
 

 

Section 2.4.2 Symmetric Stress Tensor for the Electromagnetic Field 
 
Exercise: The most sensitive measurements carried out to measure the mass of a photon 
were based on the interaction of a terrestrial magnetic field with the cosmic vector 
potential.  Since the distances are vast, even though the magnetic fields are small, the 
cosmic vector potential is large.  The galactic field in the Milky Way, for example, is on 
the order of 10-10 T, and persists over distances on the order of 192 10  m× , corresponding 
to a vector potential ( )92 10  T-mA O= × .  The intergalactic magnetic field in the Coma 

cluster is estimated to be on the order of 112 10  T−× , and to persist over distances of the 
order of 224 10  m× , corresponding to a vector potential ( )1210  T-mA O= .  This is far 
larger than the vector potential (about 200 T-m) of the earth’s dipole field, which is itself 
well beyond our technology.  The principle of the experiment depends on the fact that the 
energy density of the electromagnetic field depends quadratically on the vector potential 
itself when the photon mass does not vanish.  As shown in a previous exercise, the energy 
density including the Proca term is  
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Note that there is no interaction between the magnetic field itself and the vector potential.  
Therefore, in the experiment a coil is designed to create a dipole magnetic vector 
potential that interacts with the locally uniform intergalactic vector potential in the same 
manner as a magnetic dipole interacts with a uniform magnetic field.  For this purpose, a 
toroidal coil is used, as shown in the figure below.   
 

 
 
(a) From the definition  

 ∇ × =A B  

of the vector potential, we see that the magnetic field may be regarded as the “source” of 
A  in the same way that the current density 0µ J  acts as the source of B  in 
magnetostatics, so the toroidal magnetic field looks like a dipole source of vector 
potential.  Use the analogy with the torque = ×m Bττττ  on a magnetic dipole I=m a , 
formed by a current I  flowing in a loop of vector area a , in a magnetic field B  to show 
that the torque on the toroid in the cosmic vector potential A  is 

 2
Aγµ= ×m Aττττ  

where the vector potential dipole moment is  
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in which BΦ  is the magnetic flux around the toroid and a  is the vector area of the toroid.   
(b) The magnetic flux in the toroid was 610  T-mB

−Φ = , and the area of the toroid was 
2 21.5 10  ma −= × .  The limit of detection in the experiment was ( )710  N-mOτ −= .  No 

deflection of the coil was observed.  What upper bound does this place on the photon 
mass based on the galactic vector potential in the Milky Way?  What is the upper bound 
based on the estimated intergalactic vector potential in the Coma cluster?  How do these 
bounds compare with that from the Jovian magnetic field? 
 
Exercise: As shown in the figure below, a solenoidal coil is used to produce a magnetic 
field 0B  at the center of the winding.  The magnetic field, in turn, reacts on the windings 
to distort the coil.  In superconducting magnets the distortion can cause the magnet to go 
normal, and the dissipation of the magnetic energy can boil off large quantities of the 
liquid He used to cool the magnet.  This can be an exciting event when it occurs 
unexpectedly!  In the following, you can use the approximations that the field inside the 
solenoid is 0B  everywhere, and the field outside the solenoid vanishes everywhere.   
 

 
 
(a) If the length of the solenoid is L  and the diameter D , show that the total energy in 
the magnetic field is 
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(b) Using the Maxwell stress tensor, estimate the total force compressing the coil in the 
longitudinal direction.  Show that the total force is 
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(c) Using the Maxwell stress tensor, estimate the magnetic pressure pushing outward 
radially on the coil.  Show that the pressure is  
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(d) MRI (magnetic resonance imaging) is a widely used method for examining the human 
body for medical purposes.  A superconducting solenoid is used to generate an intense 
magnetic field that causes the spins of protons in the water in the body to precess at a 
frequency that can be detected by a separate rf circuit.  In a high-field MRI unit, the 
dimensions of the coil are 2 mL ≈  and 0.8 mD ≈ , and the magnetic field is 0 7 TB ≈ .  
What is the total force on the ends of the coil (give your answer in newtons, and give the 
equivalent weight in tons); the pressure outward on the coil (in pascals, and the 
equivalent in atmospheres); and the total energy (in joules) in the field?  The energy 
released by the high explosive TNT is 2.2 MJ/kg.  What is the TNT equivalent of the 
energy in the magnetic field?   
 


