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Hornberger and Wiberg: Numerical Methods in the Hydrological Sciences

1. Computation with MATLAB

This set of lecture notes describes numerica methods for solving avarietry of problemsin the
hydrologica sciences. The computationd engine used for the work is MATLAB, acomericaly
available software package. Thisfirst chepter introduces the basics of working with MATLAB.

1.1. Datain MATLAB

The basics: Matrices and vectors

MATLAB operates on matrices, which are arrays of numbers. That is, amatrix isa"table’ of
numbers with, say, N rows and M columns. For example, if N=3 and M=2, amatrix A has
dimension 3x2. Assgnment of such amatrix in MATLAB can be accomplished asfollows. Typeina
"[ " to let MATLAB know that you are going to input a matrix. Type the numbers for the first row of
the matrix (say "1" and "2") and then type a™ " to let MATLAB know that you have reached the
end of arow. Type the next two rows in the sameway and end witha"] ".

A=[1 2;3 4;5 6]

After typing thisin, MATLAB echoes the contents of the matrix, A.
A =

1 2
3 4
5 6

A vector of numbersis amply ameatrix with one of the dimensions equa to one. For example,
you might have data on air temperatures taken at noon every day over aweek. These can be
represented as avector in MATLAB.

T=[12.1 13.6 9.5 8.2 10.4 11.7 11.9]

Typing thislineinto MATLAB resultsin:
T =
12.1000  13.6000 9. 5000 8.2000  10.4000 11.7000 11.9000

Asdefined, T isa"row vector". It can be converted to a column vector by taking its transpose, an
action that is accomplished in MATLAB by placing a sSingle quote after the mairix or vector. That is,

to define the trangpose of T, we type
T
ans =

12. 1000

13. 6000

9. 5000

8. 2000

10. 4000

11. 7000

11
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11. 9000
Setting vectors and matrices with internal MATLAB commands

Specid vectors and matrices can be constructed with built-in MATLAB statements. For
example, it often is useful to congtruct a vector that covers a certain range and has evenly-spaced
entries. Thiswould be the case where we want to examine a sequence of regularly spaced data
where we did not explicitly have the independent variable recorded. If, for example, we had daily
temperatures recorded for a year and wanted to plot the data versus atime variable, we can form
such avariable asfollows.

t=1:1: 365;

Note that we put a semicolon at the end of this assgnment satement. Thistels MATLAB not to
echo the 365-dement vector of times.

Other MATLAB functions that are useful in setting vectors and matricesare zer os (setsa
matrix with dl zero dements), ones (sets amatrix with dements equd to one), and r and (setsa
matrix with e ements chosen using a pseudo-random-number generator for a uniform distribution on
[0,1]). Try typing a=r and( 3, 4) and b=ones( 1, 10) to get the fed of these utilities. [The
command r andn generates numbers from anormal distribution.]

Simple functions and plots

MATLAB aso has many built-in functions. Thus, we can form a sine function for a seasond

vaiable usng the following MATLAB statement.
t=1:5: 365;
t enmp=15*si n(2*pi *t/ 365) +12;

We can look at the result by using MATLAB graphics capabilities (Figure 1.1).
plot(t,tenmp,'+) ;

x|l abel (' Ti ne, days');

yl abel (' Snoot hed tenperature, degrees C)

The series of commands above actudly produce a figure with default characterigtics on line widths,
font size, and so forth. and other figures in these lecture notes are modified to make them
more easly readable. MATLAB commands dlow specification of a variety of aspects of figures
[Box 1.1].
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t=1:5:365;

temp=15*sin(2*pi*t/365)+12;  



plot(t,temp,'+') ; 

xlabel('Time, days'); 

ylabel('Smoothed temperature, degrees C')  
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Figure 1.1. Example of asimple graph produced in MATLAB.

One of the most important things to note about MATLAB as you learn to use it isthe extensve
on-line HEL P fadlity. Typing hel p by itsdf gives aseries of choices from which you can refine your
search. Typing hel p i t emgives help on the item chosen. For example to get help with the
MATLAB plot utility*,

hel p pl ot

PLOT Pl ot vectors or natrices.
PLOT(X,Y) plots vector X versus vector Y. If Xor Yis a mtrix,
then the vector is plotted versus the rows or colunns of the matrix,
whi chever |ine up.

PLOT(Y) plots the colums of Y versus their index
If Yis complex, PLOT(Y) is equivalent to PLOT(real (Y),img(Y)).
In all other uses of PLOT, the imaginary part is ignored.

Various line types, plot synbols and colors nay be obtained with
PLOT(X,Y,S) where Sis a l, 2 or 3 character string nmade from
the follow ng characters

y yel | ow . poi nt
m magent a 0 circle
c cyan X X-mar k
r red + pl us

g green - solid
b bl ue * star

! Reprinted with permission from The Mathworks, Inc.
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For exanple, PLOT(X, Y,'c+') plots a cyan plus at each data point.

PLOT( X1, Y1, S1, X2, Y2, S2, X3,Y3,S3,...) conbines the plots defined by
the (X Y,S) triples, where the X s and Y's are vectors or matrices
and the S's are strings.

For exanple, PLOT(X, Y,'y-',X Y,'go') plots the data twice, with a
solid yellow line interpolating green circles at the data points.

The PLOT command, if no color is specified, nmakes automatic use of
the colors specified by the axes Col orOrder property. The default
ColorOrder is listed in the table above for col or systens where the
default is yellow for one line, and for nmultiple lines, to cycle
through the first six colors in the table. For nobnochrone systens,
PLOT cycl es over the axes LineStyleOrder property.

PLOT returns a colunn vector of handles to LINE objects, one
handl e per |ine.

The X, Y pairs, or X, Y,S triples, can be followed by
paraneter/value pairs to specify additional properties
of the lines.

See also SEM LOGX, SEM LOGY, LOGLOG, GRID, CLF, CLC, TITLE,
XLABEL, YLABEL, AXIS, AXES, HOLD, and SUBPLOT.

Thel ookf or command is often useful for finding what might be available on a given topic. For
example, you might want to know wheét is availablein MATLAB for interpolatior?.

| ookfor interpolation

I CUBI C 1-D cubic Interpolation.

INTERP1 1-D interpolation (table | ookup).

I NTERP1Q Quick 1-D linear interpolation..

I NTERP2 2-D interpolation (table |ookup).

I NTERP3 3-D interpolation (table |ookup).

I NTERP4 2-D bilinear data interpolation.

I NTERP5 2-D bicubic data interpolation.

| NTERP6 2-D Nearest nei ghbor interpolation.

I NTERPFT 1-D interpolation using FFT nethod.

I NTERPN N-D i nterpol ation (table | ookup).

SPLI NE Cubi c spline interpolation.

NTRP113 I nterpol ati on hel per function for ODE113.
NTRP15S I nterpol ati on hel per function for ODE15S.
NTRP23 I nterpol ati on hel per function for ODE23.
NTRP23S | nter pol ati on hel per function for ODE23S.
NTRP45 | nterpol ation hel per function for ODE45.
NDGRI D Generation of arrays for N-D functions and interpolation.

2 Reprinted with permission from The Mathworks, Inc.
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PDEARCL | nterpol ati on between paranetric representati on and arc |ength.

After finding the items available, you can usethe hel p command to get more information (eg.,
hel p | NTERP1).

Reading data into MATLAB

How about getting datainto MATLAB without typing it directly from the keyboard? Suppose
you have data from alaboratory experiment in which water flows through a column of sand. A
chemical tracer (for example sodium chloride) is introduced as a pulse into the inflow end of the
column and the breakthrough curve, chloride concentration as a function of time at the outflow end
of the column, is observed. Theresult isadaafile lising number of pore volumes that have been
eluted (dimensionless surrogate for time) and relative concentration (measured concentration divided
by the concentration of the pulse input) of the effluent water. The datalook like this

0.0700 0.02
01400 0.02
0.2100 0.02
0.2700 0.02
03400 0.02
04100 0.02
04800 0.02
05500 0.02
0.6200 0.02
0.6800 0.000
0.7500 0.0000
0.8200 0.0000
0.8900 0.02
09600 0.1
10300 044
10900 0.78
11600 0.66
12300 03
13000 0.14
13700 0.06
14400 0.02
15000 0.02

Suppose these data are in afile called "bt.dat". Usethel oad command to get the datainto
MATLAB.

| oad bt. dat

Note that the files to be loaded into MATLAB must have an extenson unless the extenson is "mat".
For example, afile named "bt.dat" can beloaded by | oad bt . dat ; Smilarly, “bt.qg" or “btxxx” can
be loaded by typing the full name. If the file is named “bt.mat”, the command | oad bt will work.

Now we can set "pv" (for number of pore volumes) equd to the first column of the fileand "rc” (for
relative concentration) equd to the second column of thefile by typing

pv=bt (:,1);
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		0.0700		0.02

		0.1400		0.02

		0.2100		0.02

		0.2700		0.02

		0.3400		0.02

		0.4100		0.02

		0.4800		0.02

		0.5500		0.02

		0.6200		0.02

		0.6800		0.000

		0.7500		0.0000

		0.8200		0.0000

		0.8900		0.02

		0.9600		0.1

		1.0300		0.44

		1.0900		0.78

		1.1600		0.66

		1.2300		0.3

		1.3000		0.14

		1.3700		0.06

		1.4400		0.02

		1.5000		0.02
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Note that the colon notation is used to sdect entire columns of the matrix. That isbt (:, 1) means
"bt(dl eements, column 1)". In the same way, we &t "rc” (for relative concentration) equa to the
second column in the data file "bt".

rc=bt(:,2);
Tolook at the breakthrough curve (1Fi gure 1.2):

plot(pv,rc, or',pv,rc,'b")
x|l abel (' Di nensi onl ess tine, pore volunes')
yl abel (' Reduced concentration, c/c_0")

0.8

0.7

0.6

0.5

0.4

0.3

Reduced concentration, c/c,

0.2F

0.1f

06606666606 .
L~~~

0 05 1 15
Dimensionless time, pore volumes

0

Figure 1.2. Plot of datafrom alaboratory column experiment.

Y ou can load data into MATLAB as long as the data are in an array containing only numbers
(e.g., no table headings) and containing no blank spaces (e.g., zeroes must be typed explicitly in the
file, not left as blanks). (See the MATLAB functions TBLREAD, TDFREAD, and XL SREAD for other
options to get data into the program.)

1.2. Mathematical operationswith matrices

MATLAB is a powerful engine for data analyss and moddling primarily because of its design for
performing matrix calculations. All stlandard mathematical operations are supported. You just have
to remember that matrices on which you are operating must be "conformabl€e’ for that particular
operation.

Elementary operations: Addition, subtraction, and so forth

Matrices (vectors as apecid case) are conformable for addition (and subtraction) aslong as
they arethe same size. Thus; if

1-6
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A=[1 2 3; 4 5 6]

A =

and
B=[7 8 9; 10 11 12]

then the sum is what you would expect:
A+B

ans =
8 10 12
14 16 18

asisthe difference

A-B
ans =
-6 -6 -6
-6 -6 -6
Multiplication by a scdar is dso sraightforward.
2*A
ans =
2 4 6

All of thefunctions avalladblein MATLAB can be gpplied to matrices. These include sin, cos,
exp, log, and others. For example,

sqrt (A

ans =
1. 0000 1.4142 1.7321
2. 0000 2.2361 2. 4495

Note that these functions operate on each dement of the matrix.
Matrix multiplication

Two matrices, say C of dimenson n by mand D of dimenson k by j , are conformable for
multiplication if m=k. Matrices A and B above are not conformable for multiplication because A is

1-7
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2x3and B isdso 2x3. (That is "m" is3and "k" is 2.) If you try to multiply the two, MATLAB gives
an error message.

A*B

??? Error using ==> *
I nner matrix dimensions nmust agree.

Now the transpose of B isa 3x2 matrix. (In MATLAB the trangoose is formed by placing asingle
quotation mark (') after the matrix.)

BT=B'

BT =
7 10
8 11
9 12

By the rules of matrix multiplication, A and BT are conformable for multiplication.
A*BT

ans =
50 68
122 167

The case of multiplication of amatrix and avector is of particular importance as systems of
equations are represented in this form. Note that in this case, the vector length must equd the
number of rowsin the matrix. The form of aset of equationsis Ax=b where A isamatrix of
(known) coefficients, x isthe unknown vector, and b isavector of known quantities. The system of
equations

33X +3y=9
2x-2y=-2
is represented in matrix notation as
&3 txa_&du
2 -2 &2
Our main interest in such matrix equationsis in solving them -- determining values for x and y that

satisfy the equations. We will explore thistopic in some detail in alater lecture. For now, just accept

that the "backdash”" operator in MATLAB does the trick.
A=[3 3;2 -2];

b=[9 -2]";

Xy=A\b

Xy =

1-8
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Multiplication on an element-by-element basis

Often we need to operate on a vector eement by eement. MATLAB uses a period at the end
of avector to indicate operation on an dement-by-element basis. For example, suppose we want to
take the vector of concentrations that we defined above and square each element. Note that the
command c2=c* ¢ will not work because the " implies matrix multiplication and the only time a
matrix is conformable with itsdf for multiplication iswhen it is square. (Note that, even in the case of
asguare matrix, A* A isnot equivaent to squaring each dement! Try it. Define asquare matrix by
typing, say, A=r and( 3, 3) and examine A and A* A.) To have MATLAB square the elements of c,
wetypec. * ¢ noting that the dot after the first ¢ gpecifies calculaion eement by element.
Alternatively, we cantypec. ~2, usng MATLAB's carat notation for exponentiation.

c2=c(12:18).*c(12:18)

c2 =

0
. 0004
. 0100
1936
6084
. 4356
0. 0900

Note that we looked at the result for only elements 12 to 18 of the vector by indicating the range 12
to 18 in parentheses after ¢. Thisis standard notation in MATLAB; A(n1: n2, mi: n2) indicatesthe
submatrix with rows nl to n2 and columns m1 to m2 of the origind matrix.

Another example of the use of eement-by eement computation is finding the reciprocd of the
elements of a vector. Take the vector pv from the breakthrough- curve data. Suppose we want to
find Ypv; for i=12 to 18. Asit turns out, we can't use 1/ pv because divison for matrices is not
defined. Also, i nv(pv) -- read "inverse of pv"'-- won't work because the inverse of amatrix is not
the same as inverting eement by element. So again, we use the "dot" at the end of avector to
denote the e ement-by-eement operation.

coooo

oneover pv=(ones(si ze(pv(12:18)))./pv(12:18))

oneover pv =
1.2195 1.1236 1. 0417 0.9709 0.9174 0.8621 0. 8130

Note that we used the MATLAB si ze function to specify a vector of ones with the same length as
the set of "pv's’ that we want to invert. We aso placed adot at the end of the vector of onesto
indicate that we wanted to take the inverse of each eement of the vector.

Asafind example, congder cdculating the difference between successve vaues of r ¢ of the
breakthrough data that we loaded earlier (i.e., Drc) divided by the difference in successve pv vaues
(Dpv). The MATLAB di f f function caculates these differences. For example,

diff(rc)’

ans =

19
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Colums 1 through 7

0 0 0 0 0 0 0
Col ums 8 through 14
0 -0. 0200 0 0 0. 0200 0. 0800 0. 3400
Col ums 15 through 21
0. 3400 -0. 1200 -0. 3600 -0. 1600 - 0. 0800 - 0. 0400 0

We use the dot at the end of the numerator to caculate Drc/Dpv on aterm by term basis:
(diff(rc)./diff(pv))"

ans =
Colums 1 through 7
0 0 0 0 0 0 0
Col ums 8 through 14
0 -0. 3333 0 0 0. 2857 1.1429 4.8571
Col ums 15 through 21
5. 6667 -1.7143 -5.1429 -2.2857 -1.1429 -0.5714 0

1.3. Symbolic math toolbox

The student version of MATLAB includes the symbolic mathemétics toolbox. Thistool performs
mathematical operations— differentiation, integration, equation solving, etc. — on symbols. That is,
the toolbox operates on mathematical symbols (the "x" of dgebral) and not on numbers. Although
we concentrate on numerical methods in this series of lectures, access to the symbolic math
toolbox will be useful. For example, the symbolic math toolbox can be used to obtain the exact
andyticd solution to some of the problems we will attack with numerical methods, dlowing
evauation of errorsin the numerica (by definition, approximate) solution. Our concentration,
however, will be very strongly on numerical computation. We present just afew basics here.

To manipulate symbols, MATLAB first must be informed about what variables are to be trested
symbaolicaly. Such variables are declared using sy ms. For example, suppose we want to work with
the Manning equation,

A
0=1#B 4
n Pg
We would type the declaration

synme Qn S Ap

to make dl of the variablesin the equation symbolic. Now suppose that we want to solve this
equation for the wetted perimeter, p. We can usethe sol ve command:

p=solve(' @=(1/n)*sqrt(S)*(A/ p)~(2/3)*A ,p)

which resultsin the following.

p =

[ 1/ Q'2/ n 2% (Q n*SA(3/2) *A) A1/ 2) * Ar2]
[ -1/ Q'2/ n"2* (Q n*SA(3/2) *A) A1/ 2) * Ar2]

1-10
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Note that both the positive and negative solutions are given. To make the solution clearer (the
positive solution, which is the one of interest), we usethe pr et t y command:

pretty(p(1)).
Try this example to see how the solution looks in a more traditionaly readable form.

The MATLAB toolbox can aso be used to solve differential equations. Consider steady, one-
dimensiona flow of groundwater between two drains. The head remains condtant a 5 m in one

drain and a 10 m in the other. The aquifer, with transmissvity T, is being recharged a a congtant
rate, w, aong its length. The (linearized) equation describing the caseis.

d’h _ w
@ T
h(0)=5

h(100) = 10.

The solution to the equation can be gotten with the following commeands.

syns h T w
h=dsol ve(' D2h=-w/ T'," h(0)=5","' h(100)=10","'x")

This command resultsin the following response,
h =
-1/ 2% w T*xA2+1/ 20* (1000* w+T) / T*x+5

Agan, thepr et t y command puts the solution into a more standard symbolic formeat. To determine
the solution for w/T=0.002 per meter, smply insert the numerica vaue at the appropriate place.

h=dsol ve(' D2h=-0.002',"' h(0)=5"," h(100)=10","'x")
h =
-1/ 1000* x"2+3/ 20* x+5

Thecommand: ezpl ot (h, [0 100]) showsgraphicaly how head in the aguifer varies with
distance (Figure 1@).

111
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-1/1000 x2+3/20 x+5

11F

0 20 40 60 80 100
X

Figure 1.3. Solution to differential equation from the symbolic math tool box.

1.4. Programmingin MATLAB

To utilize the full power of MATLAB, you will need to learn to write "m-files'. Thesefilesare
programs to execute a sequence of caculations and operations. For example, you might want to
have a program to take a set of data and perform some datistical caculation. The files can contain
any legitimate MATLAB command. Thefiles can have any legal name with the extenson "m".
MATLAB looks for files with an "m" extensgon when the prefix is typed, interprets the commands,
and executes them in sequence.

Script files

Thefirg type of mHfile that you will useisadraight script file. Script filesare, literdly, alist of
commands that are interpreted and executed. To illustrate, suppose you want to creste a program
to load a set of concentration-time data (defining a breakthrough curve) and caculate the mean
travel time as a ct;/a ¢;. Using the MATLAB editor/debugger (or your favorite word processor), you
typein thefalowing:

% Cal cul ate nean travel tine
%

| oad bt. dat
t=bt(:,1);c=bt(:, 2);
tbar=sun(t.*c)/sun(c)

1-12



load bt.dat 

t=bt(:,1);

c=bt(:,2);  

plot(t,c,'ob',t,c,'r')

xlabel('Dimensionless time, pore volumes')

ylabel('Reduced concentration, c/c0')  
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and saveit in file tbar.m. (Note thet linesin the file preceded by a"%" are comments, MATLAB
ignoresthem.) Then, from within MATLAB, typet bar and return.

t bar

tbar =
1.0796

The 'tbar' codeis a particularly smple m-file, but you should be able to gppreciate how easy it
isto program more complicated tasksin MATLAB. For example, the script below caculates daily

estimates of potential evapotranspiration using the Hamon (1961) method [Box 1.2).

