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Notation

⊗ denotes the Kronecker product operator. If α is an n-dimensional nonnegative integral, |α| denotes
its length, i.e., |α| =

∑n
i=1 |αi|. ‖ · ‖ denotes the Euclidean norm i.e., ‖x‖ = (

∑n
i=1 x

2
i )

1/2, where x is an
n-dimensional vector. We will write ω(j/`) as ωj for notational simplicity. κj(x) denotes the jth cumulant
of a random variable x. vec(·) is the column-by-column vectorization function. vech(·) denotes the column
stacking operator that stacks the elements on and below the leading diagonal. For a nonnegative integral
vector α = (α1, α2, ..., αn), let

Dα =
∂α1

∂xα1
1

· · · ∂
αn

∂xαn
n
.

` and l are treated differently: ` denotes the lag truncation parameter and l denotes an integer.
Let ut = yt − β′0xt, ût = yt − β̃′Txt, vt = ztut, v̂t = ztût, wt = ztx

′
t,

Γ̂j =

{
1
T

∑T
t=1 v̂t+j v̂

′
t j ≥ 0

1
T

∑T
t=1 v̂tv̂

′
t−j j < 0

, ∇Γ̃jδ =

{
1
T

∑T
t=1(vt+jz

′
tx
′
t + zt+jv

′
tx
′
t+j)δ j ≥ 0

1
T

∑T
t=1(vtz

′
t−jx

′
t−j + ztv

′
t−jx

′
t)δ j < 0

,

Γ̃j =

{
1
T

∑T
t=1 vt+jv

′
t j ≥ 0

1
T

∑T
t=1 vtv

′
t−j j < 0

, ∇Γjδ =
{
E(vt+jz

′
tx
′
t + zt+jv

′
tx
′
t+j)δ j ≥ 0

E(vtz
′
t−jx

′
t−j + ztv

′
t−jx

′
t)δ j < 0 ,

Γj =
{
E(vt+jv

′
t) j ≥ 0

E(vtv
′
t−j) j < 0 , δ′∇2Γ̃jδ =

{
1
T

∑T
t=1 δ

′xt+jzt+jz
′
tx
′
tδ j ≥ 0

1
T

∑T
t=1 δ

′xtztz
′
t−jx

′
t−jδ j < 0

,

ŜT =
∑`

j=−` ωjΓ̂j , S̃T =
∑`

j=−` ωjΓ̃j , S̄T =
∑`

j=−` ωjΓj ,

ST =
∑T−1

j=−T+1(1−
|j|
T )Γj , ∇S̃T δ =

∑`
j=−` ωj∇Γ̃jδ, ∇S̄T δ =

∑`
j=−` ωj∇Γjδ,

∇Sδ =
∑∞

j=−∞∇Γjδ, δ′∇2S̃T δ =
∑`

j=−` ωjδ
′∇2Γ̃jδ,

where δ is a p-dimensional vector. Let GT = (1/T )
∑T

t=1 ztx
′
t and mT = T−1/2

∑T
t=1 vt.

Then the studentized statistic can be written as

fT =
√
T (c′Σ̂c)−1/2c′(β̂T − β0) = (c′(G′T Ŝ

−1
T GT )−1c)−1/2c′(G′T Ŝ

−1
T GT )−1G′T Ŝ

−1
T mT .
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We use the following notation for the bootstrap. Let

m∗
T =

1√
T

T∑
t=1

(z∗t u
∗
t − µ∗T ) =

1√
b

b∑
k=1

BNk
,

BNk
=

1√
`

∑̀
i=1

(zNk+iûNk+i − µ∗T ) =
1√
`

∑̀
i=1

(
v̂∗Nk+i − µ∗T

)
,

B̂Nk
=

1√
`

∑̀
i=1

(
zNk+iû

∗
Nk+i − µ∗T

)
, û∗i = yi − β̃∗′xi,

G∗T =
1
T

T∑
t=1

z∗t x
∗′
t =

1
b

b∑
k=1

FNk
,

FNk
=

1
`

∑̀
i=1

zNk+ix
′

Nk+i =
1
`

∑̀
i=1

wNk+i.

Ŝ∗T =
1
b

b∑
k=1

B̂Nk
B̂′

Nk
, S̃∗T =

1
b

b∑
k=1

BNk
B′

Nk
, S∗T = Var∗ (m∗

T ) .

Then the bootstrap version of the first-step and the second-step GMM estimators can be written as

β̃∗ = β̂ +

[
1
b

b∑
k=1

F ′Nk
VT

1
b

b∑
k=1

FNk

]−1

1
b

b∑
k=1

F ′Nk
VT

1√
Tb

b∑
k=1

BNk

= β̂ + [G∗′T VTG
∗
T ]−1

G∗′T VT
1√
T
m∗

T ,

β̂∗ = β̂ +

[
1
b

b∑
k=1

F ′Nk
Ŝ∗−1

T

1
b

b∑
k=1

FNk

]−1

1
b

b∑
k=1

F ′Nk
Ŝ∗−1

T

1√
Tb

b∑
k=1

BNk

= β̂ +
[
G∗′T Ŝ

∗−1
T G∗T

]−1

G∗′T Ŝ
∗−1
T

1√
T
m∗

T ,

respectively.

Proofs of Lemmas

Next, we will present the lemmas used in the proofs of the theorems. Lemma A.1 produces a Taylor series
expansion of the studentized statistic fT . Lemma A.2 provides bounds on the moments and will be used in
the proofs of Lemmas A.3–A.6. Lemma A.3 shows the limits and the convergence rates of the first three
cumulants of gT in (A.1), that will be used to derive the formal Edgeworth expansion. Lemmas A.5 and A.6
provide bounds on the approximation error. For convenience, we present Lemma A.8 that will be used in the
proofs of Lemmas A.9 and A.10. Lemma A.9 shows the consistency and convergence rate of the bootstrap
version of the moments. Lemma A.10 shows the limits and the convergence rates of the first three cumulants
of the bootstrap version.

Lemma A.1:

fT

= a′mT + b′[vec(GT −G0)⊗mT ] + c′[vech(ŜT − S0)⊗mT ]
+d′[vec(GT −G0)⊗ vech(ŜT − S0)⊗mT ] + e′[vech(ŜT − S0)⊗ vech(ŜT − S0)⊗mT ]
+Op((`/T )3/2)

= a′mT + b′[vec(GT −G0)⊗mT ] + c′[vech(ŜT − S̄T )⊗mT ] + c′[vech(S̄T − S0)⊗mT ]
+d′[vec(GT −G0)⊗ vech(ŜT − S̄T )⊗mT ] + e′[vech(ŜT − S̄T )⊗ vech(ŜT − S̄T )⊗mT ]
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+d′[vec(GT −G0)⊗ vech(S̄T − S0)⊗mT ] + e′[vech(ŜT − S̄T )⊗ vech(S̄T − S0)⊗mT ]
+e′[vech(S̄T − S0)⊗ vech(ŜT − S̄T )⊗mT ] + e′[vech(S̄T − S0)⊗ vech(S̄T − S0)⊗mT ]
+Op((`/T )3/2)

≡ gT + c′[vech(S̄T − S0)⊗mT ] + d′[vec(GT −G0)⊗ vech(S̄T − S0)⊗mT ]
+e′[vech(ŜT − S̄T )⊗ vech(S̄T − S0)⊗mT ] + e′[vech(S̄T − S0)⊗ vech(ŜT − S̄T )⊗mT ]
+e′[vech(S̄T − S0)⊗ vech(S̄T − S0)⊗mT ] +Op((`/T )3/2), (A.1)

where a,b, c,d and e are k, k2p, k(k2+k)/2, k2(k2+k)p/2 and k((k2+k)/2)2-dimensional vectors of smooth
functions of G0 and S0, respectively.

Proof of Lemma A.1:
(A.1) immediately follows from a Taylor series expansion of fT around

(m′
T , vec(GT )′, vech(ŜT )′)′ = (01×q, vec(G0)′, vech(S0)′)′

and from Theorem 1 of Andrews (1991). Q.E.D.

Lemma A.2:

E‖mT ‖r+η = O(1), (A.2)
E‖T 1/2vec(GT −G0)‖r+η = O(1), (A.3)

E‖(T/`)1/2vech(S̃T − S̄T )‖r/2 = O(1), (A.4)
E‖(T/`)1/2vech(∇S̃T −∇S̄T )‖r/2 = O(1), (A.5)

E‖T 1/2vech(ŜT − S̃T )‖r/2 = O(1). (A.6)

Proof of Lemma A.2:
First, (A.2) and (A.3) immediately follow from the moment inequality of Yokoyama (1980). Second, we

will show (A.4). Note that

(T/`)1/2(S̃T − S̄T ) = (T/`)1/2
∑̀

j=−`

ωj(Γ̃j − Γj) = (`/T )1/2

[T/`]∑
i=1

Wi

= (`/T )1/2(
∑

i=0mod3

Wi +
∑

i=1mod3

Wi +
∑

i=2mod3

Wi), (A.7)

where

Wi =
1
`

i∑̀
t=(i−1)`+1

{vtv
′
t − E(vtv

′
t) +

∑̀
j=1

ωj [vt+jv
′
t − E(vt+jv

′
t) + vtv

′
t+j − E(vtv

′
t+j)]}.

