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Phase Singularity Dynamics. Introduction: Quantitative analysis of complex self-excitatory wave
patterns, such as cardiac � brillation and other high-order reentry, requires the development of new tools
for identifying and tracking the most important features of the activation, such as phase singularities.

Methods and Results: Image processing operations can be used to detect the phase singularity at the tip
of a spiral wave. The phase space behavior of a spatiotemporal sequence of data may be reconstructed
using time-series analysis. The phase singularities then are localized ef� ciently by computing the topologic
charge density as the curl of the spatial phase gradient. We analyzed the singularity interaction dynamics
of both experimentally observed and numerically simulated instances of quatrefoil reentry and found that
the singularity behavior in the experimental preparations can be classi� ed into three categories on the
basis of how their separation changes with time.

Conclusion: Topologic charge densities can be calculated easily and ef� ciently to reveal phase singu-
larity behavior. However, the differences between theoretical and experimental observations of singularity
separation distances indicate the need for more sophisticated numerical models. (J Cardiovasc Electro-
physiol, Vol. 12, pp. 716-722, June 2001)
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Introduction

Reentrant excitation, a phenomenon in which a wave of
excitation repeatedly activates the same area of tissue inde-
pendently of the natural cardiac rhythm, is believed to play
a signi� cant role in the initiation of lethal arrhythmias, such
as ventricular tachycardia and � brillation.1,2 The reentrant
circuit around which activation propagates can be de� ned
by an anatomic obstacle, such as an infarction, or by het-
erogeneities of dynamic electrical properties of normal car-
diac tissue, such as the time course of repolarization and
recovery of excitability.3,4 Under such circumstances, the
circuit can manifest itself in the form of spiral waves.5
These waves may remain stationary, drift, and even give
rise to multiple, dynamic reentrant pathways.6,7 The quan-
titative analysis of these complex spatiotemporal patterns of
activation requires the development of new tools that allow
for identifying and tracking the most important topologic
features of the patterns. Simple excitatory waves in nonlin-
ear dynamic systems, such as the spiral wave in the
Belousov-Zhabotinsky (BZ) reaction8 or in cardiac tissue,
typically are analyzed by comparing experimental observa-
tions with the theoretical predictions of numerical models.9

The spiral wave rotates about an organizing center, or

core, which is thought to be an unexcited but excitable
medium that de� nes the primary dynamic characteristics of
the wave.10,11 Within the core, there is a phase singularity,
i.e., a region where the phase is unde� ned. The phase
singularity may be described in terms of topologic charge,
nt,12,13 de� ned as given in Equation 1:

n t ;
1

2p R
c

¹ f z dlY , (1)

where f(rY ) is the local phase, and the line integral is taken
over path lY on a closed curve c surrounding the topologic
defect. Even though the core cannot be easily distinguished
from the surrounding active tissue, it is possible to observe
and track the phase singularity. Hence, it is upon this
element that we focus our attention.

Methods

Theoretical studies of self-excitatory systems can exam-
ine the relationship of the pair of key excitatory and recov-
ery variables in phase space, in which one variable is plotted
against the second. In experimental studies, there is typi-
cally a single observable variable, such as the transmem-
brane potential in cardiac tissue, which we will call V(rY ,t).
To allow us to analyze the system in phase space, we use
time-series analysis to create a second variable, V9 (rY ,t),
which is de� ned by time delay embedding of V:

V 9 (rY , t) ; V(rY , t 1 t), (2)

where t is the delay calculated as the � rst zero crossing of
the autocorrelation of V(rY ,t), indicating linear indepen-
dence.14 From these two variables, we can represent the
temporal behavior of an excitable element in phase space as
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a closed path, termed a phase trajectory. We then can de� ne
the local phase of this element, f(r,t), in terms of angle,
around the trajectory in phase plane, referenced to a central
point.