% Hanmon cal cul ati on of PET in mm day

% inputs are (1) latitude (degrees) and (2) a file nane with data:
% Jul i an day

% Tenperature (Cel sius)

% output is daily values of PET

f nane=i nput (' nane of file listing Julian day and T in Celsius? ');
fid=fopen(fnanme, ' r');

dat a=fscanf (fid," ' %g');

dat a=reshape(dat a, 2, | engt h(data)/ 2); dat a=dat a’;

status=fcl ose(fid);

J=data(:,1); T=data(:, 2); % data are J, Julian day, and T, tenperature
phi =i nput ('l atitude in degrees? '); % | ati tude

del t a=0. 4093*si n((2*pi /365)*J-1.405); % solar declination
onmega_s=acos(-tan(2*pi *phi/360).*tan(delta)); % sunset hour angle

Nt =24* onega_s/ pi ; % hours in day

a=0. 6108; b=17. 27; c=237. 3;

es=a*exp(b*T./(T+c)); % sat uration vapor pressure
E=(2.1*(Nt."2).*es)./(T+273. 3); % Hanon PET

i _col d=find(T<=0); E(i _col d) =0;

plot(J, E)
x| abel (' Time, Julian day')
yl abel (' Hanmon PET, mmi day')

Executing the code with one year of datafor astein centrd Virginia shows the annua cycle of
potentia evapotranspiration with day-to-day variability introduced by temperature fluctuations
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% Hamon calculation of PET in mm/day

% inputs are (1) latitude (degrees) and (2) a file name with data:

%		Julian day

%		Temperature (Celsius)

% output is daily values of PET 



fname=input('name of file listing Julian day and T in Celsius? ');

fid=fopen(fname,'r');

data=fscanf(fid,'%g');

data=reshape(data,2,length(data)/2);data=data';

status=fclose(fid);

J=data(:,1);T=data(:,2);	% data are J, Julian day, and T, temperature



phi=input('latitude in degrees? '); 	% latitude

delta=0.4093*sin((2*pi/365)*J-1.405);	% solar declination

omega_s=acos(-tan(2*pi*phi/360).*tan(delta));	% sunset hour angle

Nt=24*omega_s/pi;					% hours in day

a=0.6108;b=17.27;c=237.3;

es=a*exp(b*T./(T+c));				% saturation vapor pressure

E=(2.1*(Nt.^2).*es)./(T+273.3);		% Hamon PET

i_cold=find(T<=0);E(i_cold)=0;



plot(J,E)

xlabel('Time, Julian day')

ylabel('Hamon PET, mm/day') 
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		1		-5.556

		2		7.222

		3		8.889

		4		11.111

		5		9.444

		6		15.556

		7		17.778

		8		18.889

		9		10

		10		5

		11		3.889

		12		1.111

		13		6.111

		14		-0.556

		15		0

		16		3.333

		17		2.778

		18		2.778

		19		2.222

		20		0

		21		-1.667

		22		0

		23		3.889

		24		4.444

		25		2.222

		26		0.556

		27		0

		28		3.333

		29		6.111

		30		3.889

		31		2.778

		32		1.111

		33		2.222

		34		4.444

		35		2.778

		36		3.889

		37		3.889

		38		5

		39		3.889

		40		2.222

		41		3.333

		42		4.444

		43		9.444

		44		3.333

		45		2.222

		46		0.556

		47		0.556

		48		7.778

		49		11.667

		50		6.667

		51		4.444

		52		7.778

		53		7.778

		54		5

		55		4.444

		56		8.889

		57		8.333

		58		7.778

		59		10

		60		7.778

		61		6.667

		62		5.556

		63		3.889

		64		3.333

		65		3.333

		66		9.444

		67		8.333

		68		15

		69		3.333

		70		-2.778

		71		-2.778

		72		-1.667

		73		6.667

		74		1.667

		75		2.222

		76		1.111

		77		4.444

		78		11.667

		79		8.333

		80		3.889

		81		2.778

		82		3.333

		83		2.778

		84		3.889

		85		14.444

		86		22.222

		87		22.222

		88		22.222

		89		21.111

		90		23.333

		91		19.444

		92		17.778

		93		10

		94		8.889

		95		9.444

		96		8.889

		97		8.889

		98		14.444

		99		10.556

		100		7.778

		101		7.778

		102		9.444

		103		11.111

		104		15.556

		105		16.111

		106		18.889

		107		18.889

		108		11.111

		109		10.556

		110		12.222

		111		12.778

		112		12.778

		113		12.222

		114		15.556

		115		17.778

		116		17.222

		117		9.444

		118		9.444

		119		13.333

		120		18.333

		121		16.667

		122		16.667

		123		18.333

		124		17.778

		125		16.667

		126		17.222

		127		17.778

		128		17.778

		129		17.778

		130		17.222

		131		13.889

		132		12.778

		133		16.111

		134		16.667

		135		19.444

		136		22.778

		137		22.778

		138		20.556

		139		22.778

		140		23.889

		141		22.778

		142		16.667

		143		14.444

		144		14.444

		145		22.778

		146		20.556

		147		17.778

		148		20.556

		149		23.333

		150		23.889

		151		26.111

		152		19.444

		153		19.444

		154		20

		155		17.222

		156		16.111

		157		16.111

		158		13.889

		159		16.667

		160		15

		161		15.556

		162		17.778

		163		23.333

		164		21.667

		165		20.556

		166		20.556

		167		24.444

		168		22.778

		169		23.889

		170		22.778

		171		25.556

		172		25

		173		23.889

		174		26.111

		175		26.111

		176		26.111

		177		28.333

		178		26.667

		179		20.556

		180		24.444

		181		25

		182		22.778

		183		21.667

		184		21.667

		185		23.889

		186		22.778

		187		21.667

		188		22.778

		189		22.222

		190		23.889

		191		23.889

		192		19.444

		193		20

		194		22.778

		195		25.556

		196		25

		197		26.667

		198		27.222

		199		25

		200		23.889

		201		26.667

		202		26.111

		203		28.333

		204		27.222

		205		26.111

		206		25.556

		207		23.333

		208		22.778

		209		25.556

		210		25.556

		211		27.222

		212		22.222

		213		21.667

		214		20.556

		215		20.556

		216		22.222

		217		22.778

		218		22.222

		219		25

		220		26.667

		221		27.222

		222		26.111

		223		25.556

		224		25

		225		23.889

		226		25.556

		227		26.111

		228		25.556

		229		26.111

		230		26.111

		231		17.778

		232		18.333

		233		21.667

		234		25.556

		235		27.778

		236		26.667

		237		27.778

		238		29.444

		239		26.111

		240		27.778

		241		27.222

		242		25.556

		243		26.111

		244		23.889

		245		25.556

		246		21.111

		247		25

		248		22.778

		249		23.889

		250		27.778

		251		18.889

		252		17.222

		253		18.333

		254		20

		255		24.444

		256		26.111

		257		25.556

		258		27.778

		259		27.222

		260		25.556

		261		24.444

		262		23.333

		263		23.889

		264		26.667

		265		24.444

		266		13.889

		267		13.333

		268		16.111

		269		22.222

		270		27.778

		271		21.667

		272		17.222

		273		23.889

		274		17.778

		275		11.111

		276		11.667

		277		11.667

		278		13.889

		279		18.333

		280		18.889

		281		19.444

		282		16.111

		283		17.778

		284		17.222

		285		13.889

		286		14.444

		287		12.222

		288		10.556

		289		11.111

		290		12.222

		291		17.222

		292		17.778

		293		15

		294		11.667

		295		7.222

		296		7.778

		297		11.667

		298		11.667

		299		12.778

		300		12.778

		301		15.556

		302		10.556

		303		8.889

		304		11.667

		305		10

		306		10

		307		6.667

		308		3.889

		309		1.111

		310		2.222

		311		5.556

		312		2.222

		313		7.778

		314		6.667

		315		12.222

		316		6.667

		317		7.778

		318		9.444

		319		11.111

		320		7.222

		321		10

		322		7.222

		323		7.222

		324		13.889

		325		3.889

		326		2.222

		327		8.333

		328		9.444

		329		4.444

		330		12.778

		331		7.222

		332		10

		333		11.111

		334		10.556

		335		10

		336		8.333

		337		11.667

		338		17.222

		339		18.333

		340		17.222

		341		20

		342		12.778

		343		3.889

		344		3.889

		345		3.333

		346		2.222

		347		5.556

		348		1.111

		349		2.222

		350		6.111

		351		5.556

		352		1.667

		353		6.667

		354		10

		355		11.667

		356		6.667

		357		-5.556

		358		-2.778

		359		-5

		360		-5.556

		361		-3.333

		362		2.778

		363		0

		364		-2.778

		365		-6.667

		366		11.111
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Figure 1.4. Potential evapotranspiration estimated using Hamon’ s method.

Function files

The other type of m-file, which is used more frequently than a script file, isafunction file. A
function file operates on vectors or matrices specified in the call and returns variables defined in the
function statement. The MATLAB help on this topic illugtrates the concept nicely”.

hel p function

FUNCTI ON Function Mfiles.
New functions nmay be added to MATLAB's vocabulary if they
are expressed in terns of other existing functions. The
commands and functions that conprise the new function nust
be put in a file whose nane defines the name of the new
function, with a filenane extension of '.m. At the top of
the file nust be a line that contains the syntax definition
for the new function. For exanple, the existence of a file
on disk called STAT.M with:

function [nean, stdev] = stat(x)

n = length(x);

mean = sun(x) / n;

stdev = sqrt(sum((x - nean).”2)/n);

defines a new function call ed STAT that cal cul ates the
mean and standard devi ation of a vector. The vari abl es

within the body of the function are all l|ocal variables.
See SCRIPT for procedures that work globally on the work-
space.

See al so ECHO, SCRI PT.

3 Reprinted with permission from The Mathworks, Inc.
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Function files are especidly useful for doing computations to be gpplied to different data sets or
for different values of parametersin an equation. As an example of a case where we want afunction
to operate on various data sets, consider the code below for doing Smple linear regression on a set
of x-y data.

function [mb,smsb,r2]=linreg(x,y)

%

% Sinple linear regression of variable y on variable x

% y=nx+b

% syntax: [mb,smsb,r2]=linreg(x,y)

% mis estimated slope; smis standard error of estimated sl ope
%b is estimated intercept; sb is standard error of estinmated intercept
%r2 is the coefficient of variation

% Sol ution to nornmal equations using unwei ghted | east squares:
% mE(n*sum(x*y)-sun(x)*sum(y))/ (n*sum x"2)-(sunm(x))"2)

%  b=nean(y) - nfnmean(x)

%

[ k1, k2] =si ze(Xx);

n=mex(kl, k2);

me(n*sun( X. *y) -sum(x) *sunm(y) )/ (n*sum(x."2)-sum(x)"2);

b=mean(y) - mfmrean(x) ; % regressi on paraneters
r=(y-b-ntx); % residual s

s2=sum(r.*r)/ (n-2); % mean squared error

snmesqrt (s2* (1/ n+nean(x)~2)/sum( (x-mean(x).”"2))); % standard error
sb=sqrt (s2/ sun((x-nmean(x)."2))); % st andard error

nuner at or =sum( x. *y) - (sum(x) *sum(y)/ n))."2;

denom nat or =(sum(x. *2) - (sum(x)*2/ n))*(sum(y.*2)-(sumy).”2/n));

r 2=nuner at or/ denoni nat or ; % r-squar ed

y_hat =ntx+b; % estimated y fromregression
%

% 95% predi ction confidence intervals based on |arge values of n
factor= sqrt(1+1/ n+(x-mean(x))."2/sunm((x-nmean(x)).”"2));
y_upper=y_hat +2. 306*sqrt (s2)*factor;

y_ |l ower=y_hat-2.306*sqrt(s2)*factor;

d=max(x)-m n(x);

Xi =m n(x):d/50: max(x);

yh=ntxi +b;

yyl =spline(x,y_lower, xi);

yyu=spl i ne(x,y_upper, Xi);

plot(x,y," " +r',xi,yh, xi,yyu,'g ,xi,yyl," g ,"'MrkerSize',8)

x|l abel (' x")

ylabel ("y")

text (0. 2*nmean(x), 0. 8*max(y),[' r*2=" nunm2str(r2)])

As an example of afunction file to compute results with different modd parameters, consider
the case of digpersion of a non-reactive contaminant in a homogeneous aquifer with average pore
veocity v. A mass m of contaminant is assumed to be injected ingtantaneoudy into an extensive
aquifer of thicknessb . The equation governing the flow and disperson (determined by
the dispersion coefficients, Dx and Dy, of the contaminant and the andytica solution to the equation
for this case are (Wilson and Miller 1978):
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function [m,b,sm,sb,r2]=linreg(x,y)

% Simple linear regression of variable y on variable x

%   y=mx+b

% syntax: [m,b,sm,sb,r2]=linreg(x,y)

% m is estimated slope; sm is standard error of estimated slope

% b is estimated intercept; sb is standard error of estimated intercept

% r2 is the coefficient of variation

%

% Solution to normal equations using unweighted least squares:

%   m=(n*sum(x*y)-sum(x)*sum(y))/(n*sum(x^2)-(sum(x))^2)

%   b=mean(y)-m*mean(x)

[k1,k2]=size(x);

n=max(k1,k2);

m=(n*sum(x.*y)-sum(x)*sum(y))/(n*sum(x.^2)-sum(x)^2);

b=mean(y)-m*mean(x);                % regression parameters

r=(y-b-m*x);                        % residuals

s2=sum(r.*r)/(n-2);                 % mean squared error

sm=sqrt(s2*(1/n+mean(x)^2)/sum((x-mean(x).^2))); % standard error

sb=sqrt(s2/sum((x-mean(x).^2)));    % standard error

r2=(sum(x.*y)-(sum(x)*sum(y)/n)).^2/((sum(x.^2)-(sum(x)^2/n))*(sum(y.^2)-(sum(y).^2/n)));

                                    % r-squared

y_hat=m*x+b;                        % estimated y from regression

%

% 95% prediction confidence intervals based on large values of n

y_upper=y_hat+2.306*sqrt(s2)*sqrt(1+1/n+(x-mean(x)).^2/sum((x-mean(x)).^2)); 

y_lower=y_hat-2.306*sqrt(s2)*sqrt(1+1/n+(x-mean(x)).^2/sum((x-mean(x)).^2));

d=max(x)-min(x);

xi=min(x):d/50:max(x);

yh=m*xi+b;

yyl=spline(x,y_lower,xi);

yyu=spline(x,y_upper,xi);

plot(x,y,'+r',xi,yh,xi,yyu,'g',xi,yyl,'g','MarkerSize',6)

xlabel('x')

ylabel('y')

text(0.2*mean(x),0.8*max(y),['r^2=' num2str(r2)])
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x direction

1 aquifer

Figure 1.5. Schematic of contaminant pulse injection into an aquifer.

c

2 2
Equation:ﬁ:D ﬂc+D Te_ e

w X

. m/b & (x-vt)> y* 0
Solution: c(X, y,t) = ————expt- - :
Y= oD, O Tapy o

Note that m,b,v,D,, and D, are passed to the function file as parameters. This solution is sometimes
referred to as a " Gaussan puff* because the cloud spreads out in the form of a Gaussian distribution.
The MATLAB function file below computes the solution and aso demongtrates one of the
visudization tools available in MATLAB. The solution is contoured at a series of times and each
"frame" issaved usng get f r ame. After executing G_puf f the command novi e( M can be used to

display the sequence of frames (Video 1.1).

function M=G_puff(m Dx, Dy, v, b)

% Gaussi an puff over a 100-neter |ength

% synt ax: M=G_puff(m Dx, Dy, v, b)

% mEmass; v=average pore velocity; b=aquifer thickness

% Dx=axi al di spersion coeff.; Dy=transverse dispersion coeff.;

X

[ X, Y]=meshgrid(-5:2.5:100, -50:2.5:50);
t max=110/v;

t =t max/ 20: t max/ 20: t max;

n=l engt h(t);
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function M=G_puff(m,Dx,Dy,v,b)

% Gaussian puff over a 100-meter length

% syntax: M=G_puff(m,Dx,Dy,v,b)

% m=mass; v=average pore velocity; b=aquifer thickness

% Dx=axial dispersion coeff.; Dy=transverse dispersion coeff.; 



[X, Y]=meshgrid(-5:2.5:100, -50:2.5:50);

tmax=110/v;

t=tmax/50:tmax/50:tmax;

n=length(t);

axis tight

set(gca,'nextplot','replacechildren');

for k=1:n

e=exp(-(X-v*t(k)).^2/(4*Dx*t(k))-Y.^2/(4*Dy*t(k)));

c=(m/b)/(4*pi*t(k)*sqrt(Dx*Dy))*e;

contourf(c)

set(gca,'Visible','off');

M(k)=getframe;

end
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axis tight

set(gca, ' nextplot', ' replacechildren');

for k=1:n

ezexp(-(X-v*t(k))."2/ (4*Dx*t(k))-Y.~2/ (4*Dy*t(Kk)));
c=(m b)/ (4*pi*t (k) *sqrt(Dx*Dy)) *e;

contourf(c)

set(gca, ' Visible' ,'off");

M k) =get f r ane;

end
videnl-1
Video 1.1. Transport of acontaminant in an aquifer.
1.5. Summary

Throughout the series of lectures presented in these notes, MATLAB is used for computation
and for programming. Y ou should work to familiarize yoursdlf with this software. Read these notes,
read the documentation (available with the sudent edition of MATLAB, which is recommended
strongly), use the on-line help facility in the program liberaly, and practice working with MATLAB
by writing m files
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1.6. Problems

The problems below are designed to introduce work with MATLAB and to do some basic data
manipulation and Smple programming. The data below are precipitation in mm for the Southern
Piedmont of the U.S. (Karl et d. 1994). The rows represent years from 1960 through 1989.

