 0.375 0.4 0.4125 0.425 0.4375
0.45 0.4625 0.475 0.4875 0.5];

dz=di ff(z);

% n=nunber of nodes, ne=nunber of elenents

n=I engt h(z);

ne=| engt h(dz);

% phi =array of elenent porosities; Ris array of consunption rates.
i 1=find(z<0. 2);i2=find(z>=0.2&z<0. 3) ;i 3=find(z>=0.3&z<0. 4);

i 4=f i nd(z>=0. 4&z<0. 45) ;i 5=f i nd(z>=0. 45&z<0. 5) ;

phi =zeros(size(z));

phi (i 1) =0. 7; phi (i 2)=0.75; phi (i 3)=0.8; phi (i4)=0.85; phi(i5)=0.09;

| am e=phi . *3*D_fw;

R=zeros(size(z));

R(i1)=-0.01; R(i2)=-0.02; R(i3)=-0.04; R(i4)=-0.07; R(i5)=-0.02;

% flux=flux at top in n mol cnt-2 s”-1, cbot=constant bottom boundary
% concentration in n nol cnt-3.

f1 ux=0.0125;

cbot =0;

% Set the coefficient matrix and the right-hand vector

% preal |l ocate matrix

G=zeros(n,n);

rhs=zeros(n, 1);

for e=1:ne

nodel=e; node2=e+1; % odes for the el ement
del t a=z(node2) - z( nodel); %si ze of el enent
el mat =zeros( 2, 2); %nitialize element matrix

elmat (1, 1) =l am e(e)/del ta;
elmat (1,2)=-lame(e)/delta
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elmat (2,1)=-1lame(e)/delta;
el mat (2, 2) =l am e(e)/del t a;
% assenbl e the global matrix by adding the elenment matrix
G(nodel, nodel) =G nodel, nodel) +el mat (1, 1) ;
G(node2, node2) =G node2, node?2) +el mat ( 2, 2) ;
G(nodel, node2) =G nodel, node2) +el mat (1, 2);
G(node2, nodel) =G node2, nodel) +el mat (2, 1) ;
% assenbl e rhs
rhs(nodel) =r hs(nodel) +R(nodel) *del t a/ 2;
rhs(node2) =r hs(node2) +R(nodel) *del t a/ 2;
end
% Change the first equation for constant concentration
% and the last to include the flux
G&(1,1:n)=0; ¢1,1)=1;
rhs(1, 1) =cbot ;
rhs(n)=rhs(n) +fl ux;
% The finite elenent equations are in the form G'c=rhs, where "G' is
% the gl obal coefficient matrix, "c" is the vector of unknowns,
% and "rhs" is the vector of known quantities. The MATLAB "\" function
% sol ves the system of equati ons.

c=Gr hs;
% Pl ot the concentrations.
plot(c,z,'r+ ,¢c,z,'-")

x| abel (' Oxygen concentration (n nol cnm-73)");
ylabel ("z (cm"');

0.5

0.45

0.4

0.35

0.15

0.1

0.05

0 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400

Oxygen concentration (n mol cm‘3)

Figure 10.7. Oxygen profile calculated using the finite-element code. Note that the steady-state profileis curved
because porosity (and thus diffusion coefficient) and rate of consumption vary with depth.
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10.6. Problems

1. Write thefinite difference equations for equation (10.1) and compare with the matrix derived
using finite dements. What are the amilarities and differences?

2. Berg et d. (1998) report measurements of "microprofiles’ of NOs in freshwater sediment. In the
case of nitrate, there can be "consumption” (reducing processes) or "production” (oxidizing
processes). The porosity of the sediment is 0.93 and the free-water diffusion coefficient for NOs
is1.58x10° cn? s, Given estimates of NO; consumption in layers of the sediment (Table 1),
use afinite-element code to compute and plot the nitrate profile in the sediment. Plot your results
againg the measurements (Table 2) of the concentration profile. Use the surface flux boundary
condition to "calibrate” the modd, i.e., adjust the flux to get a good match between the computed
and measured values. You might try aflux value of 0.0005 n mol cni? s* as astarting point.
(Note that negative consumption rates represent production.)

Depth interval (cm) NO; consumption rate (n
mol cmi®s™)

0-0.16 -0.01

0.16-0.23 -0.08

0.23-0.28 0.11

0.28-0.32 0.01

0.32-040 0.00

‘Measured concentrations.