Note that the summands in each sum on the RHS of (A.7), (e.g., W3,W6,W9, ...), form strong mixing
sequence with mixing coefficient {α`m}∞m=1. Let

W2(1) = `−1
2∑̀

t=`+1

`−1∑
j=0

ωjvt+jv
′
t, W2(2) = `−1

2∑̀
t=`+1

−1∑
j=−`+1

ωjvtv
′
t−j , W2(3) =

`−1∑
j=−`+1

E(v0v′−j)

If

E|W2(1)(i,j)| r
2 = O(1), (A.8)

E|W2(2)(i,j)| r
2 = O(1), (A.9)

E|W2(3)(i,j)| r
2 = O(1), (A.10)

where W2(·)(i,j) denotes the (i, j)th element of W2(·) for i, j = 1, 2, ..., q, then it follows from the moment
inequality that

E
∥∥∥(T/`)1/2vech(S̃T − S̄T )

∥∥∥ r
2

= O(1). (A.11)
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It remains to show (A.8), (A.9) and (A.10). By Assumptions 1(a) and 1(f), it follows that

E|W2(1)(i,j)|r/2 = O(`r/2
∑

t1≤t2≤···≤tr

E|v(k1)
t1 v

(k2)
t2 · · · v(kr)

tr
|), (A.12)

where 0 ≤ tl ≤ 2` and kl = i, j for l = 1, 2, ..., r. Then the standard arguments used in proofs of the moment
inequality complete the proof of (A.8). The proof of (A.9) is analogous to that of(A.8) and thus is omitted.
By the mixing inequality of Hall and Heyde (1980, Corollary A.2), it follows that for some d′ > 0

E|W2(3)(i,j)| r
2 = (

`−1∑
j=−`+1

E(v0v′−j))
r
2 = (

`−1∑
j=−`+1

αd′

j )
r
2 = O(1), (A.13)

and thus (A.10) holds. Therefore, (A.4) immediately follows from (A.7)–(A.10). The proof of (A.5) is
analogous to that of (A.4) and thus is omitted.

Lastly, we will prove (A.6). Note that

T 1/2(ŜT − S̃T ) = T 1/2∇S̃T (β̃T − β0) + T 1/2(β̃T − β0)′∇2S̃T (β̃T − β0). (A.14)

Thus it follows from (A.5) and Minkowski’s inequality that, for an arbitrary p-dimensional vector δ,

[E‖∇S̃T δ‖r]1/r ≤ [E‖(∇S̃T −∇S̄T )δ‖r]1/r + [E‖∇S̄T δ‖r]1/r = O(`1/2T−1/2) +O(1), (A.15)

[E‖δ′∇2S̃T δ‖r]1/r ≤ [E‖
∑̀

j=−`

ωjδ
′(∇2Γj − E(∇2Γj)δ)‖r]1/r + [E‖

∑̀
j=−`

ωj [δ′E(∇2Γj)δ‖r]1/r

= O(`T−1/2) +O(`). (A.16)

Therefore (A.6) follows from (A.14), (A.15), (A.16), Assumption 1(i) and Hölder’s inequality. Q.E.D.

Lemma A.3:

T 1/2κ1(gT ) = α∞ +O(`−q) + o(`T−1/2), (A.17)
(T/`)(κ2(gT )− 1) = γ∞ +O(`−1/2), (A.18)

T 1/2κ3(gT ) = κ∞ − 3α∞ +O(`−q) + o(`T−1/2), (A.19)
(T/`)(κ4(gT )− 3) = ζ∞ +O(`−1/2), (A.20)

where

α∞ = b′
∞∑

i=−∞
E[w0 ⊗ vi] + c′

∞∑
i,j=−∞

E[vech(v0v′i)⊗ vj ]

+c′
∞∑

i=−∞
E{vech[∇S̄(E(w0)′V E(w0))−1E(w0)′V v0]⊗ vi}

γ∞ = 2 lim
T→∞

1
`

∑̀
j=−`

T∑
i,k=−T

E{a′v0c′[vech(viv
′
i−j − Γj)⊗ vk]}

+2 lim
T→∞

1
`T

∑̀
i,l=−`

T∑
i,k,m=−T

E{a′v0e′[vech(viv
′
i−j − Γj)⊗ vech(vkv

′
k−l − Γl)⊗ vm]}

+ lim
T→∞

1
`T

T∑
j,k,m=−T

∑̀
i,l=−`

E{c′[vech(v0v′−i − Γi)⊗ vj ]c′[vech(vkv
′
k−l − Γk)⊗ vm]},

κ∞ =
∞∑

i,j=−∞
E(a′v0a′via′vj) + 3 lim

T→∞

1
T

T−1∑
i,j,k=−T+1

E{a′v0a′vib′[vech(wj − E(wj))⊗ vk]}
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+3 lim
T→∞

1
T

T∑
i,j,k,l=−T

E{a′v0a′vic′[vech(vjv
′
j−k − Γk)⊗ vl}

+3 lim
T→∞

1
T 2

T∑
i,j,k=−T

E{a′v0a′vic′vech[∇S̄(E(w0)′V E(w0))−1E(w0)′V vj ]⊗ vk},

ζ∞

=
4

`T

T∑
i,j,k,m=−T

`∑
l=−`

E{a′v0a′via
′vjc

′[vech(vkv
′
k−l − Γl)⊗ vm]}

+ lim
4

`T 2

T∑
i,j,k,m,o=−T

`∑
l,n=−`

E{a′v0a′via
′vje

′[vech(vkv
′
k−l − Γl)⊗ vech(vmv

′
m−n − Γn)⊗ vo]}

+ lim
6

`T 2

T∑
i,j,l,m,o=−T

∑̀
k,n=−`

E{a′v0a′vic
′[vech(vjv

′
j−k − Γk)⊗ vl]c

′[vech(vmv
′
m−n − Γn)⊗ vo]}

−12 lim
1

`

T∑
j,l=−T

`∑
k=−`

E{a′v0c′[vech(vjv
′
j−k − Γk)⊗ vl]}

−12 lim
1

`T

T∑
j,l,n=−T

∑̀
k,m=−`

E{a′v0e′[vech(vjv
′
j−k − Γk)⊗ (vlv

′
l−m − Γm)⊗ vn]}

−6 lim
1

`T 2

T∑
j,k,m=−T

`∑
i,l=−`

E{c′[(v0v′−i − Γi)⊗ vj ]c
′[(vkv

′
k−l − Γl)⊗ vm]}.

Proof of Lemma A.3: First, we will prove (A.17). By Hölder’s inequality and Lemma A.2, it suffices to show
that

T 1/2E[vec(GT −G0)⊗mT ] =
∞∑

i=−∞
E[w0 ⊗ vi] +O(T−1), (A.21)

T 1/2E[vech(S̃T − S̄T )⊗mT ] =
∞∑

i,j=−∞
E[vech(v0v′i)⊗ vj ] +O(`−q) +O(`T−1), (A.22)

T 1/2E[vech(ŜT − S̃T )⊗mT ] =
∞∑

i=−∞
E{vech[∇S̄(E(w0)′V E(w0))−1E(w0)′V v0]⊗ vi}

+O(`1/2T−1/2), (A.23)

(T/`)E[vech(ŜT − S̄T )⊗ vech(ŜT − S̄T )⊗mT ] = o(1). (A.24)

First, (A.21) follows from several applications of the mixing inequality. Second, we will show (A.22). We
have

T
1
2E[
∑̀
j=0

ωjvech(Γ̃j − Γj)⊗mT ]

=
∑̀
i=0

ωi

T−1∑
j=−`−T+1

T − i1(j > i)− |j|1(j > 0 or j ≤ −i)
T

E[vech(v0v′−i)⊗ vj ]

=
∑̀
i=0

ωi

T−1∑
j=−`−T+1

E[vech(v0v′−i)⊗ vj ] +O(`T−1)

=
∑̀
i=0

T−1∑
j=−`−T+1

E[vech(v0v′−i)⊗ vj ] +O(`−q) +O(`T−1)
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=
∞∑

i=0

∞∑
j=−∞

E[vech(v0v′−i)⊗ vj ] +O(`−q) +O(`T−1). (A.25)

The first equality follows from strict stationarity. Repeated applications of the moment inequality of
Yokoyama (1980) produce

∑̀
i=0

ωi

T−j∑
j=−`−T+1

T − i1(j > i)− |j|1(j > 0 or j ≤ −i)
T

E[vech(v0v′−i)⊗ vj ]

= O

T−1
∑̀
i=0

ωi

 −2j−1∑
j=−`−T

|j|αr′

−i−j +
−j∑

j=−2j

|j|αr′

i +
−(1/2)i∑
j=−i

iα−j

+
−1∑

j=−(1/2)i+1

iαr′

i+j +
i∑

j=0

(i+ j)αr′

i +
T−1∑

j=i+1

(i+ j)αr′

j


= O(`T−1). (A.26)

for some r′ ∈ (0, 1), from which the second equality follows. Arguments analogous to the proof of Theorem
10 of Hannan (1970, pp.283-284) yield the last two equalities. By symmetric arguments, it follows that

T
1
2E[

−1∑
j=−`

ωjvech(Γ̃j − Γj)⊗mT ]

