Using a magnetometer to image a two-dimensional current distribution
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We describe a mathematical algorithm to obtain an image of a two-dimensional current
distribution from measurements of its magnetic field. The spatial resolution of this image is
determined by the signal-to-noise ratio of the magnetometer data and the distance between the
magnetometer and the plane of the current distribution. In many cases, the quality of the

image can be improved more by decreasing the current-to-magnetometer distance than b{

decreasing the noise in the magnetometer. REPrinted with permission from Journal of Applied Physics 65 (1), Roth
BJ, Sepulveda NG, Wikswo JP, "Using a Magnetometer to Image a Two-dimensional Current Distribution" 361-372, Copyright
1989, American Institute of Physics. This article may be downloaded for personal use only. Any other use requires prior
permission of the author and the American Institute of Physics.

L INTRODUCTION

Imaging is a common problem in science and medicine,
and many different experimental techniques, such as optical
microscopy, x-ray diffraction, and ultrasound, are used to
obtain images. In this paper we discuss how to obtain an
image of a carrent distribution by measuring its magnetic
field. This imaging technique has biomedical applications,
such as noninvasive localization of epileptic spikes in the
human brain,’ and could be used in the electronics industry
for nondestructive testing of printed circuit boards, hybrid
microcircuits, and large-scale integrated circuits. In biome-
dical studies, determining a current distribution from a mea-
sured magnetic field is called the “biomagnetic inverse prob-
lem.” We have studied this problem extensively for
one-dimensional strands of tissue, such as nerve axons® and
cardiac muscle,’® and have applied our one-dimensional anal-
ysis to reconstructing current sources in the brain.* In this
study we generalize our analysis to two-dimensional sys-
tems, and stress the relationship between the magnetic in-
verse problem and other imaging techniques.

The inverse problem, in general, does not have a unique
solution. However, for current distributions restricted to
two dimensions the inverse problem can be solved uniquely.
We solve the inverse problem for a two-dimensional current
distribution using the mathematical techniques of Fourier
transforms and spatial filtering, which are frequently used in
optical imaging. Of central importance to our discussion is
the relationship between the signal-to-noise ratio of the mea-
sured magnetic field, the distance between the current
source and position where the magnetic field is measured,
the size of the magnetometer pickup coil, and the spatial
resolution of the image of the current distribution.

Figure 1 shows two views of a simulation of a magne-
tometer signal when the component of the magnetic field
normal to a two-dimensional current distribution is mea-
sured over a plane 1 mm above the current. Although these
data were not measured experimentally, they do represent a
possible response of a magnetometer during an experiment,
including the presence of noise. A reader with experience in
interpreting magnetometer signals may be able to determine
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by inspection what current distribution gave rise to this mag-
netic field, but for most readers it is probably difficult to
deduce the spatial distribution of current. Our goal is to de-
rive a mathematical algorithm for extracting an image of the
current distribution from data such as those presented in
Fig. 1.

. METHODS
A. The forward problem

We assume that a current density J(r) lies entirely in a
thin sheet of thickness d lying in the x-y plane, and that we
measure the magnetic field, B(r), over a plane that is at a
height z above the x-p plane, as shown in Fig. 2. The current
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FIG. 1. Two views of simulated magnetometer data. The magnetometer
coil, radius 0.35 mm, detected the normal component of the magnetic field,
B_, over a plane 1 mm above a two-dimensional current source. The magne-
tometer signal has an amplitude of 190 pT and contains 0.5 pT of noise. Our
goalis to reconstruct an image of the current distribution that produced this
magnetic field.
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FIG. 2. Schematic diagram of the simulated experiment. The current den-
sity, J(x,p), is restricted to the x-y plane, and the magnetometer measures
the z component of the magnetic field, B, (x,),2,}, over a plane parallel to
the x-y plane, a height z, above it. The magnetometer consists of a circular
pickup coil, of radius g, attached to a SQUID.

distribution is thin enough that to a good approximation
J(r) can be considered two-dimensional. Furthermore, we
assume that the current is quasistatic, so the divergence of
the current density vanishes,

VJ=0, (M
and we can use magnetostatics to calculate the magnetic
field. In this case, the current density and magnetic field are
related by the law of Biot and Savart,’

J)X(r—r1) ,
B(r) = Lo [ LX) oo, 2
(r) pym r—rP (2)
where yu,, is the permeability of free space, 47x 1077 T m/A.
Let us examine the x component of the magnetic field, B, .