JAN FEB MAR  APR MAY  JUN JUL AUG SEP OCT NOV DEC

1338 157.6 120.9 84.5 875 71.3 130.0 1127 100.1 55.2 28.0 48.1
704 153.6 115.7 136.7 91.7 1431 96.4 159.4 35.6 448 54.2 1271
139.2 100.0 124.7 94.4 63.3 136.0 96.4 77.0 121.5 35.6 130.1 731
92.0 78.5 1271 69.3 80.2 106.5 875 53.9 114.0 4.7 135.7 70.3
1427 1255 129.5 118.6 51.9 90.1 1701 166.0 84.4 178.4 49.6 111.8
48.9 104.7 159.1 817 46.6 157.4 151.6 89.5 68.2 64.3 4.1 15.8
130.5 109.0 69.8 67.7 116.2 75.6 77.5 94.7 130.9 749 40.1 78.5
62.5 86.9 67.3 55.3 127.3 73.8 115.7 176.8 64.2 40.4 68.0 123.0
1119 194 79.4 68.4 107.9 1254 138.9 69.0 34.3 92.6 107.1 69.3
64.8 84.8 103.6 1125 84.8 107.2 120.5 123.6 105.2 37.6 371 1144
58.5 79.4 121.5 66.6 75.9 67.9 136.5 140.7 50.1 125.8 63.6 75.3
100.1 116.5 1338 73.8 153.0 875 147.7 137.7 108.9 171.9 69.5 43.7
107.8 108.1 75.3 58.0 145.9 181.2 117.4 86.1 84.0 89.2 125.7 140.2
97.9 1141 144.2 126.6 109.0 1721 85.7 101.5 729 60.5 279 146.6
122.4 90.2 78.6 66.4 126.9 911 91.4 139.6 121.0 144 61.5 132.5
137.9 108.9 185.7 66.0 141.0 90.3 213.7 717 182.5 58.7 71.6 94.5
84.0 36.5 98.0 24.2 146.3 144.2 85.4 66.2 116.3 184.6 77.2 107.6
68.3 31.9 1451 525 60.7 84.0 54.8 1149 111.8 134.6 103.4 89.7
199.0 222 111.0 101.5 116.5 95.6 140.7 116.0 54.9 28.9 75.8 76.3
148.8 157.4 84.4 1344 116.3 131.2 95.9 93.8 208.8 779 109.4 35.6
120.7 42.6 2113 68.3 86.3 80.3 825 535 128.2 88.4 72.6 299
17.1 98.0 58.5 45.2 75.9 102.4 146.0 1232 725 82.8 240 139.6
120.3 1311 57.3 1144 93.7 170.0 118.4 93.9 67.0 88.2 74.0 106.4
68.4 126.5 176.7 147.2 81.6 79.2 515 79.7 77.2 98.0 1194 172.8
95.1 1375 148.7 1195 1421 62.9 207.8 1130 19.7 57.0 52.4 49.2
924 124.4 26.5 289 104.3 855 158.1 166.1 17.3 115.3 2132 319
33.8 50.3 67.4 28.7 67.8 36.4 835 1921 35.7 85.7 118.3 101.6
153.5 98.3 1179 107.2 56.3 116.3 73.7 75.8 193.0 321 98.2 70.5
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133.8 157.6 120.9 84.5 87.5 71.3 130.0 112.7 100.1 55.2 28.0 48.1

70.4 153.6 115.7 136.7 91.7 143.1 96.4 159.4 35.6 44.8 54.2 127.1

139.2 100.0 124.7 94.4 63.3 136.0 96.4 77.0 121.5 35.6 130.1 73.1

92.0 78.5 127.1 69.3 80.2 106.5 87.5 53.9 114.0 4.7 135.7 70.3

142.7 125.5 129.5 118.6 51.9 90.1 170.1 166.0 84.4 178.4 49.6 111.8

48.9 104.7 159.1 81.7 46.6 157.4 151.6 89.5 68.2 64.3 44.1 15.8

130.5 109.0 69.8 67.7 116.2 75.6 77.5 94.7 130.9 74.9 40.1 78.5

62.5 86.9 67.3 55.3 127.3 73.8 115.7 176.8 64.2 40.4 68.0 123.0

111.9 19.4 79.4 68.4 107.9 125.4 138.9 69.0 34.3 92.6 107.1 69.3

64.8 84.8 103.6 112.5 84.8 107.2 120.5 123.6 105.2 37.6 37.1 114.4

58.5 79.4 121.5 66.6 75.9 67.9 136.5 140.7 50.1 125.8 63.6 75.3

100.1 116.5 133.8 73.8 153.0 87.5 147.7 137.7 108.9 171.9 69.5 43.7

107.8 108.1 75.3 58.0 145.9 181.2 117.4 86.1 84.0 89.2 125.7 140.2

97.9 114.1 144.2 126.6 109.0 172.1 85.7 101.5 72.9 60.5 27.9 146.6

122.4 90.2 78.6 66.4 126.9 91.1 91.4 139.6 121.0 14.4 61.5 132.5

137.9 108.9 185.7 66.0 141.0 90.3 213.7 71.7 182.5 58.7 71.6 94.5

84.0 36.5 98.0 24.2 146.3 144.2 85.4 66.2 116.3 184.6 77.2 107.6

68.3 31.9 145.1 52.5 60.7 84.0 54.8 114.9 111.8 134.6 103.4 89.7

199.0 22.2 111.0 101.5 116.5 95.6 140.7 116.0 54.9 28.9 75.8 76.3

148.8 157.4 84.4 134.4 116.3 131.2 95.9 93.8 208.8 77.9 109.4 35.6

120.7 42.6 211.3 68.3 86.3 80.3 82.5 53.5 128.2 88.4 72.6 29.9

17.1 98.0 58.5 45.2 75.9 102.4 146.0 123.2 72.5 82.8 24.0 139.6

120.3 131.1 57.3 114.4 93.7 170.0 118.4 93.9 67.0 88.2 74.0 106.4

68.4 126.5 176.7 147.2 81.6 79.2 51.5 79.7 77.2 98.0 119.4 172.8

95.1 137.5 148.7 119.5 142.1 62.9 207.8 113.0 19.7 57.0 52.4 49.2

92.4 124.4 26.5 28.9 104.3 85.5 158.1 166.1 17.3 115.3 213.2 31.9

33.8 50.3 67.4 28.7 67.8 36.4 83.5 192.1 35.7 85.7 118.3 101.6

153.5 98.3 117.9 107.2 56.3 116.3 73.7 75.8 193.0 32.1 98.2 70.5

85.7 44.5 60.7 71.7 86.7 73.2 102.7 109.1 109.3 74.1 96.7 22.2

53.6 112.3 131.4 102.9 135.7 172.8 178.8 99.6 131.1 121.9 71.1 80.3





NPendleton
ppt.dat


85.7
53.6
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445 60.7 717 86.7 73.2 102.7 109.1 109.3 74.1 96.7 22.2
112.3 131.4 102.9 135.7 172.8 178.8 99.6 131.1 121.9 711 80.3

Read the datainto MATLAB.

Cdculate the tota annua ppt for each year and plot these data versus year. (Hint: use the
MATLAB hdp facility to check on the sum command. Recall that you can perform operations
on the transpose of a matrix.)

Cdculate the mean monthly ppt for each month and plot the vaues using abar chart. (Hint:
check on the mean and bar commands.) Plot the monthly means on aregular plot dong with
"error bars' showing the standard deviations of the monthly means. (Hint: check the errorbar
command and the std command.) How different are the means and medians? Hint: check the
median command.)

Pot dl monthly precipitation vaues consecutively. (Y ou may want to examine the reshape
command.) Is aseasona pattern evident in the data?

Write an m-file program to: (a) query for ayear (see the input command); (b) for the selected
year, cdculate and display the minimum, maximum, and mean monthy precipitation (see the min
and max commands); (¢) make a stem plot of the data (see the stem command), labelling the
axes and placing an appropriate title (see the xlabel, ylabel and title commands).

Write afunction file that acceptsan N x M matrix (such as the precipitation file) as an argument,
finds the maximum correl ation coefficient (absolute vaue) between any two columns of the data,
reports that vaue as output, and presents a scatter plot of the two columns of data with maximal
correlation. Apply the code to the precipitation file and briefly comment on any interpretation of
the result. (Y ou may want to use cor r coef and eye.)

Use the symboalic math toolbox with Manning's equation to solve for channd width given the
following information: S=0.036, n=0.02, Q=2 nv's*, channd width=w (the "unknown"), and
water depth=w/2.5.
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Box 1.1. Controlling attributes of a plot

Properties of graphs can be changed in MATLAB using the editor in the Figure window
itself. Clicking the "edit plot" icon invokes the editing mode from which various Figure
properties can be changed. Alternatively, plots can be edited from the command line by
Setting properties. Many properties can be set within the basic graphics commands. For
example, the commands listed below produce larger symbol sizes and larger fonts
relative to the defaults.

plot(t,tenp,'+ ,' MarkerSi ze', 8);

x| abel (' Ti me, days','FontNane','helvetica','FontSize', 14);
yl abel (' Tenperature, degrees C ,'FontNane','helvetica','FontSize', 14)

Use the "Help Desk" facility in MATLAB to learn more about how to edit Figure
properties.




Box 1.2. Estimating potential evapotranspiration (PET) using temperature data

One of the smplest estimates of potential evaporation is presented by Hamon (1961).
Following Haith and Shoemaker (1987), Hamon’ s estimate of potential evaporation is.

E = 2.1H %,
T, +273.3

Ei=evaporation on day t [mm day’]

H; = average number of daylight hours per day during the month in which day t fals
e = saturated vapor pressure at temperature T [kPa]

Ti=temperatureon day t [° C]

€- 42786 U
can be calculated from temperature: e, = 0.2749x10° exp a 1. Ht can be
& P s pé 124288 "

calculated by using the maximum number of daylight hours on day t, N;, which is equal

24 . :
to Ws , where ws is the sunset hour angle of day t, w = arccos(- tanf tand), wherej
p

isthe latitude and d is the solar declination given by d = 0.4093sn( % J-1.405).0n
dayswhen T£ 0, Haith and Shoemaker set E=0.
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2. Solving Nonlinear Equations and Sets of Linear Equations

2.1. Nonlinear algebraic equations

Nonlinear algebraic equations and large systems of linear equations that are not easily
solved by hand arise commonly in the hydrological sciences. The solution of such equations
is the subject of this chapter. The techniques covered also are employed in many numerical
solutions of differential equations.

Some equations can be solved easily. For example, the solution to the linear equation
y=nmx+b
isjust
x=(y- b/m
The solution is the root of the equation 0 = mx + b-y. Another common exampleisa
quadratic equation
ax’ +bx+c=0
which has the well-known solution
_-bxIF- 4dac
2a '

Higher order polynomials and functions involving trigonometric functions or other
transcendental functions can be difficult to solve in an explicit, analytical form. Examples of
nonlinear equations you might encounter in hydrology are:

2
1. Specific energy equation [Box 2.1]: h?- Eh2+g— =0
g

2. Manning's equation, when used to solve for depth, h [Box 2.2]:

2/3 4 2/3 '
P P u
_Lee wh O s'awh  or h:Qngae wh 0 SRRy

“n&w+2hg Ew+2hp g

The specific energy equation is an example of a cubic equation (third-order polynomial) and
Manning's equation for depth is an example of an equation of the form x = g(x). There are
many numerical methods available to solve equations such asthese. A few of the important,
common techniques are bisection, Newton's method, and iteration. The first two of these
methods are cast in terms of finding the roots of an equation. Algebraic equations of the
formy = f(x) can be rewritten as 0 = f(x) - y. Their root(s) are the values of x satisfying this
equation.

2-1
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2.2. Bisection

Bisection is a very straightforward method for finding roots of a continuous function.
Say you know the values of afunction f(x) at x=a and x=b and that f(x=a)*f(x=b)<0 so that
[a,b] brackets aroot of f(x) (Figure 2.1). In the bisection method, the interval around the root
is successively halved until the value of f(x) isas close to 0 as desired (within tolerance).
With each halving, the root is kept between the bracketing values by pairing the new value of
x with the previous value that gives f(x) of the opposite sign. The error will be less than
|b-a] / 2", where n is the number of iterations. The method is very robust and, given initial
values that bracket a root, the root will be found. It has the disadvantage of being slower to
converge than many of the other methods. It is often used to find an approximate root to use
as an initial value in some of the other more efficient techniques, such as Newton's method.

f(x)

Figure2.1. Values of f at x=a and x=b bracket aroot of the function.

2.3. Newton's method and secant method

Newton's method and the secant method are more efficient at finding roots than bisection.
Both are based on the idea that any function can be approximated by a straight line over
some small interval — afact that is taken advantage of over and over again in numerical
solution techniques. These methods begin with an initial estimate xo that is close to the real
root.

Newton's method (Figure 2.2)

In Newton's method, the tangent to f(Xo) is found and extrapolated to f(x) = O to obtain an
improved estimate of theroot of f(x), x1. [If f(X) were aline, x;would be the root.] From
calculus, the tangent to a function at a given point is given by the first derivative of the

function at that point. Thus tanq, = fff(xo) . From trigonometry, we also know that
tand, = f (%) /0% - %)
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Combining these, we get
f (%)

fa(xo):% or Xl:XO-W

f
Repeating the process at X = X3 gives X, =X, - . é():;)) or, in generd,

f (Xn)
=X - ———~ f =0,1,2... 2.1
X = X, f¢( or n=0,1, (2.2

)

f(x)

Figure 2.2. Schematic of Newton's method.

Provided the successive approximations are convergent, the procedure is carried out until
f(xn) isas closeto 0 as desired or |Xn+1 - Xn| iS1ess than some small number. Newton's method
generally works well for cases in which the derivative is known in advance, such as
polynomials or other functions with straightforward derivatives.

The closer the initial guess Xo is to the root, the faster and more certain the convergence.
What is close enough depends on the function. For example, consider the cubic equation
plotted in Figure 2.3. For the choice of X in the left pand (indicated by *), Newton's method
converges relatively quickly. The initial value of xg in the right panel differsby just a
fraction, but in this case the iterations diverge and the root is not found.
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/r
7
 AS——
f
L
\,

Figure 2.3. Newton's method may (left) or may not (right) converge to aroot depending on the shape of the function
and the proximity of the starting value to the root.

Secant method (Figure 2.4)

The secant method also uses a linear approximation to a function near a root to make
successively improved estimates of the value of the root. The secant method turns out to be
equivalent to Newton's method when f €x) in equation 2.1 is approximated using finite

differences. The simplest approximation to a derivativeisjust

X = X
Given initial estimates of the root xo and X1, this gives the slope of a line connecting f(xo) and
f(x1), the secant. Extending thisline to f(x)=0 gives an improved estimate of the root, X,

The same procedure is used successively
(%~ Xu1)

X = %= (X

0 TR ()
until f(xn+1) isas closeto 0 as necessary or the difference between x,, and xn+1 1S acceptably
small. Two initial estimates close to aroot, Xo and X1, are needed to begin the method. Asis

true of Newton's method, the secant method can fail to converge. A "good" initial estimate

often is needed.
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Figure 2.4. Schematic of the secant method.

2.4. MATLAB methods for finding roots

fzero: fzer o usesacombination of bisection, secant, and inverse quadratic interpolation
methods to find the root of a function of one variable near an initia value Xo.

z = fzero(' function',x0,[tol],[trace])
Including t ol returns avalue of z accurate to within arelative error of t ol (defaulttol =
eps (=2.2 10%)). Including t r ace gives information for each iteration. ' f unction' can

be aMATLAB built-in function (e.g. si n) or you can define a function f by writing an m-file
f . mincluding

function y=f(x)
y = [whatever function of x you want to define]

roots: roots usesan entirely different method to find the roots of polynomials based on
matrix algebra.

r = roots(p)

where p isarow vector containing the coefficients of the polynomial in descending order.
This method returns al of the roots of the polynomial, including complex values.

solve: sol ve isafunction within the symbolic math toolbox of MATLAB that finds the
solution of the equations (the roots of the expressions) specified in the command

solve('eqnl','eqgn2', .. eqnN ,'varl',6'var2', .. varN)

where' eqn' isastring containing the equation to be solved and ' var' specifies the
unknown variables; if not specified, the unknowns are determined as part of the solution.
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The function sol ve will return an analytical solution if found, otherwise it will provide a
numerical solution.

2.5. Example: Leonardo of Pisa’s polynomial
Consider the polynomial
f(x)=x®+2x*+10x- 20=0

The remarkable thing about this polynomial is that in 1225, Leonardo of Pisa (aka Fibonacci)
published an approximate solution to this equation, x=1.368 808 107 5, that he calculated by
some unknown means. We can use the various techniques discussed above to see how many
iterations it takes to find the roots to this accuracy. Thef pri nt f command can be used to
print the root x to the desired accuracy. For example, to print x to 10 decimal places on the
screen,

fprintf(1,'%3.10f", x)
Beginning with the methods available in MATLAB, r oot s gives, forp = [1 2 10 -20]

ans =
-1.6844 + 3.4313
-1.6844 - 3.4313
1. 3688

Usingf printf to express the real root to greater precision, gives 1.368 808 107 8.

To use the MATLAB function f zer o, first we must write an m-file, f . m
function y=f(p, x)
p=[1 2 10 -20];
y=pol yval (p, X);

and then use the command f zero(' f', x0) . For aninitial guess of xo=1.5, MATLAB returns
7z=1.368 808 107 8. Thefunction r oot s isalittle faster than f zer o and finds all of the roots
rather than the one closest to a given initial guess xo. The MATLAB symbolic math function

s=sol ve(' x"3+2*x"2+10*x-20")
returns
S =
[ 1/3*(352+6*39307(1/2))"(1/3)-26/3/(352+6*3930"(1/2))"(1/3)-2/3;
-1/ 6*(352+6*39307(1/2))"(1/3)+13/ 3/ (352+6*3930"(1/2))"(1/3)-2/3+
1/ 2*i*37~(1/2)*(1/3*(352+6*3930"(1/2))~(1/3)+
26/ 3/ (352+6*39307(1/2))"(1/3));
-1/ 6*(352+6*3930"(1/2))"(1/3)+13/ 3/ (352+6*3930"(1/2))"(1/3)-2/3-
1/ 2*i*3”~(1/2)*(1/3*(352+6*3930"(1/2))~(1/3)+
26/ 3/ (352+6*39307(1/2))"(1/3))]

When evaluated, these expressions give the same answer as we obtained using r oot s.

For initial valuesx;=1.5 and x,=1.0, the following bisection m-file gives the root x3 =

1.368 835 449 to within an error of 1” 10 (1E-4) after 13 halvings. Accuracy comparable to
the MATLAB r oot s function can be achieved by setting t ol =eps (2.2E-16). With thisvalue
of the tolerance it takes 51 halvings to get the solution.
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%bi sect. m

tol =1le-4; % ol =eps; % ol can be set to any desired val ues

p=[1 2 10 -20]; % are the coefficients of the cubic polynom a
%pol yval evaluates a polynomal with coefficients p at the points
% specified in the vector Xx.

x=-5:0.1:5;

pl ot (x, pol yval (p,x)); grid

% nput initial values of x1 and x2 such that f(x1) has opposite sign from
% f(x2)

x1=i nput (' i nput x1: ")

x2=i nput (' i nput x2 such that f(x2) has opposite sign fromf(x1l): ')

%est to see if f(x1l) and f(x2) have opposite signs

i f polyval (p, x1)*pol yval (p, x2) >0

x2=i nput (" i nput x2 such that f(x2) has opposite sign fromf(x1)!: ");
end;
%successively halve interval until approximtions < tol apart
i ter=0;

whi | e abs(x1-x2)>to
x3=(x1+x2)./2
iter=iter+1;
i f polyval (p, x3)*pol yval (p, x1)<0;, x2=x3
el se x1=x3; end;
end;
fprintf(1, root = %3.10f\n", x3)
fprintf(1,"iterations = %%. 1f\n' ,iter)

A smple m-file for the secant method written using the algorithm below yields the value
to eps precision after 8 iterations.

Outline of algorithm for secant method
If |f(x0)|<|f(x1)|], switch x0 and x1.

Do until |f(x2)|] < specified tolerance,
x2=x0-f (x0) *(x0-x1)/[f(x0)-f(x1)]
x0=x1
x1=x2
End

2.6. lIterative equations

A different approach to solving nonlinear equations is to approximate the solution
iteratively using what is called 'fixed point' iteration. To use this technique, an equation of
the form f(x) = 0 (aform in which any equation can be expressed) is rewritten as x - g(x) =0,
or

X=g(x)

A value of x that satisfies x = g(x) will be aroot of f(x). Given aninitial guess, Xo, the
iteration formulais simply: X1 = g(X1), X2 = g(X2), ¥4, Xnsa = g(Xn+1). Thefunction g is
evaluated with successive values of x until Xn+1 - Xnisas small asdesired. Thereis generally
more than one way in which a function can be written in the form x = g(x). For example, the
polynomial
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ac+bx®+cx+d=0
can be rewritten as
x=- (ax +bx*+d)/c

or

x= - (& +ox+ d) /b

Often different ways of writing the equation will yield different roots. This method can be
used to solve many problems for which an explicit solution cannot be obtained, e.g.,
Manning's equation for h (Section 2.1, Box 2.2) or the equation describing the transformation
of wavelength L as surface gravity waves propagate into shallow water (Section 2.8).

2.7. MATLAB methodsfor solving iterative equations

MATLAB has no built-in function for solving iterative equations, but the method is very
straightforward and easy to code using the following algorithm:

Outline of algorithm for solving iterative equations

Rearrange equation into form x=g(x)
Sel ect starting value, xl1
Do until |x1-x0| < specified tolerance,
x0=x1
x1=g(x0)
End

This agorithm can be even further streamlined using MATLAB'seval command. To use
this, first assign a string containing the expression for g(x) to the variableg (i.e., g=(' eqn'))
and then replacing the ‘do loop' with

Sel ect starting val ue, X

Do until |x1-x| < specified tolerance,
X1=x
x=eval (g)

End

As noted above, different arrangements of the equation can lead to different roots. As
with all of these methods, the closer the initial value is to the solution, the faster and more
certain the convergence. It turnsout that if g(x) and g'(x) are continuous within an interval
around aroot of the equation x=g(x) and if [g'(x)[<1 for al x in the interval, then this method
will converge to the root provided the initial value of x is within the interval (Gerald and
Wheatley, 1999). A problem one can run into with iterative solutions is finding a form of
g(x) that will converge to any particular root. Not only can solutions diverge, they can al'so
display more complex behavior including cycling between values and even chaos [Box 2.3].