By de� ning the integrand of Equation 1, the gradient of
the phase, as a wave vector, kY ,

kY (rW , t) ; ¹ f(rY , t) 5


 x
f(rY , t) õ̂ 1



 y
f(rY , t) ĵ, (3)

we see that by evaluating nt for a small circular path of
radius a in Equation 1, the topologic charge nt is propor-
tional to the curl of the wave vector. Speci� cally, we are
concerned with the component perpendicular to the plane
containing c:

( ¹ 3 kY ) z ẑ ; lim
a 0

1
pa2 R

c

kY z dlY . (4)

where kY and dlY are assumed to be restricted to the xy plane.
Because kY is derived from the gradient of a scalar � eld, the
curl of kY is zero everywhere where f is differentiable,
except at the phase singularity itself, where f is unde� ned.
This integral may be computed by the following procedure.
The wave vector kY may be approximated from a discretized
phase image consisting of pixels f[m,n] by a � nite differ-
ence operation in the x and y directions:

kx@ m, n # 5 ¹ fx@ m, n # 5 f @ m 1 1, n # 2 f @ m , n # (5)

ky@ m, n # 5 ¹ fy@ m , n # 5 f @ m, n 1 1 # 2 f @ m, n # . (6)

Absolute phase jumps greater than p in adjacent ele-
ments are corrected by converting them to their 2p com-
plement. Computation of the line integral in Equation 1 at
location [m,n] may be expressed as a convolution operation:

( ¹ 3 kY ) z ẑ } ¹ x ^ ky 1 ¹ y ^ kx, (7)

where is the convolution operator, and

¹ x 5 F 2 1/ 2 0 1 1/ 2
2 1 0 1 1

2 1/ 2 0 1 1/ 2
G , and

¹ y 5 F 1 1/2 1 1 1 1/2
0 0 0

2 1/2 2 1 2 1/2
G (8)

are the convolution kernels.
The procedure developed here was used to locate phase

singularities within a fourfold symmetric reentrant pattern
known as quatrefoil reentry.15,16 Such a pattern was dem-
onstrated recently in cardiac tissue, and, in contrast to most
reentrant arrhythmias, it can be used to create repeatable
patterns of four closely interacting singularities. In this
article, we analyze data from our earlier experiments. The
experimental protocol was described previously,16 but we
summarize it here brie� y. High-speed optical imaging using
a CCD camera at 267 frames/sec was used to record the
response of � ve isolated, Langendorff-perfuse d rabbit
hearts stained with the voltage-sensitive dye di-4-ANEPPS.
The calcium channel antagonist D600 (1 mM) was added to
the perfusate to inhibit motion artifacts. A premature S2

cathodal stimulus was delivered within the vulnerable phase
during periodic pacing via a unipolar point electrode placed
on the posterior left ventricle. Within a narrow range of
coupling intervals, the boundary between the induced vir-
tual anodes and virtual cathodes provided four pathways by
which reentry could occur after the termination of the S2
stimulus. Although the resultant quatrefoil reentry was not
sustained, lasting only a few cycles, there was suf� cient
propagation to clearly identify the reentrant pattern. Spatial
and temporal � ltering was applied to improve the signal-to-
noise ratio, and the signals were normalized with respect to
the S1 amplitude. The value of t used for a spatiotemporal
data sequence was calculated as the average of the optimal
values of t calculated for each pixel in that sequence.

Results

The earlier work by Gray et al.14 and our present study
are the � rst to provide quantitative, experimental measure-
ments of the interaction dynamics of multiple singularities
in cardiac tissue. Although Gray et al. tracked as many as
four singularities at one time and could observe singularity
annihilation, the dynamics of the interaction between these
singularities was not analyzed. In contrast, our experimental
and theoretical studies of quatrefoil reentry provide us with
the requisite data required to test our understanding of these
interactions. For this study, the tissue was modeled as an
anisotropic bidomain, both as a two-dimensional (2D) sheet
of tissue and a three-dimensional (3D) cylinder of tissue,
using cylindrical coordinates (z,r,q) to specify position;
axisymmetry allowed the results for the cylinder to be
determined independently of q by means of an appropriate
coordinate transformation. The active membrane compo-
nents were modeled using Beuler-Reuter kinetics, slightly
modi� ed such that strong hyperpolarization would not pro-
duce unrealistic membrane conductance, and the speed of
the calcium channel kinetics increased by a factor of eight to
ensure a stable spiral wave. Further details on the model
parameters are described elsewhere.17 Figure 1 shows the
spatiotemporal pattern described by quatrefoil reentry for
both a numerically simulated model and an experimental
preparation. Both groups of data were normalized to unity
with respect to the S1 stimulus.