The cross product implies that B, is produced by the y com-
ponent of the current density, J:

B, (x.p.2)
:MZ +ﬂ=J-+<n Jy(x:’y,)
4 e Jew [(X—x')2+(y—y’)2+22]3/2
Xdx' dy’. (3)

Equation (3) representsa convolution of the current density
J,(x'y') with a weighting function, or Green’s function,
that depends only on the distance between r and r'. The con-
volution theorem® allows us to rewrite this equation as

b, (k,.k,.2) =gk, k,.2)], (koK) €))

where b, (k. .k,.2) and j, (k,.k,) are the two-dimensional
Fourier transforms of the magnetic field and current density,
respectively, and g(k,,k,,z) is the Fourier transform of the
Green’s function G(x — x',y — y'.2):

Glx —x'y—y'\2)

Hod 1

. ar [(x—x)i+ (p—y)V 4227

5

The two-dimensicnal Fourier transform is defined as
4+ oo .
Ik k) = J f J (xS dx dy,  (6)
with the inverse Fourier transform given by
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The variables k, and k, are the components of the spatial
frequency k.

To complete our analysis, we must compute the Fourier
transform of the Green’s function. The transform of the
expression in Eq. (5) can be evaluated analytically” and is

glkk,2) = (d /230 V5 (8)

Thus the x component of the magnetic field is just a low-
pass-filtered version of the y component of the current den-
sity, with the amount of filtering depending on the height
above the plane, z.

Similarly, we can calculate the y and z components of
the magnetic field:

b, (ko k,2) = — (od 726 VB (koK) (9)
and
b, (k,.k,2)
= i(yud/l)efﬂ-ﬁz(-————ky
JEI+ K
k

— kK -
T )
We are most interested in the z component of the magnetic
field, since this component is often the easiest to measure.
From the above equation, it looks as if measuring B, does not
determine both J, and J,, but only a linear combination of
the two. However, we also know that the current density
obeys the equation of continuity, Eq. (1), which in trans-
form space becomes

— ik jo (k. k) — ik kk,) =0 (11)
Using this additional relationship between j, and j,, it 1s
clear that we obtain both components of the current density
by measuring the z component of the magnetic field, In fact,

we can obtain both components of the current density from
measurements of any one component of the magnetic field.

Jx(ksky)

(10)

B. The inverse problem

Our goal is not to calculate the magnetic field from the
current density, but just the opposite, to calculate the cur-
rent density from the magnetic field. One of the great
strengths of the spatial filtering technique is that the inverse
problem can be solved by merely dividing the magnetic field
by the filter to obtain the current density,

b, (k,.k,.2)

glkok,z)
This technique works as long as g{k,.,k,,2) is never equal to
zero. However, some filter functions can have zero values.

From Eqgs. (4), (8), and (11) we find that the relationship
between b, and j, is

J, e k,) = (12)

Jetkok,) = — (2/pod) Uk, 7k e T %, (o, 20,
(13)
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When &, is zero, the inverse filter function goes to infinity.
This is equivalent to saying that a uniform current in the x
direction does not produce an x component of the magnetic
field. Thus, the calculation does not have a unique solution,
to the extent that measurements of B, or B, cannot detect a
uniform current in the x direction, and similarly, measure-
ments of B, and B, cannot provide information about uni-
form currents in the p direction (although measurements of
both B, and B, do uniquely specify the current distribu-
tion). The inverse filter function also goes to infinity as

k2 + k2 approaches infinity. This behavier does not pres-
ent a problem as long as the spatial frequency spectrum of
the magnetic field is band-limited. The exponential increase
in the inverse filter implies that the computed current den-
sity is a high-pass-filtered version of the magnetic field.

Spatial frequency analysis, like that presented here, is
used extensively in optical imaging, and many of the con-
cepts used in Fourier optics can be applied to the magnetic
inverse problem. However, a fundamental difference be-
tween the two imaging techniques is that optical imaging
involves electromagnetic waves that have both amplitude
and phase, while the magnetic field we measure is not a wave
and therefore has no phase. Therefore, optical imaging tech-
niques that depend on interference phenomena do not have
obvious analogies in the magnetic inverse problem. Image
restoration techniques developed for optical studies® may
improve our current images. These techniques use a priori
knowledge about the current density, for example, the fact
that a current distribution may be localized on a 5 X 5-mm?
silicon chip, to improve the image quality.