2.8. Example: Wavelength of surface gravity waves

Small-amplitude surface gravity waves move at a speed c=L/T where L is the wavelength
and T isthe period of the wave. In deep water, the wavelength is related to the period so that
the speed is entirely dependent on the wave period. In shalow water, the wavelength
becomes shorter and the speed becomes entirely dependent on water depth, h. What qualifies

2-8



Hornberger and Wiberg: Numerical Methods in the Hydrological Sciences

as 'deep’ and 'shallow' depends on the ratio of water depth to wavelength (h/L>2 is 'deep’;
hL<20is'shalow"). The dependency of wavelength on depth and period is expressed
through the nonlinear equation

kh = k, htanh(kh)

wherek = 2p/L, kg = 2p/Lg, and Ly = gT?%/(2p). This equation is aready in the form x = g(x).
If we plot k,htanh(kh) against kh (Figure 2.5), we get a nice graphical illustration of how
fixed-point iteration works. A wave period of 12 s, yielding a deep water wavel ength of 225
m (k = 0.028 m?), and awater depth of 20 m was chosen for this example. Because 20 < h/L
< 2, the wavelength is expected to be between the 'deep’ and 'shallow’ water values. The
curve in Figure 2.5 is the function g(x) = k, htanh(kh) and the straight line is the relationship
g(x) =x. Theintersection of the curve and the line is the solution being sought. The

iterations were begun with the initial value x = kgh (= 0.559 in this example). To solve: 1)
start on the straight line in Figure 2.5 at kqh = 0.559; 2) evaluate g(0.559), which is
equivalent to moving vertically upward on the figure to the curved line representing g(x); 3)
this gives a new value of kh [remember the iteration formulain this case is

(kh),.., = k;htanh(kh).], which is equivalent to moving horizontally on the figure from the

curveto the straight line. The graphical representation of this iterative solution continues
with a vertical move downward to the g(x) curve, and so forth. It took 17 iterations to
achieve the specified tolerance level of 0.001. The solution is kh =0.824, or L =152 m.

Number of iterations = 17 for tol = 0.001

2.5

hitanh(kh)
¢

Ky

0 0.2 0.4 0.6 0.8 1 1.2 14 16 1.8 2
kh

Figure2.5. Graphical illustration of an iterative solution to kh =k htanh(kh) .
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2.9. Systemsof linear equations

Solving sets of linear equations is another common application of numerical methods to
algebraic equations. Consider the following ssimple set of linear equations.

ax+hby=c

dx+ey=f
Thisis a set of two equations for two unknowns, x and y. Simple systems can be solved
easily by hand or by calculator. To solve the equations, multiply each equation by a constant
to make the first termsidentical. Then, subtract the equations to obtain equations for the

remaining variables. Continuing this process finally yields one variable and its value. Then
by back-substitution, values for al the variables can be obtained.

Although it is impractical to solve large systems of equations by hand, it turns out that the
method of elimination and back substitution forms the basis for many of the methods used to
solve large systems of equations by computer. These large systems are most easily expressed
in terms of matrices.

A general set of n equations with n unknowns has the form
A% T ALK + X o+ X, =hy
By X X A t ey X, =D,
Ay X 8% 8Xs Tt 8, X, =D,

a;j are the coefficients (known) of the equations, b are the right hand sides (known), and X;
are the unknowns. The set of equations can be written more compactly as

. moj

a;x;=h fori=1,2...n

j=1

The aj'srepresent an” n (square) matrix A, and b; and x; are vectors of length n. The system
of linear equations can be written even more compactly in matrix notation as

Ax=b

The solution of this matrix equation is equally ssmple to write, but can be difficult to
compute,

x=Ab

where At isthe inverse of the matrix A. Determining the inverse of a matrix is notoriously
difficult and it is not the preferred method for obtaining the solution to a set of equations.
Thus, the notation in the equation above is more schematic than utilitarian.

2.10. MATLAB methodsfor solving setsof linear equations

If asystem of linear equationsis expressed in terms of a square matrix of coefficients, A,
the vector b, and the unknowns x such that Ax = b, then x can be found using either of two
MATLAB commands:

x=inv(A) *b

2-10



Hornberger and Wiberg: Numerical Methods in the Hydrological Sciences

or
x=A\b
The backslash operator “\” solves the system of equations using Gaussian elimination,

without calculating the matrix inverse, and is preferable to “i nv” because it is more efficient
(in terms of computer time and memory) and has better error detection properties.

2.11. Gaussian elimination

Thisis asimple but effective method for solving systems of equations. Begin with the
matrix of coefficients A, augmented by the vector b, A | b. The steps are as follows:

Step 1: write the coefficientsasan n” n+1 array and reduce the elements of the first column
toalinthefirst row and O's in the remaining rows:

(i) dividerow 1 by ajz;

(i1) multiply row 1 by ap; and subtract from row 2

(iii) perform similar operation for row 3, etc;
It isimportant that the calculations be carried out with as much precision as possible.

Step 2: make the coefficient of the second column, second row 1 and the elements below the
second row in the second column O using operations sSimilar to those in Step 1.

Step 3: follow the same steps for each successive column to place 1's on the main diagonal of
the coefficient matrix and O's below. The operations for the last column will leave a simple

equation of theform x, = Bn, where b represents the terms on the right-hand sides of the
modified equations.

Step 4: back substitute x,, into the equation corresponding to row n-1 to find x,.1. Continue
until all of the x;'s have been found.

This process results in a coefficient matrix that has O's in the lower left portion of the matrix.
Thisis called an upper triangular matrix. Upper triangular matrices have some nice
properties from the point of view of matrix calculations. A matrix with O's in the upper right
sideis called alower triangular matrix. The upper triangular matrix U resulting from
Gaussian elimination on the coefficient matrix A has a corresponding lower triangular matrix
L such that LU=A. MATLAB has a command to perform what is called an LU decomposition
of amatrix:

[L, U =lu(X)

[L, U, P]=lu(X)
where P is a permutation matrix indicating rows that have been switched or pivoted in the
process of computing L and U (which is done largely by Gaussian elimination). Pivotingisa
process in which rows are rearranged so as to place the coefficients with the largest
magnitudes on the diagonal at each step. This avoids winding up with a0 on the diagonal.
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2.12. Example: Gaussian elimination
Consider the set of equations

13x, - 8%,- ;=20
-8x +10x,- X;=-5
-3%- % +11x,=0
For this set of equations
él3 -8 -3u
_é a
—§'8 10 'lg
g-3 -1 -11y
and
é20q
_é ru
b—e‘Sg
eon

The augmented matrix is
€13 -8 -3 20y
Alb=58 10 -1 -5;
g3 -1 -11 09§
The first step in solving by Gaussian elimination is to divide the first row of the augmented

matrix by a;1 = 13 and multiply it by a1 = -8 and subtract it from row 2. Doing the same
operations for row 3 gives

1 -061 -023 154
0 508 -284 731
0 -284 103 462
The second step is to make az2 = 1 and agz = 0, giving

1 -061 -023 154
0O 1 -056 143
0 0 871 871

The third step is to make azs = 1, giving the set of equations
X - 0.61x, - 0.23% =1.54
X, - 0.56x, =1.43
%=1

Thus, X3 = 1; X2 - 0.56 = 1.43 or X, = 2 when the calculation is carried out to full precision;
and x; =1.54 + 0.61(2) + 0.23 or x; = 3.

2-12



Hornberger and Wiberg: Numerical Methods in the Hydrological Sciences

In MATLAB, wecanset A = [13 -8 -3;-8 10 -1;-3 -1 11] andb = [20;-5;0].
Solving this with the MATLAB command x=A\ b produces (in much less time than it takes to
do it by hand!)

X =
3. 0000

2.0000
1. 0000

[L,U Pl =lu(A) gives

L =
1. 0000 0 0
-0.6154 1. 0000 0
-0. 2308 -0.5606 1. 0000
U =
13. 0000 - 8. 0000 - 3. 0000
0 5.0769 -2.8462
0 0 8.7121
P =
1 0 0
0 1 0
0 0 1
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2.13. Problems

2
1. The specific energy equationis h*- Eh? +;—: 0
g
where h is water depth, E is specific energy, q is specific discharge (Q/w) and g is
gravitational acceleration [Box 2.1]. For E=1 m and g?/ (2g) = 0.05 n¥, find the roots of
the equation for h using the following methods:

a) Plot the function and roughly estimate the roots (they are al real).

b) Usethe MATLAB command r oot s to obtain the roots.

¢) Write an mfile to find the roots using the secant method. Determine the number of
iterations required for two different levels of error tolerance.

2. Manning's discharge equation, rearranged to solve for flow depth in a channd, is

4 213 u‘
h=Qng@ M 0" gz

§W+ 2hg g
where Q = channel discharge, n = Manning roughness, w = channel width, and S=
channel slope [Box 2.2].

a) Write an mHileto iteratively solve for h given Q= 2.0 n?s™, n = 0.03, S= 0.0005, and
w =5.0m. For areasonable first estimate, assume w >> h, so that wh/(w+ 2h) » h,in

which case h=(Qn/@wS))"".

b) Show your solution graphically. Begin with aplot of g(h) (right-hand side of equation
for depth) vs. h and the straight line h=h. Starting with your initial guess for h, plot
your solution asin Figure 2.5.

1

3. Solve the set of linear equations
X +2%+% =2
3 +X, +2% =1
- 2%, +4%, =1

using the MATLAB command x=A\ b and by hand to 2 or 3 decimal places of accuracy.
Compare the answers.
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Box 2.1. Specific energy

Specific energy, E, isthe energy per unit weight of water flowing through a channel
relative to the channel bottom, U?/(2g)+h, where U is channel mean velocity, g is
gravitational acceleration, and h is flow depth. If the flow is steady and uniform and the
channel crosssection is rectangular, then U = Q/(wh) = gu/h, where Q is channel discharge, w
is channel width and q is discharge per unit width or specific discharge. Combining these
equations gives the specific energy equation

2 2
E=d_4h or h®-ER+ 1=
2gh? 29

Of the three roots to the specific energy equation, two are positive and one is negative.

The negative root has no physical meaning. The two positive roots, called alternate depths,

are both possible, depending on whether the Froude number, F =U /\/ﬁ , iIssubcritical

(F<1) or supercritical (F>1). (See Hornberger et al. (1998) for the more information about
specific energy and alternate depths.)




Box 2.2. Manning equation

The Manning equation is an equation commonly used to calculate the mean velocity U in

achannel:
U= lRﬁ/ssl/z
n

where n is the Manning roughness coefficient, Ry is hydraulic radius, and Sis channel slope.
Hydraulic radiusis the ratio of the cross sectional area, A, of flow in a channel to the length
of the wetted perimeter, P. For arectangular channel, R, =wh/(w+ 2h); if the channd is
wide (w>>h), Ry @h. Vauesof nrange from 0.025 for relatively smooth, straight streams to
0.075 for coarse bedded, overgrown channels. For steady, uniform flow, the channel bed
dope Sis equal to the water surface (friction) dlope § . For non uniform flow, Manning's
equation can still be used if Sis replacedby &. The Manning equation can be combined with
the discharge relationship Q=UA to give an expression for discharge

Q= 1 RH 2/381/2Wh .
n




Box 2.3. Complex behavior of iterative solutions

Fixed-point iteration can converge to a solution, asin Figure 2.5, or it can diverge. Fixed-
point iteration can also produce more complicated patterns. Consider the equation

4ax® - (4a- Dx=0
One iteration formula for this equation is
X = 43X, (1- X,) (B2.3.1)

Other interpretations of equation (B2.3.1) are possible. For example, ecologists use equations
like (B2.3.1) to model population dynamics. In this interpretation, the "n™ subscripts refer to
generation (or time). Equation (B2.3.1) would then indicate a population (normalized so that
values are between 0 and 1) with an intrinsic growth rate equal to 4a and a carrying capacity
of 1. Sequential calculations give the population evolution through time. For iterations that
converge, the model represents a stable population. If the iteration diverges, the indication is
that the modeled population is unstable.

Now consider (B2.3.1) graphically by plotting the sequence of calculations on afigure
showing the line x=g(x) and the curve g(x) vs. X. The convergence (or divergence) of a
calculation can also be visualized by plotting x, vs. n. The following m-file uses both types
of plotswith (B2.3.1).

function b=hunp(a)
%sinple iteration |eading to period doubling and chaos

x0=0. 9;
xx=0: 0. 01: 1;
yy=4*a*xx. * ( 1- xx) ;
subpl ot (121)
pl ot (xx, XX, XX, yy); hold on;
for i=1:3:180,
X(i)=4*a*x0*(1-x0); x(i+1)=x(i); x(i+2)=x(i);
if i<11,
subpl ot (121),
plot ([x0 xO],[x0 x(i)],[x0 x(i)],[x(i) x(i)]); drawnow, pause (1);
end;
if i>11 & i<75,
hol d of f; plot(xx, xx,xx,yy); hold on
plot ([ x(i-12) x(i-12)],[x(i-12) x(i-9)],[x(i-12) x(i-9)],...
[x(i-9) x(i-9)]); drawnow,
plot ([x(i-9) x(i-9)],[x(i-9) x(i-6)],[x(i-9) x(i-6)],...
[x(i-6) x(i-6)]);
plot([x(i-6) x(i-6)],[x(i-6) x(i-3)],[x(i-6) x(i-3)],...
[x(i-3) x(i-3)]);
plot ([x(i-3) x(i-3)],[x(i-3) x(i)],[x(i-3) x(i)],[x(i) x(i)]);
dr awnow; pause(O0. 6);
end;
x0=x(i);
end; hold off; xlabel ('x"); ylabel ('g(x)")
subpl ot (122)
i =1: 180;
comet (i, x,0.2)
xl abel ("iteration'); ylabel ('x_n")




The function file hunp. mdoes calculations with selected values of the parameter a,
which should be greater than 0 and less than 1. For small values of a, the iteration
converges to the root at O — or in terms of the population model, the intrinsic growth rate
is too small to sustain the population and it "crashes." (Try running the program for
values of a<0.25.) For values of a in an intermediate range, the iteration converges to the
positive root (where the function crosses the g(x) vs. x line). In terms of the population
model, the population reaches a stable equilibrium. (Try running the program for a=0.5
or s0.)

Something different happens when a>0.75. The iteration does not diverge, but it does
not converge to a root of the equation, either. Rather, the iteration "cycles' around the
positive root. In terms of the population model, the population fluctuates between two
levels forever (e.g., see the Figure 2.6 below for a=0.76.

Asthe a parameter is increased, other interesting things happen. At around a=0.85,
the period of the oscillation doubles. That is, the iteration cycles around the root, but in
two distinct "loops." (Try running the program for a=0.88.) Asa isincreased, the period
doubles again (4 loops), and then again (8 loops). At about a=0.95, the iteration becomes
"chaotic," meaning that the calculations cycle around the root in never-repeating loops —
the population varies all over the place in a pattern that is indistinguishable from random!
(Try running the program for a value of a=0.98.)

1 1
0.8} 1 0.8}
0.6 1 0.6H
< c
s x
04f} 1 0.4
0.2t ] 0.2}
O 1 O 1 1 1
0 0.5 1 0 50 100 150 200
X iteration, n

FigureB2.3.1. Results of function hunp. mwitha=0.76 illustrating cyclic behavior.

There are lots of places to read more about this. One classic paper (relative to the
population model interpretation) is by May (1976).
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3. Numerical Differentiation and | ntegration

There are many situations in the hydrological sciences in which the need to perform a
numerical differentiation or integration arises. Examples include integration of functions that
are difficult or impossible to solve analytically and differentiation or integration of data
having an unknown functional form. Numerical differentiation is also central to the
development of numerical techniques to solve differential equations.

3.1. Finitedifferences
The definition of aderivativeis
£ ¢x) = lim f(x+Dx)- f(x)
Dx® 0 Dx

In numerical differentiation, instead of taking the limit as Dx approaches zero, Dx is alowed
to have some small but finite value. The simplest form of afinite difference approximation
of aderivative follows from the definition above:
f(x+DX)- f(X)

Dx
Thought of geometrically, this estimate of a derivative is the slope of a linear approximation

to the function f over the interval Dx (Figure 3-1). How well alinear approximation works
depends on the shape of the function f and the size of the interval Dx.

——

f€x) @

e

f(x)

X x+Dx

Figure3.1. Finitedifference approximation to afirst derivative.
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3.2. Taylor seriesapproach

It is important that we have a way of determining the error associated with afinite
difference approximation to a derivative. One straightforward way of determining the error
isto use a Taylor series expansion to express the value of a function f(x+Dx) in terms of the
function and its derivatives at a nearby point x:

f(x+Dx)= f(x)+ f«x)m+#(ox)2+...+%(0x)”+ R.. (3.)

where the remainder, R,+1isequa to

for x <x <x+Dx

_ f (n+1) (X) n+l
R = (n+1)! (>4

The error produced by truncating the Taylor series after the f ("-th term is given by Ry+1 and
is said to be of order (Dx)™** or O((Dx)™*?). Although in general we don't know the value of

f @D (x), it is evident that the smaller Dx, the smaller the error [but see Box 3.1 for additional
information].

If we truncate the Taylor series after the first-derivative term,
f(x£Dx)= f(x) = f§YDx+ O(Dx)’
and rearrange the expression to give an equation for f §x), we obtain
f&x) =[f(x+Dx)- f(x)]/Dx+O(DxY (3.2)
or
f€x) =[f(x)- f(x+Dx)]/Dx+O(D) (3.3)

The first of theseis called a forward difference and the second, a backward difference
(Figure 3.2). Both expressions have atruncation error of O(Dx).
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S /
difference
backward f6x)Dx
difference
f¢x)Dx
f(x)
x-Dx X x+Dx

Figure 3.2. Forward and backward difference approximationsto afirst derivative.

An expression for f x) with asmaller error (i.e., a higher order approximation) can be
obtained using the first three terms of Taylor series (up to f 2 in Eq. 3.1) for f(x+Dx) and f(x-
Dx) and subtracting to cancel the f 2 terms.

f (x+Dx) = f (x) +Dxf §x) + (D;‘)Z f @) + O((DX)°)

f (x- Dx) = f (x) - Dxf Qx)+% f &x) + O((DX)°)

Subtracting these leaves,

f (x+Dx)- f(x- Dx)= 2Dxf ¢x) + O((Dx)*)

Rearranging to give an expression for f ¢gives
F§x) = f(x+Dx)- f(x- Dx)
(Dx)*

Thisisreferred to as a central difference approximation. The error in this case is of order
(Dx)?, compared to an error of O(Dx) for forward or backward differencing. The higher order
approximation will generally yield a more accurate estimate of the derivative [see Box 3.1].
It can be applied everywhere except at the boundaries where aforward or backward estimate
IS necessary.

An O((Dx)?) approximation to f 2(x), the second derivative of f(x), can be obtained by
adding the O((Dx)®) expressions for f(x+ Dx) and f(x-Dx), producing

+0((Dx)%) (34)
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_ f(x-Dx)-2f(x)+ f(x+Dx)

(D97 +0O((Dx)?) (3.5

f &x)

3.3. Differentiation using inter polating polynomials

Another way to derive expressions for numerical differentiation is to use interpolating
polynomials. The resulting O(Dx) and O((Dx)?) approximationsto f ¢are the same, but the
approach provides some insight into these approximations and into how to generate
expressions for higher order derivatives.