Depth NO; (n mol cm’®)
0 69

0.05 63

0.1 57

0.15 47

0.2 30

0.25 13

0.3 2

0.35 0

04 0

3. The equation for early diagenesis in sediments can be modified to take account of irrigation, the
pumping a:tivity of tube-dwelling animas. In this case equation (10.16) is expanded to:

?D——ﬂa G- C)+R=0,

wherea isan |rr|gat|on ooe‘flaent and ¢, isthe concentration & the sediment-water interface.
Write afinite-element code to solve this problem and gpply it to the conditions of problem 1.
Examineresultsfora =1 10°s* and 5" 10° s™.

4. Write afinite-dlement code to solve the problem of heet flow in the earth, including advection of

thermd energy:

10-15



Hornberger and Wiberg: Numerical Methodsin the Hydrological Sciences

daedlp dT
E? EB- r fcha =0.
where q is the specific discharge (units of, eg., ms%), and r 1, and ¢, are the fluid dengity and
heat capacity, respectively. [A code for the case of heat flow without advection, geot her m m
is available as a template (see the mHfileindex).] Useacongtant| = 2.5W m* °C and a
constant r ¢ = 1000 kg m® and ¢ = 4200 Jkg™ °C. Solve the problem subject to the boundary
conditions: Tipp=20 °C and Tportom=145 °C. Plot results for the following values of g:
q=0.0cmyr' (static case)
q=+0.1cmyr* (wp)
g=+0.5cmyr* (up)
g=+1.0cmyr? (up)
g=-01cmyr’ (down)
gq=-05cmyr? (down)
g=-1.0cmyr® (down)

Comment on the implications of the results for interpretations made in Problem 1 in Chapter 8.
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Box 10.1. Thefinite element approach for transient conditions with advection

As an example of how the finite element method is extended to problems beyond the
solutions for the steady state heat equation, consider the transport of a solute through a
porous medium under transient conditions including advection (movement of the solute
with the average velocity of the water) and dispersion (the "mixing" of solute due to
differing velocities aong different flow paths). Recall that we solved a form of the
advection-dispersion equation using finite differences in Chapter 9. Here, we aso let the
solute decay according to afirst-order rate law. More details about processes and the
equation representing them can be found in hydrogeology texts (e.g., Fetter, 2001;
Domenico and Schwartz, 1998). The equation is

2
Jle. I UE+| c=0

Mt w X

where c is solute concentration, t istime, X isdistance, D is the dispersion coefficient, u is
average velocity, and | isthe decay coefficient.

Theweighted residua integral for atypical element is

2 s
N x ?E Dﬂ—(2:+ UEH C?dx
At X x 17

The dispersion term is similar to the one for the steady state heat equation discussed in
Chapter 10. The element matrix for the dispersion term is (cf. equation (10.15)

aey - / o)
¢ /D. D, +
-D D/ =
De De g
The integrations for the other terms are straightforward. First take the advection term
for x;. Note that the element concentration can be written
C=GCX; +Ci+1xi+1 =CX +C|+1(1- Xi)

We can then evaluate the integral (for x;) as follows, using once again a substitution of X;
fc fic

for x in the integral and noting that — dx = —dx; .
fix X,
xa_ g l fc
X.U—dx =ugx, — dx,
Q i ﬂX Qxl ﬂxi i

= uéxi (G- Gu)ox,

2

X.

=u(c - ¢ i
(I I+l)2O




The integrd for xi+1 is evauated in a similar way. The element matrix for the advection
term is thus

& uo
€2 27
qu _us
§2 29

The integral for the term that accounts for the decay of the solute (for x;) is evaluated as

C);ﬂxil Cdx = (Sl X; [C|Xi +G..(1- Xi)]DedXi

a3 X2 X3 !
=| De(;_lcl-'-_lcwl_ _IC|+1 ;
a3 2 3 .
_| D a;l +C|+10
“&3 @
The evauation for x,+1 issSmilar. Thus the element matrix for the decay term is:
aD, 1D,06
¢3 67
ID, 1D, =+
6 30

The time derivative also must be integrated. The order of differentiation and
integration can be interchanged, so the weighted residual to be evaluated is:

1(‘)y“xc dx

Note that the integral is essentially the same as the term evaluated for the decay term.
Thus the element matrix equation for the time derivative term is

a, Dol o
9 3 6 ‘9 'ﬂt N
“e i+l T
é 3 g Mt o
The time derivative term is replaced with an implicit finite difference approximation.
The part of the approximation containing the known concentration at time t! is placed on
the right-hand side of the equation. The part of the approximation containing the unknown
concentrations at timet /** is added to the | eft- hand side of the equation. The element

matrices for the left and right sides are the same because of the sign change when the
knowns are moved to the right- hand side:

D

e

3D




The global matrix is assembled and the equations are solved one time step at atime as
for the finite difference method. The code below shows how the solution can be
implemented in MATLAB.