=
−1∑

i=−∞

∞∑
j=−∞

E[vech(v0v′−i)⊗ vj ] +O(`−q) +O(`T−1). (A.27)

Hence, (A.23) follows from (A.25) and (A.27). Third, we will show (A.23). It follows from (A.14), Assumption
1(a) and Lemma A.2 that

T
1
2E[vech(ŜT − S̃T )⊗mT ]

= T
1
2E[vech(∇S̃T (β̃T − β0) + (β̃T − β0)′∇2S̃T (β̃T − β0))⊗mT ]

= T
1
2E[vech((∇S̃T −∇S̄T )(β̃T − β0)⊗mT )] + T

1
2E[vech(∇S̄T (β̃T − β0)⊗mT )]

+T
1
2E[vech(((β̃T − β0)′∇2S̃T −∇2S̄T )(β̃T − β0))⊗mT ]

+T
1
2E[vech(((β̃T − β0)′∇2S̄T (β̃T − β0))⊗mT )]

=
∞∑

i=−∞
E{vech[∇S̄(E(x0z

′
0)
′V E(z0x′0))

−1E(x0z
′
0)
′V v0 ⊗ vi]}+O(`1/2T−1/2), (A.28)

which completes the proof of (A.23). Lastly, we will show (A.24). We have

(T/`)E[vech(ŜT − S̄T )⊗ vech(ŜT − S̄T )⊗mT ]
= (T/`)E[vech(S̃T − S̄T )⊗ vech(S̃T − S̄T )⊗mT ] + o(1)

= `−1T−3/2
T∑

t,s,u=1

E[
∑̀
i=−`

vech(vt+iv
′
t − Γi)⊗

∑̀
j=−`

vech(vs+jvs − Γj)⊗ vu] + o(1). (A.29)

Consider two sets of s, t and u: In Set (i) the maximum of |t− s|, |s− t| and |u− t| is greater than ` and in
Set (ii) the maximum of |t− s|, |s− t| and |u− t| is smaller than or equal to `. For t, s, u that belong to Set
(i), it follows from repeated applications of the moment inequality as in Yokoyama (1980) that the sum of

E[
∑̀
i=−`

vech(vt+iv
′
t − Γi)⊗

∑̀
j=−`

vech(vs+jvs − Γj)⊗ vu]
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over Set (i) is of orderO(`2T ) where `2 comes from the variances of
∑`

i=−` vech(vt+iv
′
t−Γi) and

∑`
j=−` vech(vs+jvs−

Γj). For t, s, u that belong to Set (ii), the sum over (ii) is the sum of

E[vech(vt+iv
′
t)⊗ vech(vs+jvs)⊗ vu],

E[vech(Γi)⊗ vech(vs+jvs)⊗ vu],

and
E[vech(vt+iv

′
t)⊗ vech(Γj)⊗ vu].

By repeated applications of the moment inequality again, the sum of each of the three terms is of order
O(`2T ) because i, j, |t− s|, |s− u| and |u− t| vary from 1 to `. Thus, the first term on the R.H.S. of (A.29)
is of order O(`T−1/2) which is o(1). Therefore, (A.17) follows from (A.21)–(A.24).

Next, we will prove (A.18). It follows from (A.17), Hölder’s inequality and Lemma A.2 that

κ2(gT )− 1 = E(g2
T )− [E(gT )]2 − 1

= 2E{a′mT b′[vec(GT −G0)⊗mT ]}+ 2E{a′mT c′[vech(S̃T − S̄T )⊗mT ]}
+2E{a′mT e′[vech(S̃T − S̄T )⊗ vech(S̃T − S̄T )⊗mT ]}
+E{c′[vech(ŜT − S̄T )⊗mT ]}2 +O(`1/2T−1). (A.30)

Thus, we only need to analyze the first four terms on the RHS of (A.30). First, by repeated applications of
the mixing inequality as in the proof of moment inequalities (e.g, the proof of Lemma 4 of Billingsley, 1968,
pp.172–174), one can show that

TE{a′mT b′[vec(GT −G0)⊗mT ]} = O(1). (A.31)

Second, it follows from arguments similar to the one used in the proof of (A.17) that

(T/`)E{a′mT c′[vech(S̃T − S̄T )⊗mT ]}

= (`T )−1
∑̀

j=−`

T∑
t=1

T∑
s=1

T∑
u=1

ωjE{a′vtc′[vech(vsv
′
s−j − Γj)⊗ vu]}

= `−1
∑̀

j=−`

T−1∑
i,k=−T+1

ωj(1− τi,k)E{a′v0c′[vech(viv
′
i−j − Γj)⊗ vk]}

= `−1
∑̀

j=−`

T−1∑
i,k=−T+1

ωjE{a′v0c′[vech(viv
′
i−j − Γj)⊗ vk]}+O(`T−1)

= `−1
∑̀

j=−`

T−1∑
i,k=−T+1

E{a′v0c′[vech(viv
′
i−j − Γj)⊗ vk]}+O(`−qw) +O(`T−1)

= lim
T→∞

`−1
∑̀

j=−`

T−1∑
t=−T+1

T−1∑
s=−T+1

E{a′v0c′[vech(vtv
′
t−j − Γj)⊗ vs]}+O(`−1), (A.32)

(T/`)E{a′mT e′[vech(S̃T − S̄T )⊗ vech(S̃T − S̄T )⊗mT ]}

=
1
`T 2

∑̀
i,j=−`

T∑
r,s,t,u=1

ωiωjE{a′vre′[vech(vsv
′
s−i − Γi)⊗ vech(vtv

′
t−j − Γj)⊗ vu]}

=
1
`T

∑̀
i,j=−`

T∑
s,t,u=−T

ωiωj(1− τs,t,u)E{a′v0e′[vech(vsv
′
s−i − Γi)⊗ vech(vtv

′
t−j − Γj)⊗ vu]}

=
1
`T

∑̀
i,j=−`

T∑
s,t,u=−T

ωiωjE{a′v0e′[vech(vsv
′
s−i − Γi)⊗ vech(vtv

′
t−j − Γj)⊗ vu]}
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+O(`2T−1)

=
1
`T

∑̀
i,j=−`

T∑
s,t,u=−T

E{a′v0e′[vech(vsv
′
s−i − Γi)⊗ vech(vtv

′
t−j − Γj)⊗ vu]}

+O(`−q) +O(`2T−1)

= lim
T→∞

1
`T

∑̀
i,j=−`

T∑
s,t,u=−T

E{a′v0e′[vech(vsv
′
s−i − Γi)⊗ vech(vtv

′
t−j − Γj)⊗ vu]}

+O(`−1), (A.33)

and

(T/`)E{c′[vech(ŜT − S̄T )⊗mT ]}2

= `−1T−2
T∑

t,s,u,v=1

∑̀
i,j=−`

ωiωjE{c′[vech(vsv
′
s−i − Γi)⊗ vt]c′[vech(vuv

′
u−j − Γj)⊗ vv]}

= (`T )−1
T∑

j,k,m=−T

∑̀
i,l=−`

ωiωj(1− τj,k,m)E{c′[vech(v0v′−i − Γi)⊗ vj ]

×c′[vech(vkv
′
k−l − Γk)⊗ vm]}

= (`T )−1
T∑

j,k,m=−T

∑̀
i,l=−`

ωiωjE{c′[vech(v0v′−i − Γi)⊗ vj ]c′[vech(vkv
′
k−l − Γk)⊗ vm]}

+O(`T−1)

= (`T )−1
T∑

j,k,m=−T

∑̀
i,l=−`

E{c′[vech(v0v′−i − Γi)⊗ vj ]c′[vech(vkv
′
k−l − Γk)⊗ vm]}

+O(`−q) +O(`T−1)

= lim
T→∞

`−1T−1
T∑

j,k,m=−T

∑̀
i,l=−`

E{c′[vech(v0v′−i − Γi)⊗ vj ]c′[vech(vkv
′
k−l − Γk)⊗ vm]}

+O(`−1), (A.34)

where τi,k = (1/T ) min(max(|i|, |k|, |i−k|), T ) and τs,t,u = (1/T ) min(max(|s|, |t|, |u|, |s−t|, |t−u|, |u−s|), T ).
The proofs of (A.32), (A.33) and (A.34) are similar to that of (A.17) and thus details are omitted. Therefore,
(A.18) follows from (A.30)–(A.33).