An n-th degree polynomial P,(x) can be fit through any n+1 pointsin such away that the
polynomial is equal to the known function values f(x) at the n+1 points X1, X2, ... Xn+1. The
derivative of this polynomial then provides an approximation to the derivative of the function
f(x). Consider the 2nd-order polynomial,

PZ(X)zai +(X_ Xi)ai+1+(x_ X)(X_ )|(+1)a'+2

We assume that the values of f(x) are known at 3 values of x. Our aim is to choose the values
a; S0 that P(x) = f(x) at each x;. The resulting polynomial P»(x) will provide a smooth
interpolation between the known values of f(x).

To find the coefficients of P2(x), we evaluate the function at X = X;, X = X1, and X = Xjs.
For x =X, thisjust gives P2(x;) = & = f; (al other termsare 0). For X =Xj, P2(Xi+1) =& +
(Xi+1Xi) &+1 = fis1. Itisnot hard to determine that thisis satisfied if aj+1= (fi+1 - fi)/(Xi+1-Xi).
Thisratio is referred to as the first divided difference f[x;, Xj+1]. By extension, a2 = f[Xi, Xi+1,
Xi+2], the second divided difference, which is given by

f[)g+1’)§+2]_ f[)g’xiﬂ] - 1 &fi+2' 1:i+1_ fi+1_ flg
Xeo™ % Xeom X 6% Xa X X g
If the points are evenly spaced, the expression for P»(x) can be ssimplified. In that case, we

can let Dx =x;+1-X; and denote fi+1 —f; as Df;.  With these modifications, the expression for
P2(x) becomes

X, X015 X%42] =

PZ(X) — fi +(X_ X|) ui +(X_ )ﬂ)(X' )g+1) D2f|
Dx 2(Dx)?
where D?f; = D(D f;)= D(fi+1 - fi) = Dfisa- DF =fiup-2fieg+ f; . Letting s=(x-xi)/Dx, the equation
takes a still smpler form,

R0 =1+ + X oy

If Pn(X) isagood approximation to f(x) over some range of x, then P&x) should

approximate f¢(x) in that range. Thus we can write, f €x) = P§x) +error . For example,
computing the derivative of P»(x), assuming evenly spaced points and noting that
df /dx=df /ds(ds/dx)=(¥/Dx)df /ds, gives
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f&x) = éf}%f. +(2s-1) %& error of O((Dx)?)

e

(7]

If we restrict ourselves to evaluating the derivative at one of the given points, say X=xXi1, then

s=| and the derivative reduces to

fx) = —Cbf, +

D;fi %4 o)

e 7]

fi+2 - 2fi+1+ fi u

1+ O((DX)

1¢é
=—Xf .- f)+
ng( i+1 |)
f- 2' f 2
=21 1+ O((DX
D ((Dx)7)

This is the same result we obtained using

H

the Taylor series.

The table below summarizes some of the common formulas for computing numerical

derivatives.
Table3.1. Formulasfor numerical differentiation
_f- 1, 1% order, forward*
&%) = Dx +O(DY difference
First f- f, 2" order, central

derivatives &%) = 2

-T +O((Dx)*)

difference

derivatives fax) = - f3+41£|23-X)52f1+ 2f, +O((DX)?) g::fggneé’efomardéi
B s -t
derivatives Fl ) = 3f,+14f,- 24f,+12f - 5f

+0((DX)*)

(Dx)*

2nd order, forward*
difference

* To obtain the backward difference approximation for odd-order derivatives, multiply the forward difference

equation by —1 and make all non-zero subscripts negative; e.g., the 1%-order backward difference approximation to the

first derivativeis f€x )= (f - f )/ Dx

8 To obtain the backward difference approximation for even-order derivatives, make all non-zero subscripts negative.
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3.4. MATLAB methods for finding derivatives

MATLAB has no built-in derivative functions except di f f , which differences a vector;
di ff(f) isequivaentto Df. A simple forward-difference estimate of the derivative is given
by diff(f)./diff(x),wheref arethe function values at the n points x. Note that if x has
length n, di f f returns avector of length n-1. di ff can be nested, so that D*f =
diff(diff(f)).A centered difference estimate of a derivative can be obtained using:
x=x(:)'; %mkes x a row vector to begin
xd=[ x- h; x+h] ;
yd=f (xd); %efine a function f or substitute the function for f
df dx=di ff (yd)./diff(xd);

MATLAB's symbolic math toolbox offers another option with di ff . If wesetf="eqn',
and x is the independent variable in f , then

df dx=di ff (f," x")

returns the analytical expression for the derivative which can then be evaluated at any desired
valuesof x.

For equally spaced points, the following expression provides an estimate for f¢(x;) where
x; are values of x wheref is known (see Gerald and Wheatley, 1999, or other texts on
numerical analysis for details):

16  Df Df Dfd
&2 s T

f&x) =

This can be implemented in MATLAB to examine the improvement in the estimation of f¢(x)

with additional terms and/or smaller values of Dx. The following m-fileder i v. mdoesthis
for the function f=sin(x) and O<x<2p. The results are compared in Figure 3.3.

%deriv.m-- difference fornulae for derivatives

dx=0. 1;

x=0: dx: 2. *pi ;
f=sin(x);

n=I engt h(x);

% irst difference

df 1=di ff(f)./dx;
mean(abs(cos(x(1l:n-1))-df1))

plot (x(1:n-1),cos(x(1:n-1))-dfl,'-b")
hol d on;

%second difference

df 2=(di ff(f(1l:n-21))-diff(diff(f))./2)./dx;
mean(abs(cos(x(1:n-2))-df2))

plot (x(1:n-2),cos(x(1:n-2))-df2,"--r")

% hird difference

df 3=(di ff(f(1l:n-2))-diff(diff(f(1:n-1)))./2+diff(diff(diff(f)))./3)./dx;
mean(abs(cos(x(1l:n-3))-df 3))

plot(x(1:n-3),cos(x(1:n-3))-df3,"'-g")
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%smal | er dx

dx2=0. 01; x2=0:dx2:2.*pi;

f2=sin(x2); n2=l ength(x2);

df 1=di ff(f2)./dx2; %irst difference

pl ot (x2(1: n2-1),cos(x2(1l:n2-1))-dfl,'--c")
mean(abs(cos(x2(1:n2-1))-df1))

hol d of f;
l egend(' 1st diff',"2nd diff',"3rd diff',"1st diff, 0.1*dx")
xlabel ('x'); ylabel ('error in derivative estinmate')

0.05

——— 1st diff
——— 2nd diff
3rd diff
1st diff, 0.1*dx |

0.04t

0.031

0.02

0.01

-0.01

error in derivative estimate

-0.02

-0.03

-0.04

-0.05,

Figure 3.3. Accuracy of finite difference estimates of the derivative of sin(x).

3.5. Numerical integration

We will consider three methods of numerical integration: the trapezoidal rule, Smpson's
rule(s), and Gaussian quadrature. MATLAB has functionst r apz, quad, and quad! that
perform numerical integration. In addition, the symbolic math function i nt finds integrals.

3.6. Trapezoidal rule

The simplest approach to numerically integrating afunction f over the interval [a,b] isto
divide the interval into n subdivisions of equal width, Dx=(b-a)/n and approximate f in each
interval either by the value of f at the midpoint of the interval, which gives the rectangular
rule, or by the average of the function over the interval, ¥A(fi«1 + f; ), which gives the
trapezoidal rule. The rectangular rule approximates the function over each subinterval asa
constant, while the trapezoidal rule makes a linear approximation to the function (Figure 3.4).
Over each subinterval, the trapezoidal rule gives
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X4
O f ()ax @WDF%W * i)

X
v _

tradezoidal
rulg

a Xl Xi+1 b

Figure 3.4. Trapezoidal and rectangular approximations of an integral.

If theinterval [a,b] is subdivided into n subintervals of size Dx, then, over the whole

interval, the trapezoidal rule gives
b

Of (x)dx :%(fa+2f2+2f3+...+2fn +f,)
a

This is called the composite trapezoidal rule. However, it is not necessary for the
subintervals to be equally spaced when applying the trapezoidal rule. Thisand its smplicity
make it a valuable technique.

Aswe would expect, the errors associated with the trapezoidal rule depend on the step
size. We need to consider two errors in thiscase. Thefirst isthe local error for each step,
which is O((Dx)®). Generally, the trapezoidal ruleis applied over an interval comprising n
equal steps. Thetotal error, or global error is given by the sum of the local errors, and can
be shown to be O((Dx)?) [Box 3.1].

The trapezoidal ruleis smple, but uses only alinear approximation between successive
points to estimate the integral. We could expect better accuracy if we instead approximated
the function over two adjacent subintervals of equal width using a quadratic. This can be
done with interpolating polynomials.

First, consider the interpolating polynomial P1(x) = f; + sDf; . If weintegrate P1(x)
between X and x1, noting that dx=Dx ds, we get
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*x s=1 2
O ()0 @x (1, + 5D, )ds = Dxfysfy +DxDF, S = Dx(, +%,)
% s=0

= S02ho (- =5 (h 1)

Thisisthe trapezoida rule. The same approach can be used to develop higher order methods
such as Simpson'srules.

3.7. Simpson'srules
Following the same procedure as above with the polynomia P,(x) gives us

X
Y

2
Of (X)dx @xY f, +Df, + S(s- 1)
X 0

D? f,)ds=Dx(2f, +2f, +% szo)
Dx
:?(fo +4f +1,)

The local error term is O((Dx)°). If we did the same thing using a cubic approximation over
three adjacent subintervals, we would obtain

N % 3Dx
Of (X)dx = )P, (x)dx :T( f, +3f, +3f, + f,)
%o Xo

with aloca error O((Dx)?); thisis Simpson's 3/8 rule. Notice that adding the extra point into
the formula does not increase the order of accuracy of the approximation.

The first of these equations (based on a quadratic) is called Simpson's 1/3 rule. The
corresponding composite formula for the integral over the interval [a,b] is
b Dx
Of (x)dx :?( f,+4f, +2f,+4f,+2f,+...+4f  + 1)
a

with a global error term of O((Dx)*). Because the method uses pairs of panels, the number of
panels (subintervals) must be even. If the number of panelsis uneven, another rule, e.g.
Simpson's 3/8 rule, could be used at one end and the 1/3 rule over the remaining even
number of panels. Alternatively, the size of the panels can be adjusted to accommodate an
even number of panels.

The trapezoidal rule and Simpson's rules are examples of the general family of Newton
Cotes integration formulas. The genera form is
b b

Of (x)dx @), (x)dx

with an error of O((Dx)™?*). For interpolating polynomials of order 1, 2, and 3, the Newton
Cotes formulas give the trapezoidal rule, Simpson's 1/3 rule, and Simpson's 3/8 rule,
respectively. If the degree of the interpolating polynomial is too high, errors due to round-off
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and local irregularities can cause a problem [Box 3.1]. Thisiswhy usualy only the lower-
degree NewtonCotes formulas are used.

3.8. Gaussian quadrature

Another common method for numerical integration is Gaussian quadrature. Although
this method is most easily derived using the method of undetermined coefficients (e.g., see
Gerald and Wheatley, 1999), we can gain an appreciation for its origin by recognizing that
the methods we've described so far al have the form

& 100 @8 w f(x)

where w; are weights assigned to values of f(x;) in the integration formulas. The Newton
Cotes methods are based on evenly spaced values of x. However, we could let the x's be free
parameters in our attempt to fit a polynomial through the function. This requires that f(x) is
known explicitly so it can be evaluated at any desired value of X. Using this approach, we
can improve the accuracy of, e.g., atwo-point method over that attainable with the
trapezoidal rule. With two points, x; and X2, and two weights, a and b, we can fit exactly
polynomials of order 0, 1, 2, and 3. To simplify the calculations, we will evaluate the
integrals over theinterval [-1 1]. A transformation can be used to change these limits to
those for any other bounded region.

1

Of (Jax=w; T (%) +w, F(x,)

We require this formula to be exact for polynomials of order three or less, including f(x)=x°,
f(x)=x2, f(x)=x, and f(x)=1. Substituting these into the equation above gives,
1

(\ygdt = 0= Wy + W%,

-1

1

OFdx=2/3=wx" +w,X,”
1

1
OXax =0=w,x +W,X,
-1

1

OX=2=w +w,

-1
We now have four equations for the four unknown parameters, w1, Wo, X1, and xz. Solving
these gives wi= w»=1, and Xz = -x; = 4/1/3 = 0.5773. Substituting these values back into
Of =wiXx +wyX, resultsin

of (ax @f (-5)+ 1(-)

9 NN

This sum gives the exact integral of any cubic over the interval from -1to 1. If thelimitsare
[a,b] rather than [-1,1], then it is necessary to use the linear transformation t = [(b-a)x +
b+a]/2, dt = [(b-a)/2]dx, which gives
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b )1 i -
Of M)t = (bza) of fb a) xrbrag,

& 2 2

Gaussian quadrature can be extended to include more than two points. The general

expression has the form
1

Of (9 @4 w1, (x)

and is exact for functions that are polynomials of degree 2n-1 or less. A method for
determining the weights w; and the x;'s uses L egendre polynomials (see Gerald and Wheatley,
1999, or other texts on numerical analysis for details).

3.9. MATLAB methods

As noted previously, MATLAB has built-in functions to integrate using the trapezoidal
rule and variants of Simpson's rule and another higher-order approximation.

trapz: z=trapz(x,y) Or z=trapz(y) computes the integral of y with respect to x using
trapezoidal integration. trapz(y) assumes unit spacing between data points. For other
spacings, multiply z by the actual interval width. t rapz(x, y) can be used for unequally
spaced grids.

quad: a=quad(' fnane' ,a, b, [tol], [trace]) approximates theintegral of afunction over
the interval [a,b] using quadrature. The default tolerance is 1E 3. The function f name must
return a vector of output values when given a vector of input values. quad uses a "recursive
adaptive, Simpson'srule”; quadl uses high order recursive, adaptive L obatto quadrature.
Neither can integrate over singularities (essentially, places where the function is undefined).
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3.10. Problems

1. Useforward, backward, and central difference approximations to numerically

differentiate /x over the range O<x<2. Compare the answers to the exact solutions at
x=0.2, 0.5, 2 for Dx=0.05 and 0.02. How are the errors affected by the method and step
Size?

2. The Gaussian error function erf(x) is

2 X g
— (€ dt
N
a) Write an mfile implementing Simpson's 1/3 rule.

b) Usethe mfileto evaluate erf(x) between 0 and 5 (inclusive) with Dx = 0.1.

erf (x) =

c) How small does Dx have to be for the answer to be correct to 4 decimal places
(error<0.00005) at x = 1? Note that MATLAB has a built-in function er f that you can
use to check the accuracy of your answer. [MATLABserf function aso usesa
numerical solution, but it is accurate to 1E-16.]

d) Compare your answer to the results of t r apz for the same Dx and quad or quad! for
the same level of error.

3. Thevelocity distribution at the centerline of a steady, uniform channel flow is
approximately given by the equation,

wa:%ﬂmawm%»

where the shear velocity u. = ,/ ghS, Sischannedl dope, k =0.41, zislevel above the

bottom, h is flow depth, and z, is the level close to the bed where the velocity u=0. Use
this velocity equation to generate values of velocity at 0.1h intervas for aflow with h=
0.7m,S=25 10% z=1 10* m. Wewill consider these to be our “data’.

a) Depth-averaged velocity <u > isdefined as h‘lé]u(z)dz . For the logarithmic
velocity profile indicated above, the exact integral <u >=u.k "[In(0.367h) - In(z,)] .
For wide, rectangular channels, this is a good approximation to the mean velocity in
the channel. Numerically integrate the velocity “data’ generated above to estimate
the depth-averaged velocity using t rapz.  Compare the results to the exact integral.

b) The exact derivative of the velocity profileis u. /(kz) . Differentiate the profile
“data” using centered differences and compare to the exact value.

c) Add some noise to the data to represent measurement/instrument error. This can be
done using the MATLAB command un=u+a*r andn(si ze(z)) wherea isthe
amplitude of the noise and z is the vector of vertical positions; let a = 0.1. Now,
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repeat the integration and differentiation of parts @) and b) to see how much the
addition of this noise affects the results.

d) The most efficient way to get agood numerical estimate of jidz for alogarithmic

velocity profile isto perform the integration on alogarithmically spaced grid for
which the grid spacing close to the bottom is smaller than that near the surface.
Compare the results of integrating the velocity profile (using t r apz) over 20 equally
spaced points and 20 logarithmically spaced points to the exact solution.

3.11. References

Gerald C.F. and P.O. Wheatley, Applied Numerical Analysis, 319 pp., Addison Wesley, Reading, MA, 1999.
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Box 3.1. Errorsin numerical methods

There are two principal sources of error in numerical computation. One is due to the fact
that an approximation is being made (e.g., a derivative is being approximated by a finite
difference). These errors are called truncation errors. The second is due to the fact that
computers have limited precision, i.e., they can store only a finite number of decimal places.
These errors are called roundoff errors.

Truncation errors arise when a function is approximated using a finite number of termsin
an infinite series. For example, truncated Taylor series are the basis of finite difference
approximations to derivatives (Chapter 3.2). The error in afinite difference approximation to
aderivativeis adirect result of the number of terms retained in the Taylor series (i.e., where
the seriesis truncated). Truncation error is also present in other numerical approximations.
In numerical integration, for example, when each increment of area under acurveis
calculated using a polynomial approximation to the true function (Chapters 3.6-3.7),
truncation errors arise that are related to the order of the approximating polynomial. For
example an n'"-order polynomia approximation to a function resultsin an error in the integral
over an increment Dx of O(Dx)™? (local error). When the integrals over each increment are
summed to approximate the integral over some domain aEx£Db, the local errors sum to give a
global error of O(Dx)™?. Truncation errors decrease as step size (Dx) is decreased — the finite
difference approximation to a derivative is better (has lower truncation error) when Dx is
"small" relative to when Dx is"large.”

Roundoff errors stem from the fact that computers have a maximum number of digits that
can be used to express a number. This means that the machine value given to fractiona
numbers without finite digit representations, for example, 1/3 = 0.33333333..., will be
rounded or chopped at the precision of the computer. It also means that there is alimit to how
large or small a number a computer can represent in floating point form. For many
computations, the small changes in values resulting from roundoff are insignificant.

However, roundoff errors can become important. For example, subtraction of two nearly
identical numbers (as occurs when computing finite differences with very small values of Dx)
can lead to relatively large roundoff error depending on the number of significant digits
retained in the calculation. Interestingly, this means that approximations to derivatives will
be improved by reducing Dx to some level because truncation errors are reduced, but that
further decreases in Dx will make the estimate wor se because roundoff error becomes large
and dominates for very small values of Dx. Roundoff error can also complicate some logical
operations that depend on establishing equality between two values if one or both are the
result of computations that involved chopping or rounding.

Finaly, in the hydrological sciences measured data are often used in a calculation. For
example, one might want to find the derivative of water velocity with respect to height above
a streambed using numerical differentiation of data measured using a flowmeter. Such data
are subject to measurement errors, which are theninserted into any numerical computation in

which they are used.
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4. Numerical Methods for Solving First-Order Ordinary
Differential Equations

4.1. Ordinary differential equationsin hydrology

Ordinary differentid equations (ODES) arise naturdly in the hydrologica sciencesin cases
where we know something about rates of change of variables and about their relationship to other
quantities. Severa smple examplesillugrate.

1. The Greenr Ampt equation is used to describe the progress of awetting front into an initidly
dry soil (e.g., see Hornberger et d., 1998). The depth of the wetting front L; isthe variable
to be determined as afunction of time, t. The differentid equation involves severa
parameters — the saturated hydraulic conductivity, K, the difference between the saturated
moisture content and the initia moisture content, Dg, and the capillary pressure head at the
wetting-front, y . The equation describing progress of the infiltration front is

d; _ Ki@Yy:+L 0
d Do L, 5

2. Thehydration of carbon dioxide in water, CO, (ag)+H,O(l) P H,COs (aq), occurs at a
rate proportiond to the concentration of CO; (e.g., see Lasaga and Kirkpatrick, 1981):
dm, (aq)
dt

In many ingtances, a system of equations arises. We may be interested in the cycling of
nutrients through different soil "pools’ or in the progress of a geochemicd reaction involving severd
interacting species, for example. In such cases, we expect to write a "rate- of-change” equation for
each pool or chemical species. Because of interdependencies among the variables (e.g., uptake of
nutrients by trees affects the concentration in soil as well as concentration in the tree), the equations
arelinked. Thisiswhat is meant by a system of equations.