C. Numerical implementation of the calculation

To implement this calculation on a digital computer, we
must consider fields sampled at a finite number of discrete
points instead of continuous functions defined over the en-
tire x-y or k, -k, plane. Since discrete frequency spectra arise
when considering periodic functions, we assume that the
current density is periodic with periods X and Yin the x and
y directions. Although in experiments we do not study peri-
odic currents, we can select X and Y sufficiently large that
our assumption of periodicity does not affect significantly
our results. In practice, X and ¥ must be selected much larg-
er than both the spatial dimensions of the current source and
the height of the magnetometer above the x-y plane. We sam-
ple the current density at discrete points, where ¥, and N,
are the number of points along each axis of a rectangular grid
with sides of length X and Y, and Ax and Ay are the distances
between adjacent points in the grid (Ax =X/N, and
Ay=¥/N,). The distances between points in the k. -k,
plane are Ak, and Ak,, where Ak, = 27/(N_Ax) and
Ak, =2/ (N, Ay). If the frequency spectrum of the current
density is band-limited, and if the maximum spatial frequen-
cies contributing to the current, K, and X, are less than 7/
Ax and 7/Ay, respectively, then by the Whittaker—Shannon
sampling theorem the continuous current density can be
completely recovered from the sampled data.” If the fields
are not band-limited, then aliasing errors may be present in
the discrete representation of the field.

To avoid aliasing errors in our simulations, we do not
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consider currents confined to infinitesimally thin wires, but
instead study only smooth current distributions produced by
convolving the current density in a wire loop with a Gaus-
sian, e~ 7/*’/4 %, where the length constant A determines
the amount of smoothing. Convolution by this Gaussian in
the x-p plane is equivalent to multiplication by e~ *7*** in
the frequency plane. Although the frequency spectrum of
such a current density is not strictly band-limited, the Gaus-
sian greatly attenuates the spatial frequency content of the
current distribution at large k, minimizing aliasing errors.

D. Experimental considerations

When making experimental measurements of the mag-
netic field, we must consider the size of the pickup coil used
in the magnetometer and the presence of noise in the data.
We assume that these experiments use a superconducting
quantum interference device (SQUID) to detect the current
in a square or circular pickup coil, and that the coil is orient-
ed so that it is sensitive to only the z component of the mag-
netic field (Fig. 2). Spatial frequency techniques have been
used to analyze gradiometers (magnetometers containing
several pickup coils at different positions), where they as-
sume that each pickup coil has negligible area.'® Here, we
use spatial frequency methods to analyze the response of a
single pickup coil with a finite area.

It is not the magnetic field at a point but instead the field
averaged over the coil area that determines the signal mea-
sured by the SQUID. This averaging process is equivalent to
a convolution of the magnetic field with a step function
H(r), whichis

1/(wa%),

H(r)=[ < (14)
Q, r>a
for a circular pickup coil of radius a, and
1/L?,  |x|<L/2and || <L /2
Hxp) {0, Ix|> L /20r |y|> L /2 1)

for a square coil with sides of length L. Using the convolu-
tion theorem, we can account for the area of the pickup coil
by multiplying the Fourier transform of the magnetic field
by the Fourier transform of the step function, A(k), which
for the circular loop is

Jy(ka)
hikg) =1—=
(k) ka/2
where J, is the Bessel function of the first kind and first
order, and for the square loop is

sin(k,L /2) sin(k,L/2)
koL /2 k,L /2

These functions are plotted in Fig. 3. When solving the in-
verse problem, the Fourier transform of the measured mag-
netic field must be divided by Ai{k) before calculating the
current density. A difficulty arises because both of these
functions have zeros in the k,-k, plane. If  or L is small
enough that the first zero of A(k) lies outside the largest
frequency contributing to the spatial frequency spectrum of
the current density image, the difficulty is avoided. Thus for
a square pickup coil the largest frequency contributing to the
current image, k., , must be less than 277/L, and for a circu-

, (16)

a7

hlkok,) =
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FIG. 3. Filter functions in spatial frequency space corresponding to the
averaging of the magnetic field over (a) a circular pickup coil with a radius
a=0,564 mm, Eq. (16), or (b) a square pickup coil with sides of length
L = 1 mm, Bq. (17). Both filter functions have a peak amplitude of 1. The
radius of the circular coil was selected so that the two ceils have equal areas.
The first zero of the filter function in (a) occurs at 3.83/a, and in (b) at 27/
L.

lar coil, k_,,, must be less than 3.83/a, where 3.83 is the first
zero of J,(x)."" If k., is larger than these values, then some
spatial frequencies will not be recoverable from the mea-
sured data, and the inverse problem cannot be solved
uniquely.

Noise is present in any experimental measurement. We
assume that environmental noise is eliminated by shielding.
The amount of noise in a SQUID system varies widely, buta
typical SQUID magnetometer has an intrinsic noise of 15 to
50T/ Hz. If the SQUID is operated with a temporal band-
width of 100 Hz, typical of biomedical applicaticns,'” the
resulting signals have a maximum noise of 0.5 pT. We as-
sume that the magnetometer noise is evenly distributed over
all spatial frequencies.