Third, we will prove (A.19). By (A.17), (A.18) and

κ3(gT ) = E(g3
T )− 3E(g2

T )E(gT ) + 2(E(gT ))3, (A.35)

it suffices to show that
T 1/2E(g3

T ) = κ∞ +O(`−q) + o(`T−1/2). (A.36)

It follows from Assumption 1(a), Hölder’s inequality and Lemma A.2 that

E(g3
T ) = E[(a′mT )3] + 3E{(a′mT )2b′[vec(GT −G0)′ ⊗mT ]}

+3E{(a′mT )2c′[vech(S̃T − S̄T )⊗mT ]}
+3E{(a′mT )2c′[vech(ŜT − S̃T )⊗mT ]}+ o(`T−1). (A.37)

The rest of the proof is similar to that of (A.17), and thus we will only show that

T
1
2E{(a′mT )2c′[

∑̀
j=−`

vech(Γ̃j − Γj)⊗mT ]}

= lim
T→∞

(1/T )
T−1∑

τ,t,s,k=−T+1

E{a′v0a′vτc′[vech(vtv
′
t−k − Γk)⊗ vs]}. (A.38)
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It follows from arguments similar to the proof of (A.21) that

T
1
2E{(a′mT )2c′[vech(S̃T − S̄T )⊗mT ]}

= (1/T )
T−1∑

s,t,u=−T+1

∑̀
j=−`

ωj(1− τs,t,u)E{a′v0a′vsc′[vech(vtvt−j − Γj)⊗ vu]}

= (1/T )
T−1∑

s,t,u=−T+1

∑̀
j=−`

ωjE{a′v0a′vsc′[vech(vtvt−j − Γj)⊗ vu]}+O(T−1)

= (1/T )
T−1∑

s,t,u=−T+1

∑̀
j=−`

E{a′v0a′vsc′[vech(vtvt−j − Γj)⊗ vu]}+O(`−q)

= lim
T→∞

T−1
T−1∑

τ,t,s=−T+1

∑̀
j=−`

E{a′v0a′vτc′[vech(vtv
′
t−j − Γj)′ ⊗ vs]}+O(`−q). (A.39)

By arguments similar to the proof of Lemma 1 of Andrews (1991, pp.850–851), one can show that the RHS
of (A.39) equals the infinite sum of the product of two expectations plus some finite number. By the mixing
inequality, it follows that the infinite sum of the product of two expectations is finite. Therefore, the RHS
of (A.39) is well defined.

Lastly, we will show (A.20).

κ4(gT )− 3 = 4E{(a′mT )3c′[vech(ŜT − S̄T )⊗mT ]}
+4E{(a′mT )3e′[vech(ŜT − S̄T )⊗ vech(ŜT − S̄T )⊗mT ]}

+6E
(
(a′mT )2{c′[vech(ŜT − S̄T )⊗mT ]}2

)
−12E{a′mT c′[vech(ŜT − S̄T )⊗mT ]}
−12E{a′mT e′[vech(ŜT − S̄T )⊗ vech(ŜT − S̄T )⊗mT ]}
−6E{c′[vech(ŜT − S̄T )⊗mT ]}2 +O(`1/2T−1), (A.40)

from which the desired result follows by similar arguments. Q.E.D.

Lemma A.4: Let ψg,T (x) denote the characteristic function of gT . Then

ψg,T (x)

= exp(−θ
2

2
)
[
T−

1
2 (α∞(iθ)− iθ3

6
(κ∞ − 3α∞))− `

T
(
θ2

2
γ∞ +

θ4

24
ζ∞) + o(

`

T
)
]
, (A.41)

P (gT ≤ x) = Ψ(x) + T−1/2p1(x) + (`/T )p2(x) + o(`/T ). (A.42)

Proof of Lemma A.4: The proof of (A.41) follows from the series expansion argument. (A.42) can be obtained
by inverting (A.41). Q.E.D.

Lemma A.5: Following Götze and Künsch (1996), define a truncation function by

τ(x) = T γxf(T−γ‖x‖)/‖x‖

where γ ∈ (2/r, 1/2) and f ∈ C∞(0,∞) satisfies (i) f(x) = x for x ≤ 1; (ii) f is increasing; and (iii) f(x) = 2
for x ≥ 2. Let f†T denote fT with R̄t ≡ (v′t, ṽt, vec(wt)′) replaced by

R̄†t = (v†′t , ṽ
†′
t , vec(w†t )

′)′ = τ ((v′t, ṽ
′
t, vec(wt)′)′) .

Let Ψ†
T and Ψ†

g,T denote the Edgeworth expansions of f†T and g†T , respectively. Let ψ†g,T (x) and ψ̃†g,T (x)
denote the characteristic functions of g†T and Ψ†

g,T , respectively. Then

sup
x
|P (fT ≤ x)−ΨT (x)| ≤ C

∫
|θ|<T 1−2/r

|ψ†g,T (θ)− ψ̃†g,T (θ)||θ|−1dθ +O(`−q) + o(`T−1). (A.43)
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Proof of Lemma A.5: First, we will show that

sup
−∞<x<∞

|P (fT ≤ x)−ΨT (x)| = sup
−∞<x<∞

|P (f†T ≤ x)−Ψ†
T (x)|+ o(`T−1). (A.44)

Since

P

(
max

1≤t≤T
‖R̄t‖ > T γ

)
≤

T∑
t=1

P (‖R̄t‖ > T γ) = O(T 1−γr), (A.45)

it follows that
sup

−∞<x<∞

∣∣∣P (fT ≤ x)− P (f†T ≤ x)
∣∣∣ = O(T 1−γr) = O(T−1). (A.46)

Then it follows from Lemma A.2 and (A.45) that

E‖m†
T −mT ‖j ≤ 2jE[‖mT ‖jI( max

1≤t≤T
‖Rt‖ > T γ)]

≤ 2j(E‖mT ‖2j)1/2P ( max
1≤t≤T

‖Rt‖ > T γ)1/2

= o(T−1/2) (A.47)

for j ≤ r/2. Similarly, we obtain that

E‖T 1/2vec[(G†T −G†0)− (GT −G0)]‖j = o(T−1/2), (A.48)

E‖(T/`)1/2[vech(S̃†T − S̄†T )− vech(S̃†T − S̄†T )]δ‖j = o(T−1/2), (A.49)

E‖(T/`)1/2[vech(∇S̃T −∇S̄T )− vech(∇S̃T −∇S̄T )]‖j = o(T−1/2), (A.50)

E‖T 1/2[vech(Ŝ†T − S̃†T )− vech(Ŝ†T − S̃†T )]|j = o(T−1/2), (A.51)

for j ≤ r/2. Thus it follows from Lemma A.2, (A.45), (A.47)-(A.51) that

sup
−∞<x<∞

∣∣∣ΨT (x)−Ψ†
T (x)

∣∣∣ = o(`T−1). (A.52)

Therefore (A.44) follows from (A.46) and (A.52).
Next, we will show that

sup
x
|P (f†T ≤ x)−Ψ†

T (x)| = sup
x
|P (g†T ≤ x)−Ψ†

g,T (x)|+O(`−q) +O(`3/2T−3/2). (A.53)

Let

h†T = g†T + c′[vech(S̄†T − S†0)⊗m†
T ] + d′[vec(GT −G0)⊗ vech(S̄†T − S†0)⊗m†

T ]

+e′[vech(Ŝ†T − S̄†T )⊗ vech(S̄†T − S†0)⊗m†
T ]

+e′[vech(S̄†T − S†0)⊗ vech(Ŝ†T − S̄†T )⊗m†
T ]

+e′[vech(S̄†T − S†0)⊗ vech(S̄†T − S†0)⊗m†
T ],

and let Ψh,T (x) denote its Edgeworth expansion. Using the definition of Taylor series expansions, Lemma
A.2 and Markov’s inequality, P (|f†T − h†T | > `3/2T−3/2) can be made arbitrarily small. Thus we have

sup
x
|P (f†T ≤ x)−Ψ†

T (x)| = sup
x
|P (h†T ≤ x)−Ψ†

h,T (x)|+O(`3/2T−3/2). (A.54)

Since the difference between the Edgeworth expansions of g†T and of h†T is O(S̄†T − S†T ), it follows that

sup
x
|P (h†T ≤ x)−Ψ†

h,T (x)| = sup
x
|P (g†T ≤ x)−Ψ†

g,T (x)|+O(`−q). (A.55)
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Therefore, (A.53) follows from (A.54) and (A.55).
Lastly, it follows from the so-called smoothing lemma (e.g., Proposition C1 of Fan and Linton, 1997)

that

sup
x
|P (g†T ≤ x)−Ψ†

g,T (x)| ≤ C

∫
|θ|<T 1−2/r

|ψ†g,T (θ)− ψ̃†g,T (θ)||θ|−1dθ +O(T−1+2/r). (A.56)

Therefore, Lemma A.5 follows from (A.44), (A.53) and (A.56) as r > 12. Q.E.D.

Lemma A.6: For 0 < ε < 1/6, ∫
|θ|≤T ε

|ψ†g,T (θ)− ψ̃†g,T (θ)||θ|−1dθ = o(`T−1). (A.57)

Proof of Lemma A.6: Write g†T as

g†T = a′m†
T + b′[vec(G†T −G†0)⊗m†

T ] + c′[vech(S̃†T − S̄T )⊗m†
T ]

+c′[vech(Ŝ†T − S̃T )⊗m†
T ] + d′[vec(G†T −G†0)⊗ vech(S̃†T − S̄†T )⊗m†

T ]

+d′[vec(G†T −G†0)⊗ vech(Ŝ†T − S̃†T )⊗m†
T ]

+e′[vech(S̃†T − S̄†T )⊗ vech(S̃†T − S̄†T )⊗m†
T ]

+e′[vech(S̃†T − S̄†T )⊗ vech(Ŝ†T − S̃†T )⊗m†
T ]

+e′[vech(Ŝ†T − S̃†T )⊗ vech(S̃†T − S̄†T )⊗m†
T ]

+e′[vech(Ŝ†T − S̃†T )⊗ vech(Ŝ†T − S̃†T )⊗m†
T ]

≡ g†T,1 + g†T,2 + ...+ g†T,10.