= - kmy,, (aq). The rate constant, k, is 2x10° s* at 0°C.

Bdow we examine saverd methods for solving firg-order ordinary differentid equations
(induding systems of equations).
4.2. Euler and Taylor-series methods

A firg-order differentid equation has the form

dy _
&—f(x,y).

Often what we want are values of y for any vaue of x giventhat y=y, at x=0. That is, wewant a
solution to the initid-vaue problem.

If we approximate the derivative dy/dx as afinite difference, (Y., - ¥ )/(%..- %) and
congder evauation of the function & [x;, yi], we obtain, after rearranging the equation
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Yiur =Y +DX T (X, W) (4.1)

where Dx = (x,, - X). Equation (4-1) is known as the Euler method for solving afirst-order ODE

numericdly. Given aninitid vduefory (y = yo a x = 0) and a step size Dx, the equation is
successively applied to find yy, Vo, Ya,...,Yn @ the corresponding vaues of Xy, X, X3,...,Xn.

Intuitively, we can guess that the accuracy of the results from the Euler method (and other
numerical methods) depends on the size of the step, Dx. We can obtain insght about the error by
deriving the Euler method using a Taylor series expansion of ,

y(x+Dx) = y(x) + y&¢x)Dx +y €x) () + ymr( Dx) + 300

2! 3!
or, usng the notation in equation (4.1), we can write the series expansion about the point X = x; as,
2
Yia = ¥i YO + MG(DXT)HW (4.2)

If the seriesis truncated after the second term, the Euler method is recovered. [Note that
y¢= f(x,y;).] Thetruncation, or locd, error is O(Dx?), i.e., is given by yi‘II(Dx)2 /2. Theglobd
error, the accumulated error over the whole range of the solution, is O(Dx). This can be appreciated

by noting that the Euler method for gpproximation of the derivative is obtained by rearranging
equation (4.2):

Y = ye= Y= Y +yittt%+>oo<
dx|, . Dx 2

X=X

Because we divide through by Dx, the error in the Euler method is O(Dx). The step size for the
Euler method generaly must be very smdl to get good accuracy.

As an example, consider the equation

& =y- X (4.3
dx
withinitial condiition y, = 2. The exact solution' for this problemisy = &+ x +1. A MATLAB code
for the Euler solution for this problem is given below. For Dx = 0.1 the difference between the
known exact solution and the Euler solution can be seen to be growing after only about ten steps
(Figure 4.1).

1 This solution can be obtained using the MATLAB symbolic toolbox: y=Dsol ve(' Dy=y-x','y(0)=2","'x"').
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5 T T T T T T T T T
— Exact solution
O  Euler method (1
4s5k| B 4th-order Taylor series approximation ]
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Figure4.1. Example solution with the Euler and Taylor series methods for Dx=0.1.

% eul er _ex. m

delta_x=input('delta x=")

x0=0;

xf=1;

x=(x0:delta_x:xf)'; %lomain of solution
n=l engt h(x);

y=zeros(size(x));

y(1)=2; % nitial condition

for i=1:n-1
y(i+1)=y(i)+delta_x*yprime(x(i),y(i));

end

xx=x0: del t a_x/ 25: xf;

exact =exp( xx) +xx+1; %exact solution

pl ot (xx, exact, x,y, ' 0")
title('Eul er solution to dy/dx=x-y')

function yp=yprinme(x,y)
yp=y-X

By retaining more terms in the Taylor series, we can derive methods that have higher-order
accuracy (i.e., methods with globa errors of O(Dx?), O(Dx) or as high as we wish) and for which
larger values of Dx can be used and il retain reasonable accuracy. For example, consider a
second-order Taylor-series method derived by retaining terms up to and including y2 in the

expanson.
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3

2
Vi =Y, Yy DX+ yi@( szl) * M"“EZ:) 00 (44)

Congder the example we used in the previous section, y¢=y- x. The derivatives can be
evauated directly from the function:

yé=y- x y@¢=y¢-1 yi#=y@=yc¢1.
Substituting for these derivativesin equation (4.4) gives

Yir = ¥ + (Y- X)DX+(Y; - &-D%w((mf) (4.5)

Theinitid condition isy(x=0) = 2. Let Dx = 0.1. Starting withi = 0 in equation (4.5), we get
y, =2+ (2)0.1+(2- 1)).005 = 2.2050

Usngthisvdueof y; a x; = 0.1, we obtain y, = 2.4210. This stepping can be repeated to obtain
an edimate of y a successvevauesof x;. The MATLAB mHfilet ayl or _ex. mlisted below solves
the example equation for severa orders of Taylor gpproximations. The results from the program
show how the accuracy of the solution increases as additiond termsin the Taylor series
gpproximation are retained.

% ayl or _ex. m

%Cal cul ates 4 solutions to y'=y-x with initial condition y(x=0)=2

%based on 2, 3, 4 and 5 ternms of the Tayl or series.

delta _x=input ('delta x =" )

x0=0;

xf=1.;

x= (x0:delta_x:xf)";

n=l ength (x);

y=zeros(size(x));

yl (1)=2; y2(1)=2; y3(1)=2; y4(1)=2; %nitial conditions

for i=1:n-1,
ypl =yprime(x(i),yl(i));
yl (i +1)=yl (i) +delta_x.*ypl; % wo terns — sinple Euler nethod
yp2=yprime(x(i),y2(i));
y2(i+1)=y2(i)+delta_x.*yp2+(delta_x.”"2)./2.*(yp2-1); Yhree terns
yp3=yprime(x(i),y3(i));
y3(i +1)=y3(i)+del ta_x*yp3+(delta_x."2)./2.*(yp3-1)...

+(delta_x.73)./6.*(yp3-1); % our terns
ypa=yprime(x(i),y4(i));
y4(i +1) =y4(i) +del ta_x.*ypd+(delta_x.”"2)./2.*(yp4d-1)...
+(delta_x.73)./6.*(yp4-1)+(delta_x."4)./24.*(yp4-1); %ive terns
end;
exact =exp(x) +x+1; [ x exact yl' y2' y3 vy4' (y4' -exact).*led]

The 5-term (O(Dx)*) solution is shown in Figure 4.1. The disadvantages of the higher-order Taylor-
series methods for obtaining higher accuracy are that they are cumbersome and involve many
computations (i.e., they are dow).

44



Hornberger and Wiberg: Numerical Methodsin the Hydrological Sciences

4.3. Modified Euler method or Euler predictor-corrector method

In the Euler method, we estimate each value of y based on alinear extrapolation from the last
computed vdue. The more nearly linear the function or the smdler the step Sze, the better this
edimateislikely to be. We could expect that our accuracy would be improved, however, if we
could make a better estimate of the average dope of the function over each interva as we step
through the solution. If we knew in advance the vaue of y at x and x+ Dx, we could use the mean
of these dopesto improve our estimate:

Yu =Y, + Dx@ 46)

We don't know Y. 1 or y¢. ;1 in advance, but once we compute y;..; usng the Euler method (Figure
4.2), we can use the computed vaue to estimate y¢, ;. This vaue can then be used to get an
improved, or "corrected” vaue of yi.;. The difference between the two estimates of ., provides
an estimate of the accuracy of the approximation.

Use Euler estimate to compute

0.8f a slope at x(i+1) —

x(i) x(i+1)

0 0.1 0.2 0.3 0.4 0.5
X

Figure4.2. Schematic for modified Euler method.

The modified method then consigts of two steps. Firdt, the Euler method (equation 4.1) is used
to predict (compute an estimate of) yi.1. Next this predicted valueis corrected (improved) by
using equation (4.6). Thelocd error for this method is O(Dx)?, while the globa error is O(Dx)?
(e.g., see Gerald and Whestley, 1999) . Thisis one order better than the smple Euler method.
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4.4. Runge-K utta methods

Theidea of usng information about the function y(x) a points other than theinitiad point of an
interva can be generdized to produce more efficient and more accurate schemes for solving
ordinary differentid equations. Probably the most widely used of these are the methods of Runge
and Kutta

The second-order Runge-Kutta method is agood illustration of the gpproach. The generd
method is represented by:

Vi = Y; +ak; + bk, (4.7)
where

k, = f(x,Y)Dx
k, = f (x +aDx,y, +bk)Dx

and a, b, a and b are constantsto be selected. If we set a=l and b=0, we get the Smple Euler
method. If a=b=1/2 and a=b=1, we recover the modified Euler method.

The second-order Runge-Kutta formulais obtained by setting the vaues of the four parameters
a, b, a and b to make the expression for y;.; agree with the Taylor series through the second-order
in Dx. The Runge-Kutta methods are derived by rewriting k; in terms of the function f at [x;,yi].
This can be done using a Taylor series expanson of f(x;,y;). The generd form of a Taylor seriesfor
afunction of two varigblesis

f (x+Dx,y+Dy) = f(x,y)+ f,(x,y)Dx+f (x,y)Dy
+28f, (Dx) +2f (DxDy) + f, (Dy)*g+...
where the x and y subscripts stand for partid derivatives. This alows usto approximate k, as
k, @xgf (x,y,) +(f,a Dx+ f b fDx) j§

with truncation error O((Dx)?). Substituting this expression for k into equation (4.7) gives
V=Y taf X DX(f +Dxa f, +Dxb f, f)

, (4.8)
=y, +Dxf (a+b) +(Dx)’ (ka f, +bb f, )

wheref and its derivatives are evaluated at x;, yi We want to match the terms of equation (4.8) to
the first 3 terms of the Taylor seriesfor yi. 4,

2 2
Y=Y+ M®X+@yi®i-...=yi+ fD<+@mT)(fx+fyf)+... (4.9
The substitution for y? after the second equd sign comes directly from dy/dx = f(x,y) by teking

the derivative of the right-hand side. For the terms of equations (4.8) and (4.9) to match, we must
takea+b=1,ab=1/2, and bb = 1/2. These relationships do not uniquely specify the four
parameters, but once we choose one, the other three are set. If wepick a=1/2,thenb=1/2,b =
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1 and a =1; aswe noted above, this combination of vaues gives the modified Euler method.

The fourth-order Runge-Kutta method is a commonly used dgorithm. The gpproach isthe
same as that for the second-order method, but now we define

Yie =i +%(k1+2k2 + 2Kk, +k4)

k= DX f(x, y)]

k, =Dx[f (x +Dx/2,y, +k /2)]
k, =D f(x, +Dx/ 2y, +k,/2)
ky = D (x + DKy, +ky)]

where the coefficients have been st to their commonly used vaues. Matching the equation for i
tothefirst 5 terms of the Taylor seriesyidds 11 equations for 13 unknown coefficients, of which
two may be chosen arbitrarily. Thelocd error term for the fourth-order Runge Kutta method is
O((Dx)°) because we matched terms up to O((Dx)?) in setting the coefficients. The globd error is
O((Dx)*). The method is more efficient than the Euler method becauise the step size can be much
larger even though there are more function evauations per step.

4.5. Runge-K utta-Fehlberg method

A god of most numerica solutionsto differentid equationsisto attain the desired accuracy with
the fewest computations, which, for any given method means running it with the largest step sze that
satisfies the accuracy conditions. How can we determine what that step Szeis, particularly
inasmuch as we generdly don't know the solution in advance? One Strategy would be to have the
step size and compare the answers with two step Sizes. Because smaller step sizes generaly lead to
more accurate results, asgnificant difference between the two answers would suggest thet the step
Szeistoo big. This process can be continued until an acceptably small difference between the two
edimatesis obtained. Although this gpproach is Sraightforward, it can be computationdly intensve.

An gpproach that requires fewer function evauations is to compare the results using two Runge-
Kutta methods of different order, e.g. a second and third-order method or afourth and fifth-order
method. Thisis caled the Runge-K utta- Fehlberg method. The resulting vaues of ;.| are
compared, and Dx is adjusted until the difference between vaues computed using the two methods
isasgmal asdesred. By making use of the same k's in both methods, the number of function
evauations can be minimized - only six are required for the fourth- and fifth-order Runge-Kutta
formulas. Formsfor the k's and vaues of the coefficients can be found in texts on numerica andyss
(e.g., see Gerald and Whestley, 1999).

4.6. MATLAB methods

MATLAB has severd functions to solve ordinary differentid equations, incdluding ode23 and
ode45. They are both implementations of the Runge-K utta- Fehlberg method, using second-third-
order and fourth-fifth-order formulas, respectively. The syntax of both commandsissmilar. From
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the MATLAB documentatior?:

ODE45 Solve non-stiff differential equations, nmedium order method.
[T,Y] = ODE45( ODEFUN, TSPAN, YO) with TSPAN = [TO TFI NAL] integrates the
systemof differential equations y'=f(t,y) fromtine TO to TFINAL with
initial conditions YO. Function ODEFUN(T,Y) nust return a colum vector
corresponding to f(t,y). Each row in the solution array Y corresponds
to atinm returned in colum vector T. To obtain solutions at specific
times TO, T1, ..., TFINAL (all increasing or all decreasing), use
TSPAN = [TO T1 ... TFINAL].

[T,Y] = ODE45( ODEFUN, TSPAN, YO, OPTI ONS) sol ves as above with default
integration properties replaced by values in OPTIONS, an argunent

created with the ODESET function. See ODESET for details. Commonly

used options are scalar relative error tolerance 'Rel Tol' (1le-3 by
default) and vector of absolute error tolerances 'AbsTol' (all conponents
le-6 by default).

[T,Y] = ODE45( ODEFUN, TSPAN, YO, OPTI ONS, P1, P2,...) passes the additional
paraneters P1,P2,... to the ODE file as ODEFUN(T,Y,P1,P2,...) and to all
functions specified in OPTIONS. Use OPTIONS = [] as a place holder if no
options are set.

The ode commandsin MATLAB require a function m-file defining the differentid equetion, eg.
f. m Thedefault accuracy for ode23 is1 10° (1E-3); and for ode45 is1 10° (1E-6). The
default accuracy can be changed using "odeset” to adjust the options (see MATLAB help for
details).

Example
The equation

mS?j—\;V: (m, - rVv)g- %r C, AW
describes the acceleration to terminal velocity of a spherica object of mass mg and volume VvV
released in a non-moving fluid of dengty r , where w is the vertical velocity of the sphere, g is
gravitationa accderation, Cp isthe drag coefficient, and A is the cross-sectiond area of the sphere.
For asmall sphere (R, =wDr /m<0.5), where D is sphere diameter and misfluid viscosity), Cp

= 24/ Rp and the termind ve ocity, ws, is given by Stokes law:

= lrs 1) o0
18m

wherer ¢ isthe dengity of the sphere. We can check our solution by comparing it to ws after w
reaches a congtant value (i.e. itstermind velocity, dso referred to as settling velocity or fal velocity).
A MATLAB code to solve this equation is given below for an examplein which D = 3" 10°m (30
mm), r s = 2650 kg m®, r = 1000 kg ni*, and m= 0.001 Pa:-s.

2 Reprinted with permission from MathWorks, Inc.
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%0ode_ex. m

[t,w =0de23( " wprine',[0 0.001], 0);

[t2,w2] =oded5("' wprine',[0 0.001], 0);

opt =odeset (' Rel Tol ', 1le-6); % eset tol value
[t3,w3] =0de23("' wprine',[0 0.001], 0, opt);

%al cul ate Stokes settling velocity

rho=1000; rhos=2650; nu=1.3e-3; ¢g=9.81; D=. 3e-4;

ws=(rhos-rho)*g*D. "2/ (18*nu) ;

%heck if particle Reynolds nunmber < 0.5 as required for Stokes equation
Rd=ws* D*r ho/ nu;

if Rd>0.5, fprintf(' Stokes eqn invalid'), end;

%heck that particle Reynolds nunber < 800 as required

% for the Schiller et al. (1933) drag coefficient fornula.

if Rd>800, fprintf('Drag coefficient invalid'), end,

plot(t,y,"-b",t2,y2,"-r",t3,y3,"-g" ,max(t),ws," ' *")
xlabel ("t (s)'); ylabel("w (ms)")
| egend(' ode23',' ode45',' ode23, rtol =1le-6","' exact')

x| abel (' x")

yl abel (" error')

| egend([' 0ode23, n=', nunstr(n)],[' oded45, n='", nunstr(n2)],...
['ode23, rtol=1le-6, n='", nunRstr(n3)])

function wp=wprinme(t,w)

rho=1000; rhos=2650; mu=1. 3e-3; ¢g=9. 81;

D=. 3e-4; V=pi/6*D."3; A=pi/4*D."2; nms=rhos*V,

Rd=r ho* D*w/ nu; Cd=0;

if w-=0, Cd=24/Rd*(1+0.150*Rd"0.687); end; %et Cd=0 if w=0
a=g*(ns-rho*V)/ ms; b=0.5*rho*Cd*A ./ ns;

wp=a- b*w. "2;

The solutions are shown in Figure 4.3.  For thisexample, Rp < 0.5, so comparing the
caculated termind velocity to Stokes equation is appropriate. For larger Rp, the drag coefficient
for spheres takes a different form, one that cannot be represented by a smple agebraic expression.
For vaues of Rp up to 800, the gpproximate formula of Schiller et a. (1933; see Graf, 1971) can

be used,C, =(24/R,) (l+ 0.15R 2% ) , asinthe m-ile above. Note that the accdleration timeiis

very short for smdl particles like silt and sand faling through water and generdly can be (and is)
neglected in calculations of particle sttling.
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Figure4.3. Solution to the example problem using MATLAB ode functions.

4.7. M ultistep methods

All of the methods described above are examples of sngle-step methods, thet is, they use
information about the solution & just one location, X;, to advance the solution to xi.. Single step
methods have a number of advantages, including being sdlf- garting and having the flexibility to
change step size from one step to the next. Another gpproach isto use information about the
solution at severd previous locations, thus more fully utilizing what we know about the function.
Thisis the idea behind the multistep methods. Most methods use equaly spaced pointsto fecilitate
the cdculations. Thislimitsflexibility in terms of changing step sze, but the methods can be very
efficient.

Most multistep methods use past (already computed) values to construct a polynomid that
approximates the derivetive of the function and uses that to extrgpolate to the next point. The
number of past points used determines the order of the polynomia we can fit, and therefore the
truncation error. Using two previous points would alow a quadratic approximation, and would
result in aO((Dx)?) globa error. Because in generd we dont initialy know vauesfor y at the first
three points, this method is not self-garting. It is necessary to use other methods, e.g. a Runge-
Kuttamethod, to get vaues a, say, the firgt three points, after which athree-point multistep method
can beused. Seeatext on numerica anayss, eg. Gerdd and Whestley (1999), for detailson
multistep methods.

4.8. Sour ces of error, conver gence, and stability

It isimportant to keep in mind that there are three possible sources of error in numerica
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cdculaions, such as solutions to ordinary differentid equations. The one we have discussed the
most is truncation error, the error associated with the number of termsin aseries, e.g. Taylor series.
Other sources of error are round-off errors, which will ways be present even if our method is
exact, and origina data errors, associated with not knowing the initid conditions or boundary
conditions exactly [see Box 3.1]. Errorsat each step propagate through the solution, so the globa
error is generdly about an order larger than the local error.

A method is convergent if the gpproximate solution tends toward the true solution as Dx® 0.
All of the widdy used methods for solving ordinary differentia equations (in particular the ones we
have discussed) are convergent. Stability refersto the growth of errors as the solution proceeds. A
stable method is one in which the globa error does not grow in an unbounded manner. For many
ODE's, the step Size required to obtain an accurate solution is much smaler than the step sze
required for dability. Asaresult, sability is often not amgor concern. When asolution is ungable,
itisusudly obvious. A smdler step sze will generdly rectify the problem, dthough there are cases
that are unconditionally unstable for some methods. Changing methods is the best gpproach in such
Cases.