The presence of noise has important ramifications for
solving the inverse problem. The frequency spectrum of the
measured magnetic field will be dominated by noise at high
spatial frequencies, and when we calculate the current den-
sity from the magnetic field we amplify these high-frequency
components. Thus, in the presence of noise, the inverse cal-
culation is unstable because we inevitably amplify high-fre-
quency noise. To surmount this difficulty, we must low-pass
filter our measured magnetic field to eliminate the high-spa-
tial-frequency components before computing the current
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density. We do this by multiplying the magnetic field in fre-
quency space by a Hanning window, "

0.5[1 + cos(whk fhpa )], K <Kmax
0, k> Kpax

The cutoff frequency, k..., must be determined empirically
and is affected by the amplitude of the magnetometer noise,
the spatial frequency content of the current distribution, the
size of the magnetometer pickup coil, and the height z of the
magnetometer above the x-y plane. The attenuation of the
high-spatial-frequency components of the magnetic field re-
sults in a loss of spatial resolution in the calculated current
distribution. Thus, the noise in the measurement limits the
spatial resolution of the image.

We would like to have some quantitative estimate of the
quality of an image. One figure of merit is the normalized
mean-square deviation (MSD) between the original current
density, J(x,p}, and its image, J;,, (X.3):

FETE2 () — Jigpge (X} dx dy
TrEft e 3 P dxdy :

Wik} :{ (18)

MSD =

(19)

The parameter measures both the amplitude of the back-
ground noise and the loss of spatial resolution. The smaller
the MSD, the better the image; if the MSD is zero, the cur-
rent density and its image are identical. The MSD is not the
only way to compare the image quality. In fact, selecting a
single criterion as the definition of “quality” is arbitrary.
However, this parameter does allow us to compare the im-
ages and say something about their relative quality.

Hi. RESULTS

In this section we analyze quantitatively the relation-
ship between noise, the source-to-field point distance, coil
size, and spatial resolution for a specific current distribution.
Figure 4 outlines our calculation. We start with a known
current density, solve the forward problem of calculating the
magnetic field, add noise, solve the inverse problem of calcu-
lating an image of the current density, and then compare the
original current density with its image. In the following cal-
culations we use a grid containing 128 points in the x and y
directions, with a distance between points of 0.1 mm.

Figure 5(a) shows the current lines produced by a
square current loop with sides of 1 mm, carrying 1 uA of
current, convolved with a Gaussian of length constant
A =0.15mm to satisfy the sampling theorem. The x compo-
nent of this current density, J, (x,p), is plotted in Fig. 6(a),
and the imaginary part of its Fourier transform, j, (k,,k, ), 18
shown in Fig. 6(b) (for this particular example, j, is pure
imaginary). The amplitude of the current density is propor-
tional to the total current around the loop and is inversely
proportional to the thickness of the sheet containing the cur-
rent distribution, ; for this example we assume d is 1 pm
(the only effect & has on our calculation is to change the
amplitude of the current density, the magnetic field does not
depend on 4). The Fourier transform of the z component of
the magnetic field, b, (k, .k, ), is calculated from Eqgs. (10)
and (11}, and the real part of b, calculated 1 mm above the
x-y plane is shown in Fig. 6(c). Note that the exponential
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FIG. 4. Schematic diagram summarizing the forward and inverse problems.
Starting with a known x component of the current density, J, (x,y), we cal-
culate the z component of the magnetic field, B, (x,5,z), then add noise, and
calculate an image of the current density from the noisy magnetic field.

FIG. 5. (a) Square current loop with 1-mm-long sides carrying 1 pA. The
current distribution across the loop cross section is Gaussian, with length
constant A = 0.15 mm. Each line corresponds to a current of 0.1 pA. The
arrows indicate the direction of the current density at each point, and the
density (spacing) of the lines indicates the amplitude of the current density.
(b} The image of the current loop in (), obtained from the magnetic field
with noise; z = 1 mm, noise = 0.5 pT, k... = 10mm~".

max
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¢~ *in the filter function causes high spatial frequencies in
J. to be greatly attenuated in b,. The inverse Fourier trans-
form yields the magnetic field as a function of x and y, shown
in Fig. 6(d), which would be measured by a magnetometer
in the absence of noise.