Previous studies indicated that a reduced variation in
action potential amplitude exists in those regions that either
are undergoing conduction block or are located within the
core of a spiral wave.5,16 It stands to reason that calculating
the variance of sequential, overlapping segments of the
temporal signal and identifying those regions of low vari-
ance will highlight these areas. Figure 2 shows the spatio-
temporal relationship between the motion of the activation
wave and the regions of low variance shortly after initiation
of quatrefoil reentry for both the numerical model and
experimental preparation. In each instance, the black mesh
encloses the low-variance regions calculated with an
isovalue of 0.2 in Figure 2A and 0.06 in Figure 2B. The
presence of four distinct low-variance regions and the fact
that the colored surface representing the wavefront rotates
around each of the meshes con� rms that the phase singu-
larity should be located within the low-variance region.

Figure 3 shows a comparison between numerical simu-
lation and experimental preparations of quatrefoil reentry,
along with the images after application of the phase and curl
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operations. The calculated values of t were on the order of
26 msec for the experimental data sequences and 35 msec
for the numerically simulated datasets. In Figures 3B and
3C, note the presence of four phase singularities. In partic-
ular, the value of the curl at the singularity positions in
Figure 3C corresponds to the spiral wave chirality (blue
corresponds to clockwise rotation, red to counterclockwise).
Thus, by this method, we succeeded in isolating the phase
singularity of spiral waves for analysis. Figure 4 shows an
example of quatrefoil trajectories obtained from application
of the above algorithm to both experimentally prepared and

numerically simulated data. It can be seen clearly that the
singularities exhibit dynamic behavior.

In 3D � gure-of-eight reentry, the symmetry of the system
requires that the two singularities de� ne the ends of a
� lament about which the single scroll wave rotates. In the
instance of quatrefoil reentry, the observed surface pattern is
consistent with two pairs of phase singularities connected
by two singularity � laments, about which a pair of synchro-
nized scroll waves rotates underneath the epicardial surface.
If we consider the � nite thickness of the left ventricular
wall, the possibility of two transmural � laments cannot be

Figure 1. Spatiotemporal distribution during quatrefoil reentry of the (A) transmembrane potential in a numerically simulated model and (B) � uorescence
intensity in an experimental preparation. The � uorescent signal obtained from the epicardium is proportional to the transmembrane potential. The color
bar indicates the pseudocolor s used for representing the normalized signal magnitude: yellow is fully depolarized, blue is hyperpolarized , and purple is
resting. Arrow indicates � ber direction.

Figure 2. Spatiotempora l evolution of a quatrefoil reentrant wavefront
pattern relative to regions of low variance of wavefront amplitude in (A)
numerically simulated and (B) experimental preparations . Spatial axes lies
in the horizontal plane; temporal axis is vertical. Solid surface represents
isopotential surface of the reentrant wavefront where the normalized Vm is
0.7, colored for clarity. Black mesh encloses regions of reduced variance in
temporal signal, calculated at a threshold variance value of 0.2 (A) and
0.06 (B).

718 Journal of Cardiovascular Electrophysiology Vol. 12, No. 6, June 2001



Figure 4. Trajectories of quatrefoil phase singularities in x, y, t space,
illustrating dynamic behavior in time. The singularities are numbered 1 to 4
and connected in the same order as in Figure 3, to indicate transverse pairs
and longitudinal pairs. Time interval is measured from the end of the S2
stimulus. (A) Type I: initial linear expansion followed by linear contraction;
(B) type II: initial linear contraction followed by oscillatory contraction; (C)
type III: initial linear expansion followed by expansion trend; (D) 3D
numerical model pair separation distances.

Figure 3. Numerically simulated (left column) and experimental (right column) quatrefoil reentry following an electrical stimulus applied to the center of
tissue. (A) Normalized spatial distribution of transmembrane potential from simulated data and � uorescence intensity from experimental data. Arrow
indicates � ber direction. (B) Phase distribution of image in panel A. (C) Curl distribution of wave vectors calculated from image in panel B, highlighting
the presence of four phase singularities. Transverse pairs (TP) are indicated by numbers 1 and 2, and 3 and 4; longitudinal pairs (LP) are indicated by
numbers 1 and 4, and 2 and 3.
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Figure 5. Plots of the average of the transverse pair and longitudinal pair separation distances for all instances of quatrefoil reentry grouped into the three
types. Each curve represents a different experiment. (A) Type I; (B) type II; (C) type III.