4.9. Systems of equations

The differentid equations we have consgdered so far are smple fird-order ordinary differentid
equations. There are other problems described by severa coupled, first-order differentia
equations. The predator-prey equations (e.g., see Kot 2001) used in population ecology are an
example. Thisproblem is defined by the two equations

ye=(1-ay,)y,
y$=(-1+by)y,

The 9ze of the prey population is given by y,, and the predator population by y,. The prey
population, y;, decreases for large vaues of y,, which in turn decreases the predator population,
which increases the number of prey, and so forth. The MATLAB ode routines can solve a set of
equations such asthis by defining y and y* as column vectors, the initid conditions are dso given by
acolumn vector. (The m-file defining the equations mugt return they’ values as avector.) The
solution isamatrix in which thefirg columnisy; and the second column is ..

As an example of solving asystem of equations, congder the chemicd reaction defining the

dehydration of talc,
Quartz
]

[Tdc ]—[Anthophyllite
Nr Engtatite )

The rates of the reactions are well described by first-order kinetics (rate proportiona to amount) so
the differentid equations are:
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dy,
d—tl =a,y,

% =8, Y, + a,Y,
- a31y1 + aszyz

% = a'41yl + az12y2

wherey, refersto talc, y, refers to anthophyllite, y; refers to endtatite, and y, refers to quartz.
Expressing the condtituentsin terms of volume and for atemperature of 830°C and a pressure of
1000 bars, the coefficients are (see Greenwood, 1963, but be advised that some tables are
midabded): a; = -18.0° 10* min?, ax = 11.0° 10* min®, ax, =- 5.9° 10* min*, ag,= 3.9° 10* min
! ap=4.8 10" mn?, a;=2.1 10" min', a;; = 0.5 10* min®. The set of equations can be
rewritten in matrix form as

8, 0 0 Ovay,o
dy _can & O OLy,-
&t Ca, a, 0 0%Cy*

gaﬂl a42 O ozmy4;

We can write afunction file to define the equations. Cdl thisr at es. m

function ydot=rates(t,y)

% function for the dehydration of talc
a=zeros(4,4);

a(l,1)=-18.0e-4; %all a's are mn"-1
a(2,1)=11.0e-4; a(2,2)=-5.9e-4; a(3,1)=3.9e-4;
a(3,2)=4.8e-4; a(4,1)=2.1le-4; a(4,2)=0.5e-4;
ydot =a*y;

If we gart a time zero with aunit volume of talc and consider the evolution over 8000 minutes, we
can obtain the solution with the MATLAB command

[t,y]=oded45('rates',[0 8000], [1 O O 0]"');

The results can be plotted (Figure 4.4) with the commands

plot(t,y)

x| abel (" Tinme, mnutes')

yl abel (' Vol une, m")
legend('talc','anthophyllite',"enstatite',' quartz')

In cases where there are severd dependent variables (e.g., with a system of equations rather
than just asngle equation), it sometimesis useful to plot the dependent variables against each other
and not smply view each variable as a function of time [Box 4.1].
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Figure4.4. Resultsfrom MATLAB integration of talc equations.
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4.10. Problems

1. Asmentioned in Section 4.1, the Greenr Ampt equation for the movement of awetting front into
adry soil is
d, K,y +L 0
d Do& L,
Solve this equation using the MATLAB functionsode23, ode45, a standard fourth-order Runge-
Kutta method, and the Euler method. Take K=3x10° ms*, Dg =0.2,andy , =-0.2m.
Compare the accuracy of the methods. The andyticd solutionis:

_Lbg yDag @ L 6

t loge + I
Ks Ks gl Y« ]

2. When open channd flow encounters a change in bed dope, there is an adjustment in flow depth
(see, eg., Henderson 1970). Assuming water depth and bed devation vary gradudly, the
change of depth with downstream distance is given by

dh _ S - S

dx  1- F?
where S isenergy dope, S, is channd bed dope, h is flow depth, F is Froude number,
U/\/E U is channd mean velocity = Q/A, A is channel cross-sectiond areaand g is
gravitational acceleration (9.81 ms?). S isgiven by Manning's equation (as afunction of hina
rectangular channd)) for agiven Q, n, and channd width, w [see Box 2.2]. Let Q=20 m°s?,

$=0.0008, n=0.015, and w=15m. Useode45 to solve for h(x) from x=0 m to x=150 m for
aninitid flow depth of h=0.8 m at x=0. Plot the resuilt.

3. Theinteraction between hosts and parasites can be described by a pair of coupled first-order
ordinary differentid equations.

®e_o P
a 2R
dH

= =H- bPH

where P represents the population of parasites and H represents the population of hosts. Let
a=25and b=0.1. Att=0, P=6 and H=15. Usethe MATLAB ode functionsto solve for P
and H from t=0 to t=20. Plot P and H againg t and plot P againgt H.

4. When an organic waste is discharged into a stream, a biochemica oxygen demand (BOD) is
exerted; that is, bacteriad decomposition of the organic waste uses oxygen and thus depletes
dissolved oxygen in the water (e.g., Hemond and Fechner, 1994). Dissolved oxygen (DO) is
replenished through atmospheric regeration (by diffusion through the air-water interface). If a
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point discharge into ariver with steady uniform flow is envisoned, atypical pattern of DO,
cdled a"sag" is observed. Below the waste outfall, DO drops in response to the BOD. Asthe
decomposition of the waste proceeds, the BOD is decreased and atmospheric reaeration
replenishes the DO. DO decreases downdream to a"critica vaue' (aminimum) and then
gradudly returns to ambient conditions. The process can be modelled using aform of the
Streeter-Phel ps equations (Streeter and Phelps, 1925):

e - (K 1U)L
dx

dL,
dx

%:-(KC/U)LC - (Ky /U)Ly + (K, /U )(c. - ©)

=- (K, IU)L,

where L=carbonaceous BOD, Ly=nitrogenous BOD, c=DO concentration, cs=saturation DO
concentration, U is mean velocity, and the K's are rate constants.

Solve the Streeter- Phel ps equations and plot the results for Kc=1.2 day™, Ky=0.8 day™,
Ka=1.9 day™, Lc(0)=5mgL™, Ln(0)=8 mgL™, river velocity=10 kmday™; al rate constants
arefor T=20°C. Temperature adjustments for the rate constants are: Kc=K¢(20)x(1.024)™,
Kn=Kn(20)%(1.024)72), and K=K 4(20)x(1.047)®. Saturation DO concentration is a
function of T aswell: c=14.652-0.41022T+0.007991T?-0.00077774T°. Consider results for
T=5°C and T=20°C.

An issue of current concern isthe fate of carbon dioxide being added to the atmosphere by the
burning of fossl fuel. Over the long term, oceanographers view the problem as one of
partitioning carbon among the atmosphere, the surface ocean, and the deep ocean. Given this
samplified view, we can congtruct asmple modd for the atmaosphere-ocean coupling with
regard to carbon balance (Waker, 1991). The model must keep track of CO, inthe
atmosphere, total carbon in the surface and deep ocean, and the speciation of inorganic carbon
in the surface ocean because the exchange with the atmosphere is a diffusive process depending
on the partid pressure of CO, in the surface ocean.
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Schematic of the ocean-atmosphere system for carbon

The equations are (see Walker 1991):

d(CO,) i _[(€0) s~ (CO) ] , nput/
dt B T 4.95x10"

I [(CO) o - (O J4950° 125P +(Cp - Cso)Wg
dCy _t T
at SO
ALKy _[(ALKyo - ALK g - 0.35P%
at o)
dCy _[125P- (Cyy - cso)v%
dt DO
dALKy, _ [ (ALK, - ALKSO)W+0.35P%
at DO

(2Cq, - ALK)?

(CO,), = 0054 ALk C)

where the subscripts refer to the atmosphere, the surface ocean, and the deep ocean. CO; is
meass of carbon dioxide (expressed in relative units, i.e., unity for present day), C istotd carbon
concentration, ALK is akainity. The constant 4.95x10" in the equations is a conversion from
relative CO, to actud moles of CO, in the aamosphere. T isatime congant, w isaflux
(exchange) from surface to deep ocean, P isbiologica production of organic (and associated
inorganic) carbon that "rains’ into the deep ocean, and V represents the volume of the ocean
compartments. Findly, input represents the rate of addition of carbon to the atmosphere by
fossl-fud burning. Appropriate vaues for the computation are (with initia conditions a 1850):
T=864Y; Vo= 0.12" 10" n; Vpo = 1.23 10" n?; P = 0.000175" 10" moley™; w =
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0.001" 10™ n?; and, a time "zero", (CO)atm = 1 (rddive units, 4.95 10™ mole actual units),
Cs =201 molem?, Cpo =223 mole m?®, ALKy = 2.2 mole m®, ALKpo = 2.26 mole m®,
Assuming the following time course for input (in 10** mole y*), with approximately linear
changes between specific times and with dl inputs zero after 2500, write a code to compute the
time course of atmospheric and oceanic carbon over (a) 1850-2600 and (b) 1850-6000.

Year 1850 [ 1950 | 1980 | 2000 | 2050 | 2080 | 2100 | 2120 | 2150 | 2225 | 2300 | 2500

Input | O 1 4 5 8 10 10.5 10 8 35 2 0
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Box 4.1. Thebrusselator

The following equations, defining what has been called the "brusselator" (Nicolis and
Prigogine, 1977), serve as amodel for certain self- catalyzing biochemical reactions.

%=A- BX + X*y - X
at

dy 2
— =Bx- X
at y

The code for solving the equations and for plotting the "phase plane”, i.e. X versusy, is shown
below as are the results for A=1 and B=2 (Video B4.1). The"o" marks the initial condition
and the "+" marks the equilibrium point where the time derivatives are zero. For these values
of the parameters A and B, the solution is converging toward the equilibrium point. For larger
valuesof B the solution to the equations is alimit cycle in which the values of x and y cycle
around the unstable equilibrium point.

% brus_nov. m
% make a brussel ator novie
% z0 is the initial condition
% par contains paraneters A and B
%
z0=[2;1.5];par=[1 2];
[t, z]=oded5( @russel ator,tspan, z0,[], par);
A=par (1) ; B=par (2);
x=z(:,1);
y=z(:,2);
plot(x,y,' ' wW);
hol d on
pl ot (A, B/ A ' +r',' MarkerSize', 8);
pl ot (z0(1),z0(2)," ' or',"' MarkerSi ze', 8);
k=1,
M k) =get frane;
for i=1:10:1ength(x)-10
k=k+1;
pl ot (x(i:i+10),y(i:i+10),"'b","'LineWdth', 1.2)
M k) =get f r ane;
end
hol d of f

function ydot =brussel ator(t, z, parans)

%

% brussel ator equations, paranmeters A and B
% ydot =brussel ator (x, vy, A, B)

%

A=par ans( 1) ; B=parans(2);

x=z(1,:);y=2(2,:);

dxdt =A+x. A2*y- B* x- X;

dydt =B*x- x. "2*vy;

ydot =[ dxdt; dydt];




videaBd-1,avi

Video 4.1. Brusselator results.




Box 2.2. Manning equation

The Manning equation is an equation commonly used to calculate the mean velocity U in

achannel:
U= lRﬁ/ssl/z
n

where n is the Manning roughness coefficient, Ry is hydraulic radius, and Sis channel slope.
Hydraulic radiusis the ratio of the cross sectional area, A, of flow in a channel to the length
of the wetted perimeter, P. For arectangular channel, R, =wh/(w+ 2h); if the channd is
wide (w>>h), Ry @h. Vauesof nrange from 0.025 for relatively smooth, straight streams to
0.075 for coarse bedded, overgrown channels. For steady, uniform flow, the channel bed
dope Sis equal to the water surface (friction) dlope § . For non uniform flow, Manning's
equation can still be used if Sis replacedby &. The Manning equation can be combined with
the discharge relationship Q=UA to give an expression for discharge

Q= 1 RH 2/381/2Wh .
n




Box 3.1. Errorsin numerical methods

There are two principal sources of error in numerical computation. One is due to the fact
that an approximation is being made (e.g., a derivative is being approximated by a finite
difference). These errors are called truncation errors. The second is due to the fact that
computers have limited precision, i.e., they can store only a finite number of decimal places.
These errors are called roundoff errors.

Truncation errors arise when a function is approximated using a finite number of termsin
an infinite series. For example, truncated Taylor series are the basis of finite difference
approximations to derivatives (Chapter 3.2). The error in afinite difference approximation to
aderivativeis adirect result of the number of terms retained in the Taylor series (i.e., where
the seriesis truncated). Truncation error is also present in other numerical approximations.
In numerical integration, for example, when each increment of area under acurveis
calculated using a polynomial approximation to the true function (Chapters 3.6-3.7),
truncation errors arise that are related to the order of the approximating polynomial. For
example an n'"-order polynomia approximation to a function resultsin an error in the integral
over an increment Dx of O(Dx)™? (local error). When the integrals over each increment are
summed to approximate the integral over some domain aEx£Db, the local errors sum to give a
global error of O(Dx)™?. Truncation errors decrease as step size (Dx) is decreased — the finite
difference approximation to a derivative is better (has lower truncation error) when Dx is
"small" relative to when Dx is"large.”

Roundoff errors stem from the fact that computers have a maximum number of digits that
can be used to express a number. This means that the machine value given to fractiona
numbers without finite digit representations, for example, 1/3 = 0.33333333..., will be
rounded or chopped at the precision of the computer. It also means that there is alimit to how
large or small a number a computer can represent in floating point form. For many
computations, the small changes in values resulting from roundoff are insignificant.

However, roundoff errors can become important. For example, subtraction of two nearly
identical numbers (as occurs when computing finite differences with very small values of Dx)
can lead to relatively large roundoff error depending on the number of significant digits
retained in the calculation. Interestingly, this means that approximations to derivatives will
be improved by reducing Dx to some level because truncation errors are reduced, but that
further decreases in Dx will make the estimate wor se because roundoff error becomes large
and dominates for very small values of Dx. Roundoff error can also complicate some logical
operations that depend on establishing equality between two values if one or both are the
result of computations that involved chopping or rounding.

Finaly, in the hydrological sciences measured data are often used in a calculation. For
example, one might want to find the derivative of water velocity with respect to height above
a streambed using numerical differentiation of data measured using a flowmeter. Such data
are subject to measurement errors, which are theninserted into any numerical computation in

which they are used.
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5. Numerical Methods for Solving Higher-Order and
Boundary-Value Ordinary Differential Equations

5.1. Introduction

Many of the ordinary differentia equations encountered in the hydrological sciences are second
or higher-order differentid equations, including ones for which boundary conditions a two
boundaries are specified rather than at just one. Higher-order differentid equations have the form

d 2/: fO,Y,Y e Y™ ) (5.1
dx

Hydrologica examplesinclude:

1. Steady, uniform flow in one dimension through an unconfined aquifer receiving recharge a
rate w. Inthiscase, conservation of mass, Darcy's law, and the Dupuit assumption result in
de  dhi_
aKh—
& oxH

2. The Theim equation for the drawdown associated with a steady, radia flow to awedl ina

confined, homogeneous, isotropic aguifer: d*h E@ =0.

@ rodx

To solve second-order equations like these, we must specify two initid or boundary conditions; an
""-order ordinary differential equation requires n initial or boundary conditions.

a second-order differentid equation for h, the height of the water table: —

5.2. Solving higher-order initial value problems

To begin, well assume that the given conditions are initid conditions, i.e., they are dl specified
at the same endpoint of the domain. Theinitid conditions for a second-order equation, would have
the form

=Y(X=%) =2 y§=y&x=x)=b
For an n"™-order ODE, n-1 derivatives of y at X, would be specified.

There are severa methods for solving second-order equations, including Taylor series and
Runge- Kuttamethods. One straightforward general method for solving second and higher-order
initid vaue problemsisto transform the equation into a sysem of amultaneous firs-order ordinary
differentid equations. Then the methods covered in the previous chapter for solving first-order

equations, including the MATLAB prograns ode23 and ode45, can be used to solve the system of
equations.

The generd approach to reducing an n™ order ordinary differentia equetion to aset of n
smultaneous first order equationsisto let
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=Yy

Y, = yg=yt

Yy = y§=y&

Y, =y, =y

Equation (5.1) can then be written
y¢=f(X %, ¥2res Vi)

y¢, =V,
: (5.2)

y$=,
ye=vy,

with appropriate initia conditions. Recaling thet theinitid vaues of y and (n-1) of its derivatives are
known at X=Xo, we set

Y1 (%) = Y(%0)» Y2 (%) = Y906 ¥n (%) = Y2 ().

Equations (5.2) are in avector form that can be used in the MATLAB ode commands to solve for
theyi's, given the vector of initid conditions.

5.3. Example: Bessel equation
Consider the second-order ordinary differential equation

X2 y@+ xyC+(x* - n?)y=0
which can be written equivaently in the form of equation (5.1) as

2 2
y=- Ly & il )y (5.3)
X X
Thisis known as the Bessdl equation. This equation arises commonly in physica problems,
including problemsin fluid flow, eadticity, and eectricad field theory. A solution to the equation is
used to generate the MATLAB logo. Solutions to equation (5.3) are known as Bessdl functions of
order n. For thisexample, well taken =0, with initid conditionsy(x=0) = 1and y'(x=0) = 0.

To rewrite the Bessdl equation as a system of first order equations, let y;=y and y,=y'. Then,
the equation (5.3) can be written
yé=y,
Y$=- Y, IX-y,
with initid conditions, y;(0) = 1 and y»(0) = 0. [Note that equation (5.3) for y2 is undefined a x=0;
we will begin the cdculation asmdl digancefrom 0, eg., x = 0.001.] We can writeaMATLAB

function fileypr i me0. mto solve the problem. The analytica solution (a series solution) is given by
the MATLAB function bessel j ( nu, x) with nu=0.
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function yp=ypri me0(x,y)
yp=[y(2);-y(2)/x-y(1)];

The MATLAB commands

[ x,y] =oded5(" yprine0' ,[0.001 1],[1 0]");

exact =bessel j (0, x);

[x y exact]

pl ot (x, exact," ' -k',x,y(:,1)," -b" ,x,y(:,2),"-r")

reult in (partid list)
ans =
0. 0010 1. 0000 0 1. 0000
0. 2776 0. 9808 -0.1375 0. 9808
0. 6330 0.9023 -0. 3009 0.9023
1.2225 0. 6598 -0.5039 0. 6599
1.9189 0. 2705 -0. 5807 0.2708
2.6368 -0. 1140 -0. 4602 -0.1139
3. 2905 -0. 3420 -0. 2244 -0. 3422
3.9011 -0. 4016 0.0277 -0.4018
4. 4645 -0. 3283 0.2213 -0. 3286
5.0260 -0.1689 0. 3302 -0.1691
5. 6307 0. 0372 0. 3313 0. 0372
6. 2212 0. 2065 0. 2276 0. 2066
6.8112 0. 2936 0. 0617 0. 2938
7.3941 0. 2790 -0.1081 0. 2792
7.9630 0. 1800 -0. 2290 0.1802
8. 5550 0.0268 -0.2730 0. 0269
9. 1537 -0.1265 -0. 2244 -0.1265
9. 6663 -0. 2176 -0.1242 -0.2177
10. 0000 - 0. 2457 -0. 0433 -0. 2459

) v) (v9 (exact)

The solutionisillustrated in Figure 5.1. Note that the exact solution and our calculated solution lie
on top of each other.
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Figureb5.1. Solution to the Bessel equation of order O with specified initial values.

5.4. Solving boundary value problems using the shooting method

Boundary vaue ODEs are problems in which the known conditions are specified at the two end
points of the domain. One approach to solving such an equation isto expressit as a system of
simultaneous firgt order equations as described above, with the known initid conditions specified
and the others estimated. (This approach works best with only one or two unknown initial
conditions) The equation is solved, and the solution at the far boundary compared to the specified
condition(s) on that boundary. Assuming the first guessisnot correct, it can be successvey
adjusted until the vaue at the far boundary matches the boundary condition. This can be done by
trid and adjustment, but there are saverd more efficient approaches for finding the proper condition.