To determine how the magnetometer noise affects our
calculation, we add spatially white noise with an amplitude
of 0.5 pT to the magnetic field, as shown in Fig. 6(e). From
the Fourier transform of this signal, Fig. 6(f), we see that at
low spatial frequencies the signal dominates the noise, but
above k=~ 10 mm™ ' the noise is larger than the signal. When
we perform the inverse calculation using this magnetic field,
we find that because of the exponential factor ¢** in the in-
verse filter function only the highest-frequency components
contribute to the current density image, where noise com-
pletely dominates the magnetic field. Therefore, we low-pass
filter our current-density image using the Hanning window,
selecting k,,,, to be the spatial frequency where the contribu-
tion of signal and noise are approximately equal,
k... = 10 mm~". The windowed Fourier transform of the
current density is shown in Fig. 6(g), where the circle has a
radius of k..., and all frequency components at spatial fre-
quencies larger than &, ,, vanish. When we perform the in-
verse Fourier transform, we obtain the x component of the
current density shown in Fig. 6(h), which can be compared
to Fig. 6(a). There are two differences between the current
and its image. First, in Fig. 6(h) there is some low-ampli-
tude noise throughout the x-y plane. Second, the current
distribution has been widened, rounded, and has a smaller
amplitude; we have lost spatial resolution. These same con-
clusions can be seen in Fig. 5(b), where a plot of the current
lines for the current-density image is presented (the line-
follower algorithm we used was unable to plot the many
small current loops resulting from the noise).

Figure 5 illustrates that in the presence of noise we do
not obtain a perfect image of the current density from mea-
surements of the magnetic field. Our goal, then, is to obtain
the best possible image. There are three primary factors that
determine the spatial resolution: our choice of the cutoff fre-
quency of our low-pass filter, k. ; the height of the magne-
tometer above the current distribution, z; and the amount of
noise in the measured magnetic signal. Qur choice of k, is
somewhat arbitrary. We could choose k., larger, thereby
increasing the spatial resolution of our image, but also in-
creasing the background noise. Conversely, we could elimi-
nate much of the noise by selecting a smaller value for &, ,
with an accompanying rounding of our calculated current.
Figure 7 shows the calculated current density for three val-
unesof k_,, (8,10, and 12mm~"). At k., =12 mm~'the
signal-to-noise ratio of the image is very poor, and if &, is
taken much larger the signal will be lost in the noise; i.e., the
calculation is unstable. The image calculated with
k... = 10 mm~! has the smallest mean-square deviation,
indicating that, at least by one criterion, in Fig. 7, part (b) is
the highest-quality image.

The height of the magnetometer above the current dis-
tribution is particularly important for determining the spa-
tial resolution of our calculated current. In Fig. 8 we repeat
the calculation performed in Fig. 6, but for z = 0.3 mm in-
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FIG. 6. Forward and inverse calculations for z = 1 mm. (a) The x component of the current density, J, (x,»), for the same current loop as in Fig. 5(a), with
peak amplitude of 3.76 mA mm —, (b) the imaginary part of the Fourier transform of the x component of the current density, j, (k,,k, ), (c) the real part of
the Fourier transform of the z component of the magnetic field, b, (k,,k,), at z = 1 mm, and (d) the zcomponent of the magnetic field, B, (x,y), with peak
amplitude of 126 pT. () The same z component of the magnetic field as in (d), but with 0.5-pT amplitudc noise added, () the real part of the Fourier
transform of the z component of the magnetic field with added noise, (g) the imaginary part of the Fourier transform of the x component of the current-

density image, multiplied by, a Hanning window, Eq. (18), with %,,,, = 10 mm~', and (h) the x component of the current density image, with peak

amplitude of 1.42 mA mm ™2

stead of 1 mm. Note that for the smatler value of z, there is
much more high-frequency information in the magnetic sig-
nal. The signal-to-neise ratio of the magnetic field at z = 0.3
mm is better than that at z = 1.0 mm for two reasons: The
amplitude of the signal is larger since the magnetometer is
closer to the source, and the high-frequency information in
the signal has not been attenuated as severely. Thus, we can
select k,,, to be larger than that in Fig. 6, taking
k... =30mm~", as evidenced by the larger circle of non-
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zero field in Fig. 8(g). Since there is essentially no contribu-
tion to the frequency spectrum of the current density at such
high spatial frequencies, we recover the original current den-
sity without distortion and with little noise. In Fig. 9 and
Table I we compare the calculated current density using four
different values of zz  0.1,0.3, 1.0, and 3.0 mm. Atz=0.1
mm, the current can be recovered with the correct amplitude
and little distortion. But at z = 3 mm, the image of the cur-
rent density is extremely rounded and bears little resem-
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FIG. 7. Image of the current density for three different values of k. Both
a plot of J, (x,p,) and the current lines (upper right inset) are shown. The
current density irnage is calculated (rom the z component of the magnetic
field at z =1 mm produced by the square current loop shown in Fig, 5,
where magnetometer noise with an amplitude of 0.5 pT has been added to
the magnetic field. A Hanning window, Eq. (18), with cutoff frequency
k 1 on» was used for the inverse calculation. The amplitude of the x compo-
nent of the current density image, J7**, and the mean square deviation
(MSD) are tabulated below:

Koax (mm~") JmmA mmT?) MSD
(a) 8 1.08 0.52
(b} 10 1.42 0.44
{c) 12 1.78 0.64

blance to the original current density. Moreover, the total
current predicted in the loop is 0.19 A, underestimated by
more than a factor of 5. It is clear that to cbtain an accuraie
image of the current density from measurements of the mag-
netic field, the magnetometer must be close to the source. As
a rule of thumb, the distance from the magnetometer coil to
the source, z, should be as small or smaller than the charac-
teristic scale length of the current source. In our case, the
current distribution has two characteristic lengths: each side
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of the current loop is 1-mm long, and the width of each side is
on the order of 0.15 mm. The 0.15-mm width is evident at
spacings of 0.3 mm or less; the 1-mm diameter of the loop is
lost at a 3-mm spacing.