Figure 6. Taxonomy of the pair separation distance S (in mm) plotted as a function of time T, computed as a fraction of the rotation period. T 5 0 represents
the termination of the S2 stimulus. Blue, green, and red lines represent transverse pair, longitudinal pair, and average separation distances, respectively.
Curves begin from time of � rst detection of singularities. (A) Type I; (B) type II; (C) type III; (D) 2D numerical model pair separation distances; (E) 3D
numerical model pair separation distances.

Figure 8. Spatiotempora l evolution of a single spiral wave from Figure 2 relative to
region of low variance of wavefront amplitude and phase singularity trajectory in (A)
numerically simulated and (B) experimental preparations . Spatial axis lies in the
horizontal plane; temporal axis is vertical plane. Solid surface represents isopotential
surface of the reentrant wavefront where the normalized Vm is 0.7, colored for clarity.
Black mesh encloses regions of reduced variance in temporal signal, calculated at a
threshold variance value of 0.2 (A) and 0.06 (B). Thick white line represents trajectory
of the phase singularity.
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ruled out conclusively. For this article, we de� ne the term
transverse pair (TP) as the oppositely charged singularity
pair aligned perpendicular to the axis of symmetry de� ned
by the cardiac � ber direction, as shown in Figure 3A. A
longitudinal pair (LP) describes the pair of singularities
aligned parallel to the cardiac � ber axis of symmetry. Ex-
amples of TP and LP are illustrated in experimental and
simulated data in Figure 3C.

We examined relative distances between transverse and
longitudinal singularity pairs for 20 cases of quatrefoil
reentry. For the earliest detectable singularities, in the ma-
jority of cases the TP separation was less than that of the LP
separation. We found that TP and LP exhibit dynamic
behavior that could be grouped into three classi� cations on
the basis of the time course of the average pair separation,
as shown by speci� c examples of trajectories in Figure 4.
The average of the TP and LP separation distances for each
of the 20 instances of quatrefoil reentry is shown in Figure
5. Figure 6 shows the TP and LP separation distances, along
with the average of the TP and LP separation distances,
averaged for each classi� cation. The taxonomy of the sep-
aration distances is described as follows:

1. Type I (n 5 10) is characterized by an initial expansion
in the TP separation distance and a contraction in the LP
separation distance to form a more equidistant arrange-
ment in the four singularities. The initial phase has an
average expansion velocity of 0.20 mm/msec. Both pairs
then exhibit weak oscillatory behavior at a relatively
constant separation distance (Figs. 4A, 5A, and 6A).

2. Type II (n 5 4) is characterized by an initial overall
contraction in both TP and LP separation distance, with
an average contraction velocity of 0.30 mm/msec. There-
after, both TP and LP separation distances experience
strong oscillatory behavior, coupled with a contraction in
separation distance (Figs. 4B, 5B, and 6B).

3. Type III (n 5 6) is characterized by an initial overall
expansion in both TP and LP separation distances, with
an average expansion velocity of 0.83 mm/msec. After-
ward, both pairs exhibit oscillatory behavior with an
expanding trend in separation distance. At times, the
average TP separation is less than half that of the average
LP separation (Figs. 4C, 5C, and 6C).

Several interesting observations may be made based on
Figure 4. Note that in Figure 4C, a TP is the � rst to
extinguish (labeled 3 and 4). However, in Figures 4A and
4B, the LP singularities labeled 2 and 3 are extinguished in
both cases, most likely by mutual annihilation in the in-
stance of Figure 4A, on the basis of their proximity at the
time the singularities disappear. This behavior in Figures
4A and 4B suggests that the � lament remnants of 1 and 4
have either spanned the myocardial wall so that the other

end of the � lament is not visible or recombined to form a
new transverse pair.18

The same calculations were applied to the numerically
simulated data. In comparison, analysis of pair separation
for the model datasets did not conform to any of the three
classi� cations, exhibiting clearly repetitive oscillatory be-
havior for both TP and LP, in both the 2D and 3D cases.
Examples of numerically simulated separation distances are
shown in Figures 6D and 6E.