Then a Taylor series expansion of E(exp(iθg†T )) around g†T,2 + g†T,3 + ...+ g†T,10 = 0 yields

E(exp(iθg†T )) = E(exp(iθg†T,1) + iθE[exp(iθg†T,1)(g
†
T,2 + g†T,3 + g†T,4)]

+
(iθ)2

2
E[exp(iθg†T,1)(2g

†
T,1g

†
T,3 + 2g†T,1g

†
T,7 + g†2T,3)]

+
(iθ)3

6
E[exp(iθg†T,1)(3g

†2
T,1g

†
T,2 + 3g†2T,1g

†
T,3 + 3g†2T,1g

†
T,4)]

+
(iθ)4

24
E[exp(iθg†T,1)(4g

†3
T,1g

†
T,3 + 4g†3T,1g

†
T,7 + 6g†2T,1g

†2
T,3)]

+O(θ4[E(g†4T,2) + E(g†4T,3) + ...+ E(g†4T,10)]). (A.58)

We will analyze each term on the RHS of (A.58) in turn. First, it follows from Lemma 3.33 of Götze and
Hipp (1983) that

E

{
exp(iθg†T,1)−

[
1 +

(iθ)3

6
E(a′m†

T )3 +
θ4

24
(E(a′m†

T )4 − 3)− θ6

72
(E(a′m†

T )3)2
]

exp(−θ
2

2
)

}
= O((1 + |θ|9) exp(−θ2)T−1−ε). (A.59)

Second, let ψ̃X denote the multivariate expansion of E(exp(ic′T−1/2
∑T

t=1X
†
t )) whereX†

t = (a′v†t , v
†′
t , (w

†
t−

vecG†0)
′)′. Then an application of Lemma 3.33 of Götze and Hipp (1983) with ϑ = (θ, 0, ..., 0)′ yields

|E{exp(iθg†T,1)[iθg
†
T,2 +

(iθ)3

2
g†2T,1g

†
T,2]}

−
(

(iθ − (iθ)3

2
)E{b′[vec(G†

T −G†
0)⊗m†

T ]}+
(iθ)3

2
E{(a′m†

T )2b′[vec(G†
T −G†

0)⊗m†
T ]}
)

exp(−θ
2

2
)|

≤ T−1/2
∑

α

|cα||Dα[E(exp(iϑ′T−1/2

T∑
t=1

X†
2t))− ψ̃X ]|

= O((1 + |θ|8 + |θ|10) exp(−θ2)T−1−ε), (A.60)
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where cα are the corresponding elements of a, b and G0.
Third, we will show that

|iθE[exp(iθg†T,1)[iθg
†
T,3 + (iθ)2g†T,1g

†
T,3 +

(iθ)3

2
g†2T,1g

†
T,3 +

(iθ)4

6
g†3T,1g

†
T,3]]

−
(

(iθ − 1
2
(iθ)3)E{c′[vech(S̃†T − S̄†T )⊗m†

T ]}+ (iθ)2E{a′m†
T c′[vech(S̃†T − S̄†T )⊗m†

T ]}

+
(iθ)3

2
E{(a′m†

T )2c′[vech(S̃†T − S̄†T )⊗m†
T ]}

+
(iθ)4

6
E{(a′m†

T )3c′[vech(S̃†T − S̄†T )⊗m†
T ]}
)

exp(−1
2
θ2)|

= O((1 + |θ|6) exp(−θ2)`T−1−ε). (A.61)

Note that the first term of (A.61) can be written as a weighted sum of

E{exp(iθg†T,1)[iθ + (iθ)2a′m†
T +

(iθ)3

2
(a′m†

T )2 +
(iθ)4

6
(a′m†

T )3]c′[vech(Γ̃†j − Γ†j)⊗m†
T ]} (A.62)

and that the rest of the terms can be written as a weighted sum of

E{[iθ − 1
2
(iθ)3 + (iθ)2a′m†

T +
(iθ)3

2
(a′m†

T )2 +
(iθ)4

6
(a′m†

T )3]c′[vech(Γ̃†j − Γ†j)⊗m†
T ]} exp(−θ

2

2
) (A.63)

We will apply Lemma 3.33 of Götze and Hipp (1983) to (A.62) and (A.63). Let ψ̃Y denote the multivariate
expansion of E(exp(iϑ′T−1/2

∑T
t=1 Y

†
t )) where ϑ = (θ, 0, ..., 0) and

Y †t = (a′m†
T ,m

†′
T , T

−1/2
T∑

t=1

vech[vtv
′
t−j − E(vtv

′
t−j)]

′)′.

Then the difference between (A.61) and (A.62) are bounded by

T−1/2
∑
α

|cα|Dα

∣∣∣∣∣E(exp(iϑ′T−1/2
T∑

t=1

Y †t ))− ψ̃Y )

∣∣∣∣∣ = O((1 + |θ|6) exp(−θ2)T−1−ε), (A.64)

where cα are the corresponding linear combinations of a and c. Thus (A.61) follows.
Fourth, by arguments analogous to the proof of (A.61), one can show that

|E[exp(iθg†T,1)(iθg
†
T,4 +

(iθ)3

2
g†2T,1g

†
T,4)]

− ((iθ − 1
2
(iθ)3)E{c′[vech(Ŝ†T − S̃†T )⊗m†

T ]}+ (iθ)3E{(a′m†
T )2c′[vech(Ŝ†T − S̃†T )⊗m†

T ]})

× exp(−θ
2

2
)|

= O((1 + |θ|6) exp(−θ2)`T−1−ε), (A.65)

and

|E[exp(iθg†T,1)[
(iθ)2

2
(2g†T,1g

†
T,7 + g2

T,3) +
(iθ)4

6
g†3T,1g

†
T,7 +

(iθ)4

4
g†2T,1g

†2
T,3]

− (
(iθ)2

2
(2E{a′mT c′[vech(S̃T − S̄T )⊗mT ]}+ E{c′[vech(ŜT − S̄T )⊗mT ]}2)

+
(iθ)4

6
E{a′m†

T e′[vech(Ŝ†T − S̄†T )⊗ vech(Ŝ†T − S̄†T )⊗m†
T ]}

+
(iθ)4

6
E{c′[vech(ŜT − S̄T )⊗mT ]}2) exp(−θ

2

2
)|

= O((1 + |θ|6) exp(−θ2)`2T−3/2−ε). (A.66)
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Lastly, it follows from Lemma A.2 that

θ4[E(g†4T,2) + E(g†4T,3) + . . .+ E(g†4T,4)] = O(θ4`2T−2). (A.67)

Combining and integrating (A.59), (A.60), (A.61), (A.65), (A.66) and (A.67) produces the desired result.
Q.E.D.

Lemma A.7: ∫
T ε<|θ|<T 1−2/r

|ψ†g,T (θ)− ψ̃†g,T (θ)||θ|−1dθ = o(`T−1). (A.68)

Proof of Lemma A.7: We closely follow the proof of Götze and Künsch (1996, pp.1927–1930). To simplify
the notation, we will omit the superscript †. Let m = M log T for some M > 0. Let N = [(T/θ2 + 1)m2] for
T ε < |θ| < T 1−2/r. Then m ≤ N ≤ T for sufficiently large T . Define

mN = T−1/2
N∑

t=1

vt, mT−N = T−1/2
T∑

t=N+1

vt,

GN − E(GN ) = (1/T )
N∑

t=1

(wt − E(wt)), GT−N − E(GT−N ) = (1/T )
T∑

t=N+1

(wt − E(wt)),

S̃N − S̄N =
∑̀

j=−`

ωj(Γ̃j,N − Γj), S̃T−N − S̄T−N =
∑̀

j=−`

ωj(Γ̃j,T−N − Γj),

ŜN − S̃N =
∑̀

j=−`

ωj(Γ̂j,N − Γ̃j,N ), ŜT−N − S̃T−N =
∑̀

j=−`

ωj(Γ̂j,T−N − Γ̃j,T−N )

so that

mT = mN +mT−N ,

GT −G0 = GN − E(GN ) +GT−N − E(GT−N ),
S̃T − S̄T = S̃N − S̄N + S̃T−N − S̄T−N ,

ŜT − S̃T = ŜN − S̃N + ŜT−N − S̃T−N .

Write
gT = a′mT +Q(mT , GT , ŜT , S̃T , S̄T ).

Then a Taylor series expansion of Q around vt = 0 and wt = 0 for t = 1, 2, ..., N yields

E exp(iθgT )
= E[exp(iθa′mT + iθQ(mT−N , GT−N , ŜT−N , S̃T−N , S̄T−N )

×
∑
α,β

vµwνQµν(mT−N , GT−N , ŜT−N , S̃T−N , S̄T−N )]

+O(|θ|rE|Q(mT , GT , ŜT , S̃T , S̄T )−Q(mT−N , GT−N , ŜT−N , S̃T−N , S̄T−N )|r) (A.69)

where the power is element-by-element and the indices satisfy

µ = (µ1, ..., µN+`−1, 0, ..., 0), ν = (ν1, ..., νN , 0, ..., 0), |µ|+ |ν| ≤ 5(r − 1).