One aspect of the current distribution is correctly pre-
dicted by each image in Fig. 9. The dipole moment m is
defined as 1/2r x J integrated over the volume of the current
distribution.'* This definition is equivalent to saying that the
dipole moment strength m is equal to the current strength
times the area of the current in loop, In our case, the loop
carries 1 #A and has an area of 1 mm?, so m = 1 gA mm?
To a high accuracy, this value is correctly predicted from
each current image in Fig. 9; the largest error in predicting
the dipole moment is 7% at z = 1 mm, apparently due to the
noise. Thus we see that calculations of the dipole moment of
a current distribution (in gA mm?) from measurements of
the magnetic field may be quite accurate. But to determine
individually the spatial size (in mm) and current strength
(in uA) of a current distribution, an analysis such as ours
must be used, and it is essential that the source-to-measuring
distance be reduced as much as possible.

The third factor in determining the best possible spatial
resolution is the amplitude of the noise in the magnetometer.
However, if the measurement is made at large z, a decrease in
noise makes a surprisingly small improvement in the calcu-
lated image of the current. Let us compare two magneto-
meters, one capable of being positioned only within 3 mm of
the current source, and a second capable of being positioned
within 1 mm. Furthermore, we make the somewhat unrealis-
tic assumption that, because of technical reasons in the de-
sign of magnetometers, the magnetometer that can be placed
1 mm from the source has 100 times the noise present in the
other magnetometer. In other words, the designer of the sec-
ond magnetometer traded a factor of 100 increase in noise
for a factor of 3 in source-to-coil distance. Which magnetom-
eter provides the best image of the current distribution? Fig-
ure 10 shows the magnetic field and calculated image of the
current density in these two cases. The quality of the images
are nearly identical {MSD = 0.947). We conclude that as
long as the coil-to-current spacing is comparable to or larger
than the characteristic scale length of the current source,
improvement in the quality of the reconstructed current
density is more sensitive to the coil-to-source distance than
to the amount of noise in the magnetometer. Ifzis small, or if
there is excessive noise in the magnetometer so that the sig-
nal-to-noise ratio is less than 1, then reducing the noise in the
signal becomes increasingly important. Nevertheless, in
many applications of SQUID magnetometry, dramatic in-
creases in the spatial resolution of the imaged current might
be obtained by decreasing the source-to-coil distance.

The magnetometer pickup coil size also plays a role in
determining the quality of the image. Figure 11 shows, for
two coil radii, the z component of the magnetic field, with
noise, measured 1 mm above the plane of the current, and the
reconstructed image of the current density, using
kp.x = 10mm~". In Fig. 11(a) the magnetic field is calcu-
lated for the limiting case of a coil with zero radius, while in
Fig. 11(c) the field is averaged over a circular coil with a
0.35-mm radius. This radius is small enough that the first
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FIG. 8. Forward and inverse calculations for z = 0.3 mm. (2) The x component of the current density, J, (x,»), for the same current loop asin Fig. 5(a), with
peak amplitude of 3.76 mA mm ™7, (b} the imaginary part of the Fourier transform of the x component of the current density, j, (k,,k, }, (¢) the real part of
the Fourier transform of the zcomponent of the magnetic field, b, (k,.&, ), at z = 0.3 mm, and (d} the z component of the magnetic field, B, {x,y), with peak
amplitude of 756 pT. (¢) The same z component of the magnetic field as in (d), but with 0.5-pT amplitude noise added, (f) the real part of the Fourier
transform of the z component of the magnetic field with added noise, (g} the imaginary part of the Fourier transform of the x component of the current-
density image, multiplied by a Hanning window, Eq. (18), with k_,, = 30 mm~ ', and (h) the x component of the current-density image, with peak
amplitude of 3.08 mA mm ™2

zero in the coil inverse filter function is greater than k., 50 measurements. We can generalize our previous results by
a unique solution to the inverse problem exists. Althougha  considering a current distribution of non-negligible thick-
coil of this size changes the shape of the magnetic field only ~ ness. Specifically, consider a current distribution contained
slightly, it does reduce the quality of the current image. in an unbounded slab of thickness 4, with the surfaces of the

slabatz = 4 d /2. The current density now has three com-
IV. EXTENSIONS TO THREE-DIMENSIONAL CURRENT ponents, and the equation of continuity becomes
DISTRIBUTIONS