Examination of the periodicity of interaction between the
singularities was performed by cross-correlating the TP and
LP separation distances, as shown in Figure 7. As indicated
earlier, the oscillatory nature of type II behavior is re� ected
in the cross-correlation (Fig. 7B), which indicated a period
of oscillation of 133 msec. Type III also suggested an
oscillation of separation distances (Fig. 7C), albeit over a
wider period, unlike type I, which exhibited no interdepen-
dence of separation distances (Fig. 7A). The cross-correla-
tions for the numerical models both display a strong corre-
lation at the zero-th shift.

Discussion

Now that we have identi� ed the phase singularities and
can compute their trajectory in physical space, we can return
to Figure 2 and compare the trajectory to the regions of low
variance. Figure 8 shows a single spiral wave from the
quatrefoil reentry with the corresponding phase singularity
trajectory overlaid as a white line. Although the mesh en-
closes the trajectory completely in the numerical model
(Fig. 8A), for the instance of the experimental preparation,
the trajectory may wander outside the mesh at some places
(Fig. 8B). Whether this disparity is due to the rapidity of
singularity motion, the width of the overlapping temporal
segments used to calculate variance, or the calculation of
phase itself is a topic of further research. In both cases, we
see that the phase singularity trajectory follows the time
course of the low-variance mesh, as expected.

The interaction of rotors has been discussed intensively
in the literature,19-21 but the problem is far from being
resolved. Analytical solutions have been found for simple
systems such as those governed by the Ginzburg-Landau
equations,22,23 demonstrating that inhomogeneities within
the medium will cause frequency-dependent spiral wave
interaction. For systems with FitzHugh-Nagumo dynamics,
no analytical solution has yet been found; numerical simu-
lations show the oscillatory interaction of vortices at close
range where the parameter values have been constrained to
prohibit single vortex meander,24 a signi� cant difference
from experimental observations.6,7 The long-range interac-
tion of vortices has been studied in the BZ reaction,25 again
indicating a frequency-dependent element involved in vor-

Figure 7. Cross-correlation of transverse pair and longitudinal pair separation distances. (A) Type I; (B) type II; (C) type III; (D) 2D numerical model;
(E) 3D numerical model.
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tex drift. At short distances, it was established experimen-
tally that vortices with opposite topologic charges can an-
nihilate,14 in accordance with theory.13

In this article, we observed a signi� cant difference in the
singularity dynamics (as de� ned as the time dependence of
the singularity separation distance) between the experimen-
tal preparations and numerical models. One possible source
of this discrepancy may be the addition of the excitation
decoupler D600 to suppress mechanical contractions for the
purposes of the experiment. Electromechanical uncoupling
agents have been used previously for the purpose of optical
mapping of phase singularities.14 D600 is known to alter
wavefront dynamics, but its full range of effects on singu-
larity dynamics cannot be determined without further study
beyond the scope of this initial article.

Current evidence supports the dependence of epicardial
phase singularity dynamics on underlying � lament behav-
ior.7 Further exploration into the correlation of experimental
and numerical results will necessitate the development of
more detailed models. A future step is to carry out numer-
ical simulations of � lament behavior in a 3D model of
continuous myocardium that more closely represents the
physiologic substrate that may be found in experimental
preparations. Another issue that needs to be addressed is the
fact that using time-series analysis is but one of several
techniques to calculate phase for an oscillatory system (for
review, see Pikovsky et al.26). The algorithm described here
is designed to detect a 2p phase change around a point,
regardless of the technique used to generate the spatial
distribution of phase values. However, the in� uence of the
method chosen to construct the phase map on phase singu-
larity localization (and the derived dynamics) is not yet fully
understood.

Conclusion

The concept of topologic charge provides a technique to
localize phase singularities easily and ef� ciently present in
cardiac tissue that is undergoing reentrant excitation to
reveal the dynamics of their behavior. Our experimental
study demonstrates both expansion and contraction of the
distance between singularities and annihilation of singulari-
ties that are either connected by a � lament or not. We
conclude that the experimentally observed dynamics are
more complex and varied than those predicted by our
model, because the dynamic properties of the model are too
simple, the anisotropies and heterogeneities of the tissue are
not adequately represented, or the model is not operating in
the correct parameter space. Until the models are improved,
our experimental observations of quatrefoil reentry provide
us with an excellent, although experimentally challenging,
system for the study of singularity dynamics.
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