Theinitid conditions necessary to match the far boundary condition can be found quite easily for
linear equations, particularly second and third-order equations. A differentid equetion islinear if the
dependent variable and dl of its derivatives appear only as linear terms. Linear equations have the
nice property that linear combinations of any two solutions are dso solutions. This means that if we
make two estimates of the unknown initid condition, g; and g,, which result in thetwo vaues of y at
the far boundary, v, and v, then the value of the "guessed” initid condition that will give the desired
boundary condition at the far boundary can be caculated as

gcorrect = gl +u[ BCdasired - Vl] (54)
-V

2 1

Condder the example equation used above, but with n=1 and specified boundary conditions
rather than initia conditions, y(0) = 0; y(10) = 0.0435 (corresponding to a Bessdl equation of order
1).
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If y(0) =g, =0.5, then y(2) = v; = 0.0217. If we repeat the caculation with y'(0) = g, = 1.5,
then the caculaion gives y(2) = v, = 0.0650. Based on these values we find from equation (5.4)

Usngthisvauein ode4s:

[ x, z] =oded5(" yprinel ,[0 10],[21 1.0032]);

exact =bessel j (1, X);

[x y exact]
plot(x1,y1(:,1),'-b",x2,y2(:,2),"'-r',Xx,z,'-g",X,exact,'-k")

The reaults, illugtrated in Figure 5.2, show that the method works for second-order, linear
differentid equations like the Bessd equiation.

exact
——— guessl

——— guess2
corrected initial value, Dorrect

065 2 4 6 8 10

Figure5.2. Solution to Bessel equation boundary value problem using the shooting method.

If the equation is athird-order, linear, boundary vaue ODE, then there will be two conditions
on one boundary and one on the other. Only one condition must be "shot for" if we start the
caculation at the boundary on which two of the three conditions are specified, athough this may
mean working in negative time or space steps. For fourth-order, linear, boundary vaue ODE's, two
conditions may be given at each boundary. In that case, we could ill find the solution by taking a
linear combination, but we would need to use four solutions, and the agebra gets more complicated.

If the differentid equation is not linear, then this method of combining solutions generaly won't
work unless the two estimates are quite close to the correct vaue. We can, however, think of the
problem as one of finding the root of the equation given by the difference of the true boundary
condition and the estimated vaues. Therefore, we could use something like the secant method
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[Chapter 2.3] to find the initid condition that gives the desired boundary conditions at the far
boundary.

5.5. Solving boundary value problems using finite differences

Another gpproach to solving a boundary vaue ODE is to express the equation in terms of finite
differences. Thisleadsto a set of algebraic equations that can be solved, for example, by Gaussian
elimination [Chapter 2.11].

Previoudy we discussed severd ways to estimate derivatives using finite differences [ Chapter
3.2]. Wefound that forward and backward difference estimates of afirst derivative have an error
of O(Dx), while central difference estimates have an error of O(Dx?); we also found estimates for
the second derivative with errors O(Dx?). Using the O(Dx?) formulations, we can estimate the first
and second derivatives of y(x) as

yt= Y~ Yia o((D()Z)
2Dx (5.5)

yo= Y2 hes 1 o((D)

Toillugrate the use of finite differences for solving ordinary differentid equations, we will again
use the Bessdl equation of order O, with y(0) = 1.0000 and y(7) = 0.3001. Subgtituting the finite
difference gpproximations for y¢and y?2 into the differentia equation (5.3), we obtain

Yisa - 2yi +yi—1+yi+l " Y +
(D<)2 2(Dx)

X XY =0,

or
?ﬁ'%gyi-l_i_(-zxi"'X(Dx)z)Yi'{'?ﬁ +%gyi+1:0 (56)

Equation (5.6) appliesfor each grid point x; except the two end points, a which the valuesof y are
known. If we divide the solution interval into n subintervals (n+ grid points), this procedure results
inn-1 equations for n-1 unknowns (the vaues of y at each internal grid point). We can expressthis
systemn of equations as a matrix equation, Ay = b, where A contains the coefficients of the y terms
and b is avector made up of the right-hand sides of the equations.

If wetake Dx = 0.5 (n = 14), we obtain 13 equations.

0.25y, - 0.875y, +0.75y, =0
0.75y, - 1.750y, +1.25y, =0
1.25y, - 2.625y, +1.75y, =0

6.25y,, - 11.375y,,+6.75y,, =0
Thefirst equation above contains y, which is known to be 1.0000 from the specified boundary
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condition; likewise the last of the equations contains y,4 which isknown to be 0.3001.  The set of
equations can be written in matrix-vector form as:

0875 0750 O 0 Vi -0.250
075 -1750 125 0O Vo 0.000
0 125 -2625 175 Vs 0.000
525 -9625 575 0 Vi1 0.000
0 575 -1050 625 Voo 0.000
0 0 625 -11375| | yi 0 0957

Letting A be the coefficient matrix, y be the vector of unknowns, and b be the right-hand-side

vector, we can use the MATLAB command y=A\ b to solve the sat of equations. Theresultis(to 4

decimd places)

X Yy exact error

0 1. 0000 1. 0000 0

0. 5000 0. 9345 0. 9385 0. 0040
1. 0000 0. 7569 0. 7652 0. 0083
1. 5000 0. 4989 0.5118 0. 0129
2. 0000 0.2078 0. 2239 0. 0161
2.5000 -0.0648 -0.0484 0. 0164
3.0000 -0.2732 -0.2601 0.0131
3.5000 -0.3864 -0.3801 0. 0063
4.0000 -0.3944 -0.3971 -0.0028
4.5000 -0.3086 -0.3205 -0.0119
5.0000 -0.1588 -0.1776 -0.0188
5. 5000 0.0146 -0.0068 -0.0214
6. 0000 0. 1694 0.1506  -0.0187
6. 5000 0.2711 0.2601 -0.0110
7. 0000 0. 3001 0.3001  -0.0000
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19 : :
— y(¥ i
O exact 0.02
Ol
057t 0.0
> P é 0
(0]
or 001}
-0.02
-0.5 : - - : : -
0 2 4 6 0 2 4 6
X X

Figure5.3. Finitedifference solution and error for Dx=0.5.

We match the endpoints, but the accuracy is not good because of the coarse grid size. We can
make Dx smaller to improve the accuracy, but in that case we probably don't want to type the
whole of the matrix A in by hand because the size of the matrix becomes much larger. We can
write an mHfile to assgn the values of A and solve the problem for arbitrary step size, as given
below. Aswe would expect from the O((Dx)?) finite difference estimates we used to generate the
finite difference equation, if we want accuracy to 3 decima places, we need a step Sze of roughly

+0.001 @.03.

Y%bessel fd. m
%inite difference solution to Bessel equation

dx=i nput (' step size: ')

n=round((7/dx)-1);

dx=7/(n+l); %adjust dx to give integer nunber of nodes
x=dx: dx: 7-dx;

y1=0; y7=0.3001; %boundary conditions

A=zeros(n,n);

% ormmatrix A using MATLAB di ag command; see 'help diag
A=di ag( - 2*x+x*dx”2) +di ag(x(2: n)-dx/ 2, -1) +di ag(x(1: n-1)+dx/2,1);
b=zeros(n,1); % ight hand side

b(1)=-(x(1)-dx/2)*y1; % eft boundary condition
b(n)=-(x(n)+dx/2)*y7; % ight boundary condition

y=A\ b; %ol ution

exact =bessel j (0, X);

error=exact'-y;

pl ot (x, error)

xl abel (" x"); ylabel('error');
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x10™

error

Figure5.4. Error in finite difference approximation when Dx is reduced to 0.03.

An interesting note in regard to step Sze isthat if we compute vaues of y for step sizes Dx and
Dx /2, we can obtain an improved estimate using Richardson extrapolation. If we begin with
O((Dx)?) estimates of the derivativesin our finite difference equation, we can improve the accuracy
to O((Dx)*) by caculating anew estimate thet is aweighted sum of the results for step Dx and step
Dx /2, specifically the "better" value (i, done with Dx /2) plus 1/3" of the difference between the
"better" value and the "less good” (i.e., donewith Dx). The resulting calculation has error O((Dx)*)!
Schemdicdly, the cdculaion is

_ 1
Voo = NP1+ S{MDX/2]- f DA}
where y[Dx] and y[Dx/2] refer to the values obtained for step sizes Dx and Dx/2, respectively.

5.6. Derivative boundary conditions

Derivative boundary conditions are relatively easily handled when the equation is solved as a
system of smultaneous fird-order equations. In fact, derivative initial conditions must be specified
for second and higher order equations. When this method is being used to shoot for a derivative
boundary condition at the far end of the domain, we can use the same procedures described above,
but applied to the term in the vector y corresponding to that derivative, eg., y(2) for acondition
specified in terms of y¢

The problem isless sraightforward when afinite difference goproximation is used to solve the
equation. To specify aderivative boundary condition in this casg, it is necessary to extend the
domain beyond the specified interva and then to use finite difference forms of the boundary
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conditions to diminate the fictitious points. Thisis probably most easly understood in the context of
an example.

Consder the second-order equation we have been working with in these examples, but now
with a derivative boundary condition specified at x = 0,
xy@+yc¢+xy =0 y(0)=1, y¢7)=0.0046
We need a difference equation for each point a which y is unknown, which now incdludes y(7). In

this case dl of the equations are the same as those given above except for the equations involving yi.
For example, with Dx = 0.5 we have as our equation at X = 7 (i.€., X14)

6.75y,,- 12.25y,, + 7.25y,. =0
and for X13
6.25y,, - 11.375y,, + 6.75y,, =0

We had to add the equation at X = 7 because y at thislocation (y14) isnow an unknown. Doing
this, however, introduces another unknown, y;s, into the difference equation; y;s indicates avaue of
y a x = 7+Dx, apoint outside the domain of the problem. To diminate y;5 from the difference
equation, we employ afinite difference gpproximation to the boundary condition, y&7) = 0.0046.

_ Y5~ Y5 2y —
7) ==—=+0((Dx)") =0.0046
y&7) O ((DX)7)

Thus, to O((Dx)?), we can write yis = Y13 + 2Dx* 0.0046, and the difference equation for yu4
becomes

14y, - 12.25y,, =- 0.0046(2Dx)(7.25)

Now we once again have as many equations as unknowns and can solve the system of equations as
before. More details on derivative boundary conditionsin finite difference equations are provided in
the next chapter.

510



Hornberger and Wiberg: Numerical Methodsin the Hydrological Sciences

5.7. Problems

1. Solvethe equation
ff''+2f'"'=0

for the boundary conditions f (z=0)=0; f'(z=0)=0; f'(z® ¥)=1. ThisistheBladus
equation for the velocity didribution in alaminar boundary layer on aflat plate. The veocity
profileisgivenby f ' (i.e, df/dz) asafunction of z To solve the equation numericdly, the infinite
vaueof zmust be replaced by some large vaue Znu; Zma= 10 should do for this problem.
Rewrite the 39-order ordinary differential equation as a system of first-order equations and use
the shooting method to solve the problem using ode45. You can do this by trid and adjustment.
For achallenge, try coding amore efficient method for finding the initid condition f "(0) that gives
back the desired boundary condition a Zn (i.e., f €z, ) =1.

2. At oneend of aconfined aquifer that extends from x = 0 to x = 1000m, head is maintained at
100m by alake (see figure below). The other end of the aquifer (x =1000) isintersected by an
impervious unit, so that dh/dx = 0. The aquifer, with transmissivity 2.5x10° n?' s?, is overlain by
a 10m-thick, lesky confining bed with hydraulic conductivity 10'° ms™. The overlying water-
table aquifer has a water-table elevation given by h,, =100+0.06x - 0.00003x°.

| =0 x=1000

impervious
The eguation describing the head digtribution in the aquifer is

d 2h Cconfi ning
=- h-

dx’ T (h- )

where T is aquifer transmissvity and Ceniining = hydraulic conductivity/thickness of the confining

layer. Usethefinite difference method to obtain the head digtribution h(x) in the aguifer.

Examine the solution for different values of Dx.
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3. The equations describing the trgjectory of a projectile (eg., an artillery shdl) through the
atmosphere are based on Newton's second law of motion. The problem is complicated by
severa aspects of the physical system: (1) drag force exerted on the projectile depends on the
square of the velocity; (2) drag is dependent on air density which varies with dtitude; (3) drag
must be computed from experimenta data rather than atheoreticd relaionship. These
complexities dictate that a numerical rather than an andytica solution is necessary.

Solve the dynamic equations for a projectile in flight.

2
m—z = - Fp cosq

2

mdtZyZ-FDsinq- mg

1 . . .
whereF :ECDr VZA, v= V2 +Vv], andq istheangle between the x axisand the velocity

vector. [Note that cosq and sing can be expressed as v,/v and v/v respectively.] The diameter
of the projectileis 0.30 m and itsmassis 7 kg. Theinitid velocity of the projectileis 670 ms™ at
an angle of 45°. Table 1 givesvaues of air dendty and the speed of sound as a function of
dtitude. Table 2 gives Cp asafunction of Mach number, the rétio of projectile speed to the
speed of sound at any given dtitude. [You can usethe MATLAB functioni nt er p1 to obtain
vauesof r and Cp, for any dtitude]

Table 1.

Altitude Air Density Speed of Sound
(m) (kg m®) (ms™)
0.00 1225 340.16

2000.00 1.008 332.46

4000.00 0.821 324.46

6000.00 0.660 316.18

8000.00 0.526 307.85

10000.00 0414 29951

12000.00 0311 295.24

14000.00 0.228 295.05

16000.00 0.167 295.05

18000.00 0121 295.05

20000.00 0.088 295.16

22000.00 0.064 296.36

26000.00 0.034 299.06

28000.00 0.025 300.38

24000.00 0.047 297.56

30000.00 0.018 301.77
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Table 2.
Mach Number Drag Coefficient
00 0.50
04 052
08 0.66
12 0.93
16 103
20 101
24 0.99
28 0.97
32 0.95
36 0.93
40 0.92

513



	Chapter 1 Table of Contents
	1. Computation with MATLAB
	1.1. Data in MATLAB
	The basics: Matrices and vectors
	Setting vectors and matrices with internal MATLAB commands
	Simple functions and plots
	ex_1.m
	Figure 1.1. Example of a simple graph produced in MATLAB
	Reading data into MATLAB
	bt.dat
	Figure 1.2. Plot of data from a laboratory column experiment.

	1.2. Mathematical operations with matrices
	Elementary operations: Addition, subtraction, and so forth
	Matrix multiplication
	Multiplication on an element-by-element basis

	1.3. Symbolic math toolbox
	Figure 1.3. Solution to differential equation from the symbolic math toolbox.

	1.4. Programming in MATLAB
	Script files
	ex_2.m
	bt.dat
	harmon_PET.m
	Figure 1.4. Potential evapotranspiration estimated using Hamon’s method.
	Function files
	linreg.m
	Figure 1.5. Schematic of contaminant pulse injection into an aquifer.
	G_puff.m
	Video 1.1. Transport of a contaminant in an aquifer.

	1.5. Summary
	1.6. Problems
	ppt.dat

	1.7. References
	Box 1.1. Controlling attributes of a plot
	Box 1.2. Estimating potential evapotranspiration (PET) using temperature data


function [m,b,sm,sb,r2]=linreg(x,y)

% Simple linear regression of variable y on variable x

%   y=mx+b

% syntax: [m,b,sm,sb,r2]=linreg(x,y)

% m is estimated slope; sm is standard error of estimated slope

% b is estimated intercept; sb is standard error of estimated intercept

% r2 is the coefficient of variation

%

% Solution to normal equations using unweighted least squares:

%   m=(n*sum(x*y)-sum(x)*sum(y))/(n*sum(x^2)-(sum(x))^2)

%   b=mean(y)-m*mean(x)

[k1,k2]=size(x);

n=max(k1,k2);

m=(n*sum(x.*y)-sum(x)*sum(y))/(n*sum(x.^2)-sum(x)^2);

b=mean(y)-m*mean(x);                % regression parameters

r=(y-b-m*x);                        % residuals

s2=sum(r.*r)/(n-2);                 % mean squared error

sm=sqrt(s2*(1/n+mean(x)^2)/sum((x-mean(x).^2))); % standard error

sb=sqrt(s2/sum((x-mean(x).^2)));    % standard error

r2=(sum(x.*y)-(sum(x)*sum(y)/n)).^2/((sum(x.^2)-(sum(x)^2/n))*(sum(y.^2)-(sum(y).^2/n)));

                                    % r-squared

y_hat=m*x+b;                        % estimated y from regression

%

% 95% prediction confidence intervals based on large values of n

y_upper=y_hat+2.306*sqrt(s2)*sqrt(1+1/n+(x-mean(x)).^2/sum((x-mean(x)).^2)); 

y_lower=y_hat-2.306*sqrt(s2)*sqrt(1+1/n+(x-mean(x)).^2/sum((x-mean(x)).^2));

d=max(x)-min(x);

xi=min(x):d/50:max(x);

yh=m*xi+b;

yyl=spline(x,y_lower,xi);

yyu=spline(x,y_upper,xi);

plot(x,y,'+r',xi,yh,xi,yyu,'g',xi,yyl,'g','MarkerSize',6)

xlabel('x')

ylabel('y')

text(0.2*mean(x),0.8*max(y),['r^2=' num2str(r2)])
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48.9 104.7 159.1 81.7 46.6 157.4 151.6 89.5 68.2 64.3 44.1 15.8

130.5 109.0 69.8 67.7 116.2 75.6 77.5 94.7 130.9 74.9 40.1 78.5

62.5 86.9 67.3 55.3 127.3 73.8 115.7 176.8 64.2 40.4 68.0 123.0

111.9 19.4 79.4 68.4 107.9 125.4 138.9 69.0 34.3 92.6 107.1 69.3

64.8 84.8 103.6 112.5 84.8 107.2 120.5 123.6 105.2 37.6 37.1 114.4

58.5 79.4 121.5 66.6 75.9 67.9 136.5 140.7 50.1 125.8 63.6 75.3

100.1 116.5 133.8 73.8 153.0 87.5 147.7 137.7 108.9 171.9 69.5 43.7

107.8 108.1 75.3 58.0 145.9 181.2 117.4 86.1 84.0 89.2 125.7 140.2

97.9 114.1 144.2 126.6 109.0 172.1 85.7 101.5 72.9 60.5 27.9 146.6

122.4 90.2 78.6 66.4 126.9 91.1 91.4 139.6 121.0 14.4 61.5 132.5

137.9 108.9 185.7 66.0 141.0 90.3 213.7 71.7 182.5 58.7 71.6 94.5

84.0 36.5 98.0 24.2 146.3 144.2 85.4 66.2 116.3 184.6 77.2 107.6

68.3 31.9 145.1 52.5 60.7 84.0 54.8 114.9 111.8 134.6 103.4 89.7

199.0 22.2 111.0 101.5 116.5 95.6 140.7 116.0 54.9 28.9 75.8 76.3

148.8 157.4 84.4 134.4 116.3 131.2 95.9 93.8 208.8 77.9 109.4 35.6

120.7 42.6 211.3 68.3 86.3 80.3 82.5 53.5 128.2 88.4 72.6 29.9

17.1 98.0 58.5 45.2 75.9 102.4 146.0 123.2 72.5 82.8 24.0 139.6

120.3 131.1 57.3 114.4 93.7 170.0 118.4 93.9 67.0 88.2 74.0 106.4

68.4 126.5 176.7 147.2 81.6 79.2 51.5 79.7 77.2 98.0 119.4 172.8

95.1 137.5 148.7 119.5 142.1 62.9 207.8 113.0 19.7 57.0 52.4 49.2

92.4 124.4 26.5 28.9 104.3 85.5 158.1 166.1 17.3 115.3 213.2 31.9

33.8 50.3 67.4 28.7 67.8 36.4 83.5 192.1 35.7 85.7 118.3 101.6

153.5 98.3 117.9 107.2 56.3 116.3 73.7 75.8 193.0 32.1 98.2 70.5

85.7 44.5 60.7 71.7 86.7 73.2 102.7 109.1 109.3 74.1 96.7 22.2

53.6 112.3 131.4 102.9 135.7 172.8 178.8 99.6 131.1 121.9 71.1 80.3






x direction

aquifer