For two-dimensional current distributions, the magnet- s (kyrky 2) =0
ic inverse problem—solving the current distribution from dz
the magnetic field—has a unique solution; in three dimen- (20)

sions it does not. This presents a fundamental limitation to  The z component of the magnetic field produced by this cur-
our ability to predict current distributions from magnetic  rent density is

— ik, (Ko k,,2) — ik j, (ko ky.2) +
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FIG. 9. Image of the current density for four different values of z, calculated from the z component of the magnetic field preduced by the square current loop
shown in Fig. 5 after magnetometer noise of 0.5 pT has been added to the magnetic field. Plots of both J. (x,p) and the current lines (upper right inset) are
shown. Each line corresponds to 0.1 uA, except in {d), where each line is 0.05 HA. The peak amplitude of the current density, J ™, the total current in the
loop, /, the dipole moment m, and the mean square deviation MSD are listed in Table I.

+d/s2 + cc + m i ooyt gt ] it
V=V (xy.2)— (x—x) (x Y,
Bz(x,y,Z):&f f f ot ,(2 y2) (2 a3 y,z) ax'dy' dz . (21)
dmi_dnJow Jow [(—x)V 4+ (y— )+ (2 -2)P
Using the convolution theorem, this equation becomes
+dr2 5 3
bz(kx,ky,z):f [,.,lﬂe— kT4 kiz—2)
—ds2 2 ‘
ky . ’ kX . g ;
KN — i kky,2") —————j (K, k,,2) | |dz. (22)
vhkI+E: kI+k:

Note that we cannot solve for j, (kyok,,2') or j, (ko,k,.2") lproblem of the nonuniqueness of the current-density image.
themselves, but only their integrals over z'. In other words,  Second, the field point distance z may be large enough that
from our measurements of the magnetic field we cannot tell  the magnetic field has been severely low-pass filtered, a limi-
the difference between localized (high spatial frequency) tation that is also present in measurements of two-dimen-

deep (z -2 large) currents and diffuse (low spatial fre-  sional current sources and was discussed in detail previous-
quency) shallow (z —z' small) currents. This is a funda-  ly. We can minimize the filtering problem if our data have a
mental limitation, and in general cannot be overcome with-  good signal-to-noise ratio. The magnetic field everywhere
out making invasive measurements of the magnetic field  ouiside the source region (above the slab) can be calculated
inside theslab ( — d /2 <z <d /2). from measurements over any one surface for which z is a

How much information can we obtain from noninvasive constant. In particular, we can make our measurements at
magnetic measurements? The magnetic signals are difficult  z,, and then determine uniquely the magnetic field at an-
to interpret for two reasons. First, there is the unsolvable  other plane, z,. The location of z, could be anywhere above

the slab, including at the slab surface, z, =d /2. Wecall this
calculation the inward continuation of the magnetic field.

TABLE 1. Tmage quality for different values of X . .
1 Image quality for different values of 2 We cannot determine the magnetic field inside the slab, for

2 L s 7 m then we encounter the nonuniqueness problem. But we can
(mm) (mm-') (mA mm~) (#A)  (pAmm?) MSD compute the magnetic field at the surface of the slab and
thereby put back many of the high spatial frequencies.
(ay 0l 100 377 1.00 0.99 0.03 The inward continuation is trivial in the spatial frequen-
(by 03 30 3.08 1.00 0.99 0.07 . )
@ 1o 10 142 093 Lo7 0.44 cy domain. The z component of the magnetic field at z,,
(dy 30 3 0.13 0.19 0.99 0.95 b,(ky,k,,z;), can be related to the measured z component of

the magnetic field, b, (%, ,k,,z,), at a distance z, by
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FIG. 16. Magnetic field and the image of the current density for two different values of magnetometer noise and two different magnetometer distances. The
current density is calculated from the z component of the magnetic field produced by the square current loop in Fig. 5(a). Plots of both J, (x,p) and the
current lines (upper right inset) are shown. In the plots of the magnetic field, the first quadrant is not shown so the signal can more easily be distinguished
from the noise. {a) Magnetic field, 6.5 pT, and (b) image of the current density, 0.13 mA mm 2, for a low-noise magnetometer 3 mm from the current. (c}

Magnetic field, 126 pT, and (d) image of the current density, 0.13 mA mm™

z (mm) noise (pT) kpae (mm™') MSD
(a) and {b) 1.0 0.5 3.0 0.947
(c) and {d) 1.0 50.0 3.0 0.947
T kl(z, -z
b (Ryrkey z) = ¥+ 55 b, (e Ky 2. (23)

Clearly when z, is less than z, the exponential term acts likea
high-pass filter, amplifying the high-spatial-frequency com-
ponents of the signal. The inward continuation provides as
much information as possible from the magnetic measure-
ments without making any assumptions about the current
distribution, i.e., the inward continuation is not dependent
on a specific source model.