% ad_w_decay. m

% This is a finite elenment solution to cal culate transport of
% a di ssol ved substance under goi ng decay.

% dc/ dt +u(dc/ dx) =D(d2c/ dx2) - (| ambda) c

% Assurme a 100-neter reach with constant concentration boundary
% condi tions

% set nodal values of z and delta_t
z=0:1:100;

dz=diff(z);

delta_t=0. 2; % second

% n=nunmber of nodes, e=nunber of elenents
n_nodes=l engt h(z);

n_el enent s=l engt h(dz) ;

% set paranmeter val ues

u=0. 2; % s

D=0. 1; %2/ s

| ambda=0. 01; % per second

% conc at x=0 is one and at x=100 is zero
c0=1; c100=0;

% Set the coefficient matrix.

% preal l ocate matrix for left and rh sides
% The tinme derivative is done using a finite difference with
% an inplicit approxinmation
G=zeros(n_nodes, n_nodes) ;

R=zer os(n_nodes, n_nodes);

for e=1:n_el enments

nodel=e; node2=e+1,; %nodes for the el enent

del t a=z(node2) - z( nodel) ; %si ze of el enent

el mat =zeros(2, 2); % nitialize el ement matrix
rmat =zeros( 2, 2); % nitialize rhs matrix

el mat (1, 1) =D/ del t a- u/ 2+l anbda*del t a/ 3+del ta/ (3*delta_t);
el mat (1, 2) =- D/ del t a+u/ 2+l anbda*del t a/ 6+del ta/ (6*delta_t);
el mat (2, 1) =- D/ del t a- u/ 2+l anbda*del t a/ 6+del ta/ (6*delta_t);
el mat (2, 2) =D/ del t a+u/ 2+] anbda*del t a/ 3+del ta/ (3*delta_t);
rmat (1, 1) =del ta/(3*delta_t);
rmat (1, 2) =del ta/ (6*delta_t);
rmat (2, 1) =del ta/ (6*delta_t);
rmat (2, 2)=del ta/ (3*delta_t);
% assenbl e the global nmatrix by adding the elenment matrix
G nodel, nodel) =G nodel, nodel) +el mat (1, 1) ;
G(node2, node2) =G node2, node2) +el mat ( 2, 2) ;
G(nodel, node2) =G nodel, node2) +el mat (1, 2);
G(node2, nodel) =G node2, nodel) +el mat (2, 1) ;
% assenble the matrix for the rhs
R(nodel, nodel) =R(nodel, nodel) +rnat (1, 1);
R(node2, node2) =R( nhode2, node2) +rnat ( 2, 2) ;
R(nodel, node2) =R(nhodel, node2) +rnat (1, 2);
R(node2, nodel) =R(nhode2, nodel) +rnat (2, 1) ;
end




% set the first and | ast equation for a fixed concentration boundary
% condi tions
G(1,:)=0;G1,1)=1; G (n_nodes,:)
R(1,:)=0;R(1,1)=1; R(n_nodes,:)
%
% Set the vector of "knowns" using specified concentration val ues
rhs=zeros(n_nodes, 1);
rhs(1)=coO;
rhs(n_nodes) =c100;
endti me=300; % seconds
% time | oop
dz=dz';
time=0;j=1; k=1,
c_ol d=zeros(n_nodes, 1);c_old(1)=rhs(1); c_ol d(n_nodes)=rhs(n_nodes);
while tinme<endtine

rhs=R*c_ol d;

c_new=Q@r hs;

i f nmod(j, 300)==

conc(:, k)=c_new,
k=k+1;

0; G(n_nodes, n_nodes) =1;
0; R(n_nodes, n_nodes) =1;

end
c_ol d=c_new,
j=j+1
time=time+delta_t;
end
% Pl ot the profiles.
pl ot (z, conc)
yl abel (' concentration'); xlabel('z (m");

times=59.8, 119.8,179.8, 239.8, 299.8
0.8

T
1

0.7r 1

0.6 iy

0.5

T
1
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0.2r 1

0.1p 1

00 20 40 60 80 100
z(m)

FigureB10.1.1 Finite element solution to advection-dispersion equation.
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