First, we will consider the expansion terms in (A.69). Let

{j01 , ..., j05(r−1)} = {j : µj or νj > 0},

I = {j ∈ {1, ..., N −m} : |j − j0k| ≥ 3m, k = 1, ..., 5(r − 1)},
jk+1 = inf{j ∈ I : j ≥ jk + 7m}
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and j1 = inf I. Let s denote the smallest integer for which the inf is undefined. Let

Ak =
∏
{exp(iθT−1/2a′vt : j ∈ I, |j − jk| ≤ m}, k = 1, ..., s,

Bk =
∏
{exp(iθT−1/2a′vt : j ∈ I, jk +m+ 1 ≤ j ≤ jk+1 −m− 1}, k = 1, ..., s− 1,

Bs =
∏
{exp(iθT−1/2a′vt : j ∈ I, j ≥ js −m− 1},

R =
∏
j 6∈I

exp(iθT−1/2a′vt) exp(iθQ(mT−N , GT−N , ŜT−N , S̃T−N , S̄T−N ))vµwνQµν .

Then we can write

E[exp(iθa′mT + iθQ(mT−N , GT−N , ŜT−N , S̃T−N , S̄T−N )

×
∑
α,β

vµwνQµν(mT−N , GT−N , ŜT−N , S̃T−N , S̄T−N )] =
s∏

k=1

AkBkR. (A.70)

Note that |Ak| ≤ 1, |Bk| ≤ 1, |R| ≤ T γ(s−1)r, and that Ak, Bk and R are measurable with respect to Fjk+2m
jk−2m ,

Fjk+1
jk−1 , {Fl : ∃j 6∈ I, |l − j| ≤ m}, respectively. By Assumption 1(d), it follows that

|E[
s∏

k=1

AkBkR]− E[
s∏

k=1

E(Ak|Fj : |j − jk| ≤ 3m)BkR]|

≤
s∑

j=1

|E[
j−1∏
k=1

AkBk(Aj − E(Aj |Fj : |j − jk| ≤ 3m))
s∏

l=j+1

E(Al|Fj , |j − jl| ≤ 3m)Bl|

=
s∑

j=1

|E[
j−1∏
k=1

AkBk(E(Aj |Fjk−1
−∞ ∪ F∞

jk+1)− E(Aj |Fj : |j − jk| ≤ 3m))

×
s∏

l=j+1

E(Al|Fj : |j − jl| ≤ 3m)Bl|

= O(T c1 exp(−dm)) = o(T−c2) (A.71)

for any arbitrary c2 > 0 by choosing sufficiently large M . By the mixing inequality of Hall and Heyde (1980),
we obtain

|E[R
s∏

k=1

E(Ak|Fj : |j − jk| ≤ 3m)Bk]|

≤ T c3E
s∏

j=1

|E(Ak|Fk : 0 < |j − jk| ≤ 3m)|

+T c3

s∏
j=1

E|E(Ak|Fj : 0 < |j − jk| ≤ 3m)|+ 4T c3(q/d) exp(−dm) (A.72)

for some c3 > 0. For |θ| ≥ d, we have E|E(Ak|Fj , j 6= jk)| ≤ exp(−d). Thus by Lemma 3.2 of Götze and
Hipp (1983) and Assumption 1(d), it follows that

E|E(Ak|Fj , |j − jk| ≤ 3m)| ≤ E|E(Ak|Fj : |j − jk| 6= 0)|+O(T c exp(−dm))
≤ max(exp(−dθ2/T ), exp(−d)) +O(T c3 exp(−dm)) (A.73)

E[
s∏

k=1

AkBkR] = O(T−c) (A.74)

for arbitrary c > 0 by choosing sufficiently large M .
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Next, consider the remainder term in (A.69). It follows from Lemma A.2 that

E|mN |r = O((N/T )r), (A.75)
E|T 1/2vec(GN −G0)|r = O((N/T )r), (A.76)

E|(T/`)1/2vech(S̃N − S̄N )|r = O((N/T )r/2), (A.77)
E|(T/`)1/2vech(∇S̃N −∇S̄N )|r = O((N/T )r/2), (A.78)

E|T 1/2vech(ŜN − S̃N )|r = O((N/T )r/2). (A.79)

Using the definition of N and εr > 2, we obtain that

|θ|rE|Q(mT , GT , ŜT , S̃T , S̄T )−Q(mT−N , GT−N , ŜT−N , S̃T−N , S̄T−N )|r

= O(`r/2|θ|rNr/2T−r)

=
{
O(`r/2mrT−r/2) for |θ| ≤ T 1/2

O(|θ|r`r/2mrT−r) for T 1/2 < |θ| ≤ `−1/2T 1−ε

= o(`T−1). (A.80)

Lastly, it follows from (A.69), (A.71)-(A.73) and (A.80) that

E exp(iθgT ) = T c max(exp(−dθ2/T ), exp(−d))N/M +O(T c exp(−dm)) + o(`T−1)
= o(`T−1) (A.81)

for s ≥ N/M and sufficiently large M , which completes the proof. Q.E.D.

Lemma A.8: For 1 ≤ s ≤ r/2,

E∗[‖vec(FNj
)‖s]− E

{
E∗[‖vec(FNj

)‖s]
}

= Op(b−1/2), (A.82)

E∗[‖BNj
‖s]− E

{
E∗[‖BNj

‖s]]
}

= Op(b−1/2). (A.83)

Proof of Lemma A.8: First we will prove (A.82). We can write the LHS of (A.82) as

(1/(T − `+ 1))
T−∑̀
t=0

‖vec(Fj)‖s − E[‖vec(Fj)‖s] = (1/(T − `+ 1))(1/`)
∑̀
ν=1

fs,ν , (A.84)

where

fs,ν = (1/b)
b−1∑
µ=0

(‖vec(Fµ`+ν)‖s − E(‖vec(Fµ`+ν)‖s)) .

Note that {vec(Fµ`+ν)}b−1
µ=0 is a triangular array of strong mixing sequence with mixing coefficients given by

{αµ`} where αm is the mixing coefficient of the original variables. So is ‖vec(Fµ`+ν)‖s. Thus it follows that

fs,ν = Op(b−1/2). (A.85)

Since the decay rate of the mixing coefficients is uniform in ν, (A.85) also holds uniformly in ν. Hence (A.82)
follows from (A.84) and (A.85).

Next we will prove (A.83). Note that the LHS of (A.83) is bounded by

O

(
(1/(T − `+ 1))

T−∑̀
t=0

‖B̃t‖s − E‖B̃t‖s

)
(A.86)

+O

(
(1/(T − `+ 1))

T−∑̀
t=0

‖B̂t‖s − ‖B̃t‖s − E(‖B̂t‖s − ‖B̃t‖s)

)
(A.87)

+O (‖µ∗T ‖s − E(‖µ∗T ‖s)) , (A.88)
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where B̂t = `−1/2
∑`

j=1 ṽt+j and B̃t = `−1/2
∑`

j=1 vt+j . First, the proof that (A.86) is Op(b−1/2) is analogous
to the proof of (A.82) and thus is omitted. Second, we will prove that (A.87) is Op(b−1/2). A Taylor series
expansion yields

‖B̂t‖ − ‖B̃t‖ = s‖B̃t‖s−2Ft`
1
2 (β̃T − β0). (A.89)

Thus we have

(1/(T − `+ 1))
T−∑̀
t=0

‖B̂t‖s − ‖B̃t‖s = (1/(T − `+ 1))
T−∑̀
t=0

s‖B̃t‖s−2Ft`
1
2 (β̃T − β0). (A.90)

By using arguments analogous to the one used in the proof of (A.82), it follows from the ergodic theorem
that

(1/(T − `+ 1))
T−∑̀
t=0

s‖B̃t‖s−2Ft = Oas(1). (A.91)

Thus it follows from Assumption 1(i) that

(1/(T − `+ 1))
T−∑̀
t=0

(‖B̂t‖s − ‖B̃t‖s) = Op(b−1/2). (A.92)

Similarly we obtain

(1/(T − `+ 1))
T−∑̀
t=0

E(‖B̂t‖s − ‖B̃t‖s) = O(b−1/2). (A.93)

Hence it follows from (A.92) and (A.93) that (A.87) is Op(b−1/2). Third, we will prove that (A.88) is
Op(b−1/2). We can write µ∗T as

µ∗T = (1/(T − `+ 1))
T−∑̀
t=0

B̂t

= (1/(T − `+ 1))
T−∑̀
t=0

B̃t + (1/(T − `+ 1))
T−∑̀
t=0

Ft`
1/2(β̃T − β0)

+(1/(T − `+ 1))
T−∑̀
t=0

Ht`
1/2(β̃T − β0)2. (A.94)

Thus we obtain

‖µ∗T ‖s − E‖µ∗T ‖s

= O((1/(T − `+ 1))
T−∑̀
t=0

‖B̃t‖s − E‖B̃t‖s)

+O((1/(T − `+ 1))
T−∑̀
t=0

‖Ft`
1/2(β̃T − β0)‖s − E‖Ft`

1/2(β̃T − β0)‖s). (A.95)

The rest of the proof is analogous to the proofs of (A.86) and (A.87). Therefore (A.83) follows from (A.86),
(A.87) and (A.88). Q.E.D.