Once the magnetic field has been measured over one
plane of constant z, additional information cannot be gained
by measuring the magnetic field over additional planes at
different heights, since we can uniquely calculate the mag-
netic field at one value of z from the magnetic field at another
z using the inward continuation. Also, we cannot get addi-
tional information by measuring more than one component
of the magnetic field, since in the region above the current
distribution both the divergence and the curl of the magnetic
field vanish, providing enough constraints that one field
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2 for a noisy magnetometer | mm from the current:

component suffices to specify the magnetic field completely
(except for a current density that is uniform in the x or y
direction). To gain more information requires us to make an
assumption about the current density, i.e., to replace the gen-
eral current distribution with one constrained by a meodel.

Let us consider a special case for the current density, in
which the source is known to consist of two parallel slabs
separated by a distance e, each of negligible thickness & and
containing unknown two-dimensional current distributions,
J(x,p, + ¢/2) and J(x,p, — e/2), ‘We cannot obtain the cur-
rent density in both slabs by measuring the magnetic field
above the upper slab. Now let us further assume that this
current distribution is such that we can measure the magnet-
ic field both above and below the slabs, i.e., we can measure
B_atzxe/2and at z< —e/2, for example, by flipping the
source over. Then we can obtain two equations that are lin-
early independent and can therefore solve for both of the
current densities. However, if the current densities are cou-
pled, so that current can pass from the upper to the lower
slab, then we can no longer obtain a unique solution.

Roth, Sepulveda, and Wikswo, Jr. 370



Bz(x,v},

Julx, v}

FIG. 1 1. Magnetic field and the current-density image calculated using two sizes of magnetometer pickup coils. (1) Magnetic field measured with a negligibly
small coil radius, z = & mm, noise = 0.5 pT, and (b) the current image, k,,,. = 10 mm™ ', MSD = 0.43. Both a plot of J, (x,y) and the current lines (upper
rightinset} are shown. The same (c) magnetic field, and (d) current image, except that the magnetometer pickup coil had 2 radius of 0.35 mm, MSD = 0.54.
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FIG. 12. (a) Image of the current density, calculated from the noisy mag-
neticfield in Fig. 1:z= 1.0mm, k,,, = 10 mm ', noise = 0.5pT, a = 0.35
mm, and MSD = 0.40, (b) Current density used to calculate the magnetic
field in Fig. 1. The loop carries 1 A of current, and the eurrent profile
across the loop cross section is Gaussian, with 4 = 0.15 mm.

371 J. Appl. Phys., Vol. 65, No. 1, 1 January 1989

Recently, Dallas'® has outlined a technique for three-
dimensional reconstruction of electrical currents in the hu-
man brain from noninvasive measurements of the magnetic
field. He uses the Fourier-transformed Maxwell’s equations
and the Whittaker-Shannon sampling theorem to solve the
inverse problem. It is not clear how his technique handles the
nonuniqueness of the calculated current density. Dallas ac-
knowledges that the current image may not be unique, but
does not explain the implications of nonuniqueness on his
reconstruction algorithm. Kullmann and Dallas'® used this
technique to image currents, but only considered two-di-
mensional current distributions, in which case the solution is
unique, as we have shown in much greater detail in this pa-
per. We believe, but have not proven, that in their three-
dimensional reconstructions, the matrix that must be invert-
ed in their algorithm will be singular. In any case, the ability
of their technique to reconstruct three-dimensional current
distributions has yet to be demonstrated.

V. CONCLUSIONS

Our goal in this paper was to derive an algorithm allow-
ing us to obtain an image of a two-dimensional current distri-
bution from measurements of the magnetic field. We have
accomplished this goal, using a technique based on Fourier
analysis of the data, a method commonly encountered in
optical imaging. Using this technique, we can interpret mag-
netometer signals such as those presented in Fig. 1. Figure 12
shows the image we obtain using our analysis, as well as the
current density used to calculate the data in Fig. 1. Our anal-
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ysis demonstrates the key role that spatial resolution plays in
determining the quality of our images. We have shown that
the spatial resolution that can be obtained in our images
depends on the amount of noise in our data, the size of the
magnetometer pickup coil, and the distance from the current
distribution to the magnetometer coil. When the coil size is
too large, the inverse calculation does not have a unique so-
lution. In many cases decreasing the current-to-coil distance
improves the quality of our images more than does decreas-
ing the magnetometer noise.
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