Lemma A.9: Let G∗0 = E∗(G∗T ) and B∗
T and C∗T denote the bootstrap version of B and C in Lemma A.1

with S0 replaced by S∗T , respectively. Then

G∗0 = G0 +Op(T−1/2), (A.96)

S∗T = S +O(`−1) +Op(b−1/2). (A.97)
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Proof of Lemma A.9: First, we will prove (A.96).

G∗0 = E∗[G∗T ] = E∗[
1
b

b∑
k=1

FNk
] = E∗[FN1 ]

=
1

T − `+ 1

T−∑̀
t=0

Ft =
1

T − `+ 1

T−∑̀
t=0

1
`

∑̀
i=1

wt+i

=
1
T

T∑
t=1

wt +Op(`T−1) = GT +Op(`T−1).

Therefore, (A.96) follows from GT −G0 = Op(T−1/2).
Next, we will prove (A.97). By definition, it follows that

S∗T ≡ Var∗ (m∗
T ) = Var∗(

1√
b

b∑
k=1

BNk
) (A.98)

= E∗

(
1√
b

b∑
k=1

BNk
−
√
bE∗(BN1)

)(
1√
b

b∑
k=1

BNk
−
√
bE∗(BN1)

)′
(A.99)

= E∗

(
1√
b

b∑
k=1

BNk

)(
1√
b

b∑
k=1

BNk

)′
(A.100)

=
1
b

b∑
k=1

E∗(BNk
B

′

Nk
) = E∗(BN1B

′

N1
) =

1
T − `+ 1

T−∑̀
t=0

BtB
′

t. (A.101)

It follows from Lemma A.8 that
S∗T − E[S∗T ] = Op(b−1/2). (A.102)

Since µ∗T = Op(T−1/2), we have

E[S∗T ] = E[BtB
′

t] =
∑̀

j=−`

(1− |j|/`)E[v0v′−j ] = S +O(`−1). (A.103)

Thus (A.97) follows from (A.101),(A.102) and (A.103). Q.E.D.

Lemma A.10: Let

α∗T = T 1/2κ∗1(g
∗
T ),

γ∗T = (T/`)(κ∗2(g
∗
T )− 1) = (T/`)(E∗(g∗2T )− [E∗(g∗T )]2 − 1),

κ∗T = T 1/2E∗(g∗3T ) = T 1/2{κ∗3(g∗T ) + 3E∗(g∗2T )E∗(g∗T )− 2[E∗(g∗T )]3},
ζ∗T = (T/`)(κ∗4(g

∗
T )− 3).

Then

α∗T = α∞ + T 1/2b∗′E∗[vec(G∗T −G∗0)⊗m∗
T ] + T 1/2c∗′E∗[vech(S̃∗T − S∗T )⊗m∗

T ]

+T 1/2c∗
′
E∗[vech(Ŝ∗T − S̃∗T )⊗m∗

T ] + o∗p(`T
−1/2)

= α∞ +Op(`−1) +Op(b−1/2) + o∗p(`T
−1/2), (A.104)

γ∗T = γ∞ + 2(T/`)E∗{a∗′m∗
T b∗′[vec(G∗T −G∗0)⊗m∗

T ]}
+2(T/`)E∗{a∗′m∗

T c∗′[vech(S̃∗T − S∗T )⊗m∗
T ]}

+2(T/`)E∗{a∗′m∗
T e∗′[vech(S̃∗T − S∗T )⊗ vech(S̃∗T − S∗T )⊗m∗

T ]}
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+(T/`)E∗{c∗′[vech(Ŝ∗T − S̃∗T )⊗m∗
T ]}2 + o∗p(1),

= γ∞ + op(1) + o∗p(1), (A.105)

κ∗T = κ∞ + T 1/2E∗[(a∗′m∗
T )3] + 3T 1/2E∗{(a∗′m∗

T )2b∗′[vec(GT −G0)′ ⊗mT ]}
+3T 1/2E∗{(a∗′m∗

T )2c∗′[vech(S̃∗T − S∗T )⊗m∗
T ]}

+3T 1/2E∗{(a∗′m∗
T )2c∗′[vech(Ŝ∗T − S̃∗T )⊗m∗

T ]}+ o∗p(`T
−1/2)

= κ∞ +Op(`−1/2) +Op(b−1/2) + o∗p(`T
−1/2), (A.106)

ζ∗T = ζ∞ + 4(T/`)E∗{(a∗′m∗
T )3c∗′[vech(Ŝ∗T − S̃∗T )⊗m∗

T ]}
+4(T/`)E∗{(a∗′m∗

T )3e′[vech(Ŝ∗T − S̃∗T )⊗ vech(Ŝ∗T − S̃∗T )⊗m∗
T ]}

+6(T/`)E∗
(
(a∗′m∗

T )2{c∗′[vech(Ŝ∗T − S̃∗T )⊗m∗
T ]}2

)
−12(T/`)E∗{a∗′m∗

T c∗′[vech(Ŝ∗T − S̃∗T )⊗m∗
T ]}

−12(T/`)E∗{a∗′m∗
T e∗′[vech(Ŝ∗T − S̃∗T )⊗ vech(Ŝ∗T − S̃∗T )⊗m∗

T ]}
−6(T/`)E∗{c∗′[vech(Ŝ∗T − S̃∗T )⊗m∗

T ]}2 + o∗p(1)
= ζ∞ + op(1) + o∗p(1), (A.107)

where α∞, γ∞, κ∞, and ζ∞ are defined in Lemma A.4.

Proof of Lemma A.10: The first equalities in (A.104)–(A.107) follow from Lemmas B.1 and B.2. Thus we
will show that the second equalities hold in the rest of the proof.

Part (a): Proof of (A.104). First, we introduce some notation for the proof. Let

α∗1T = T 1/2b∗′E∗[vec(G∗T −G∗0)⊗m∗
T ],

α∗2T = T 1/2c∗′E∗[vech(S̃∗T − S∗T )⊗m∗
T ],

α∗3T = T 1/2c∗
′
E∗[vech(Ŝ∗T − S̃∗T )⊗m∗

T ],
α1T = T 1/2b′E[vec(GT −G0)⊗mT ],
α2T = T 1/2c′E[vech(S̃T − S̄T )⊗mT ],
α3T = T 1/2c′E[vech(ŜT − S̃T )⊗mT ],

α1∞ = b′
∞∑

i=−∞
E[w0 ⊗ vi],

α2∞ = c′
∞∑

i,j=−∞
E[vech(v0v′i)⊗ vj ],

α3∞ = c′
∞∑

i=−∞
E{vech[∇S̄(E(w0)′V E(w0))−1E(w0)′V v0]⊗ vi}.

Next, we will prove that

α∗1T − α1∞ = Op(`−1) +Op(`1/2b−1/2), (A.108)

α∗2T − α2∞ = Op(`−1) +Op(`1/2b−1/2), (A.109)

α∗3T − α3∞ = Op(`−1) +Op(`1/2b−1/2). (A.110)

Since α∞ = α1∞ + α2∞ + α3∞ and α∗T = α∗1T + α∗2T + α∗3T , (A.104) follows from (A.108), (A.109) and
(A.110).

First, we will prove (A.108). From Lemma A.9, we have b∗ = b +O(`−1) +Op(b−1/2) and thus

α∗1T =
√
`b∗′E∗{[FN1 − E∗(FN1)]⊗BN1}

= b∗′E∗[F̃N1 ⊗BN1 ]

= b′E∗[F̃N1 ⊗BN1 ] +Op(`−1) +Op(b−1/2)

= α∗1∞ +Op(`−1) +Op(b−1/2), say. (A.111)
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By combining (A.111) with

E [α∗1∞] = b′E
[
F̃t ⊗Bt

]
=
∑̀

j=−`

(1− |j|/`)b′E[w0 ⊗ v−j ] = α1∞ +O(`−1). (A.112)

and α∗1∞ − E [α∗1∞] = Op(b−1/2) from Lemma A.8, we obtain (A.108).
Second, we will prove (A.109). Similarly, we have c∗ = c + O(`−1) + Op(b−1/2) from Lemma A.9 and

thus

α∗2T =
√
`c∗′E∗[vech(BN1B

′
N1
− E∗(BN1B

′
N1

))⊗BN1 ]

=
√
`c′E∗[vech(BN1B

′
N1
− E∗(BN1B

′
N1

))⊗BN1 ] +Op(`−1) +Op(b−1/2)

=
√
`c′E∗[vech(BN1B

′
N1

)⊗BN1 ] +Op(`−1) +Op(b−1/2)

= α∗2∞ +Op(`−1) +Op(b−1/2), say. (A.113)

By combining (A.113) with

E [α∗2∞] =
√
`c′E[vech (BtB

′
t)⊗Bt]

= c′
∑̀

i,j=−`

(
1− min ((max |i|, |j|)(i · j > 0) + (|i|+ |j|)(i · j ≤ 0), `)

`

)
×E[vech

(
v0v

′
−i

)
⊗ v−j ]

= α2∞ +O(`−1). (A.114)

and α∗2∞ − E [α∗2∞] = Op(b−1/2) from Lemma A.8, we obtain (A.109).
Lastly, we will prove (A.110). Note that

Ŝ∗T − S̃∗T =
1
b

b∑
k=1

(
B̂Nk

B̂′
Nk
−BNk

B′
Nk

)
= 5S̃∗T (β̃∗ − β̂) +52S̃∗T (β̃∗ − β̂)2 (A.115)

where

5S̃∗T =

√
`

b

b∑
k=1

(
FNk

B′
Nk

+BNk
F ′Nk

)
,

52S̃∗T =
`

b

b∑
k=1

(
FNk

F ′Nk

)
,

β̃∗ − β̂ = [G∗′T VTG
∗
T ]−1

G∗′T VT
1√
T
m∗

T .

First, note that

5S̃∗T = E∗
[
5S̃∗T

]
+O∗p(b−1/2),

`−1 52 S̃∗T = `−1E∗
[
52S̃∗T

]
+O∗p(b−1/2),

where

E∗
[
5S̃∗T

]
=

√
`E∗[FN1B

′
N1

+BN1F
′
N1

] = E∗[F̃N1B
′
N1

+BN1 F̃
′
N1

],

E∗
[
52S̃∗T

]
= `E∗[FN1F

′
N1

].
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Second, note that

T 1/2(β̃∗ − β̂) = [E∗[G∗′T ]VTE
∗[G∗T ]]−1

E∗[G∗′T ]VTm
∗
T +O∗p(b−1/2) (A.116)

since G∗T − E∗[G∗T ] = O∗p(b−1/2) and

G∗′T VTG
∗
T − E∗[G∗′T ]VTE

∗[G∗T ] = O∗p(b−1/2).

Thus it follows from (A.115)–(A.116) that

α∗3T = T 1/2c∗
′
E∗[vech(Ŝ∗T − S̃∗T )⊗m∗

T ],

= c∗
′
E∗[vech

(
5S̃∗TT 1/2(β̃∗ − β̂) + (β̃∗ − β̂)′ 52 S̃∗TT

1/2(β̃∗ − β̂)
)
⊗m∗

T ]

= c∗
′
E∗[vech

(
5S̃∗TT 1/2(β̃∗ − β̂)

)
⊗m∗

T ] +O∗p(`1/2T−1/2)

= c∗
′
E∗{vech

(
E∗[5S̃∗T ] [E∗[G∗′T ]VTE

∗[G∗T ]]−1
E∗[G∗′T ]VTm

∗
T

)
⊗m∗

T }

+O∗p(`1/2T−1/2)

= c′E∗{vech
(
E∗[F̃N1B

′
N1

+BN1 F̃
′
N1

]
[
E∗[F ′N1

]V E∗[FN1 ]
]−1

×E∗[F ′N1
]V BN1

)
⊗BN1}+O∗p(`1/2T−1/2) +Op(`−1) +Op(b−1/2),

= α∗3∞ +O∗p(`1/2T−1/2) +Op(`−1) +Op(b−1/2), say. (A.117)

Since

E
[
E∗[F̃N1B

′
N1

+BN1 F̃
′
N1

]
]

=
√
`E[FtB

′
t +BtF

′
t ] =

∑̀
j=−`

(1− |j|/`)E[w0v
′
−j + v0w

′
−j ]

=
∞∑

j=−∞
E[w0v

′
−j + v0w

′
−j ] +O(`−1) = 5S +O(`−1), (A.118)

E [E∗[FN1 ]] = E[Ft] = E[w0], (A.119)

it follows that

E∗[F̃N1B
′
N1

+BN1 F̃
′
N1

]− E
[
E∗[F̃N1B

′
N1

+BN1 F̃
′
N1

]
]

= Op(b−1/2), (A.120)

E∗[FN1 ]− E [E∗[FN1 ]] = Op(b−1/2). (A.121)

Hence, it follows from the moment inequality, Lemma A.8, (A.120) and (A.121) that

α∗3∞ = E [α∗3∞] + Op(b−1/2)

= c′
∞∑

i=−∞
E{vech[∇S̄(E(w0)′V E(w0))−1E(w0)′V v0]⊗ vi}+Op(`−1) +Op(b−1/2)

= α3∞ +Op(`−1) +Op(b−1/2). (A.122)

Therefore, (A.110) follows from (A.117), and ( A.122).
Part (b): Proof of (A.105). Let

γ∗1T = (T/`)E∗{a∗′m∗
T b∗′[vec(G∗T −G∗0)⊗m∗

T ]},
γ∗2T = (T/`)E{a∗′m∗

T c∗′[vech(S̃∗T − S∗T )⊗m∗
T ]},

γ∗3T = (T/`)E∗{a∗′m∗
T e∗′[vech(S̃∗T − S∗T )⊗ vech(S̃∗T − S∗T )⊗m∗

T ]},
γ∗4T = (T/`)E∗{c∗′[vech(Ŝ∗T − S̃∗T )⊗m∗

T ]}2.

From Lemma A.9, we have a∗ = a +O(`−1) +Op(b−1/2) and thus

γ∗1T = `−1/2E∗{a∗′BN1b
∗′[FN1 − E∗(FN1)]⊗BN1} = o∗p(1).
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Similarly,

γ∗2T = (T/`)E∗{a∗′m∗
T c∗′[vech(S̃∗T − S∗T )⊗m∗

T ]}
= E∗{a∗′BN1c

∗′[vech(BN1B
′
N1
− E∗(BN1B

′
N1

))⊗BN1 ]}
= E∗{a′BN1c

′[vech(BN1B
′
N1
− E∗(BN1B

′
N1

))⊗BN1 ]}+Op(`−1) +Op(b−1/2)

= γ∗2∞ +Op(`−1) +Op(b−1/2), say.

It follows from the moment inequality and Lemma A.8 that

γ∗2∞ = E [γ∗2∞] + Op(b−1/2)

= lim
T→∞

1
`

∑̀
j=−`

T∑
i,k=−T

E{a′v0c′[vech(viv
′
i−j − Γj)⊗ vk]}+Op(`−1) +Op(b−1/2)

= γ2∞ +Op(`−1) +Op(b−1/2). (A.123)

The result for γ∗3T and γ∗4T can be proved using similar arguments, and thus the proof is omitted.
Part (c): Proof of (A.106). Let κ∗1T = T 1/2E∗[(a∗′m∗

T )3] denote the second term on the RHS of (A.106).
Because the proof of Part (c) is analogous to the proofs of Parts (a) and (b), we will only show that

κ∗1T =
∞∑

i,j=−∞
E(a′v0a′via′jvj) +Op(`−1) +Op(b−1/2). (A.124)

By definition, we have

κ∗1T = `1/2E∗[(a∗′BN1)
3] = (`1/2/(T − `+ 1))

T−∑̀
t=0

[a∗′(B̃t + B̂t − B̃t − µ∗T )]3, (A.125)

where B̂t and B̃t are defined in the proof of Lemma A.8. Thus it suffices to show that

(`1/2/(T − `+ 1))
T−∑̀
t=0

(a∗′B̃t)3 =
∞∑

i,j=−∞
E(a′v0a′via′vj) + op(`T−1/2), (A.126)

(`1/2/(T − `+ 1))
T−∑̀
t=0

[a∗′(B̂t − B̃t)]3 = Op(`−1) +Op(b−1/2), (A.127)

(`1/2/(T − `+ 1))
T−∑̀
t=0

(a∗′µ∗T )3 = Op(`−1) +Op(b−1/2), (A.128)

First, we will show (A.126). Since a HAC covariance matrix estimator converges at rate Op(`1/2T−1/2), it
follows that

(1/(T − `+ 1))
T−∑̀
i=0

`1/2(a∗′B̃i)3 − `1/2E(a∗′B̃i)3

= Op(
∑̀
i,j=0

(1−min(max(i, j, |i− j|), `)/`)(1/(T − `+ 1))

×
T−∑̀
t=0

[a∗′vta
∗′vt+ia

∗′vt+j − E(a∗′vta
∗′vt+ia

∗′vt+j)])

= Op(`1/2T−1/2). (A.129)

By the moment inequality, it follows that

(1/b)
b−1∑
i=0

`1/2E(a∗′B̃i)3 =
∞∑

i,j=−∞
E(a′v0a′via′vj) + o(`T−1/2). (A.130)
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Thus (A.126) follows from (A.129) and (A.130). Next we will show (A.127) and (A.128). Using arguments
similar to the one used in the proof of Lemma A.8, we obtain

(`
1
2 /(T − `+ 1))

T−∑̀
t=0

[a∗′(B̂t − B̃t)]3 = (`2(T − `+ 1))
T−∑̀
t=0

{a∗′[Ft(β̃T − β0)]}3 = Op(`2T−
3
2 ) (A.131)

and

(`1/2/(T − `+ 1))
T−∑̀
t=0

(a∗′µ∗T )3 = `1/2(a∗′µ∗T )3 = Op(`1/2b−3/2). (A.132)

Thus (A.127) and (A.128) are satisfied. Therefore, (A.106) follows.
Part (d): Proof of (A.107). Part (d) can be proved using similar arguments and thus the proof is omitted.

Q.E.D.

Proofs of Main Theorems

Lastly, we will prove the main theorems.

Proof of Theorem 1: The result for the studentized statistics, (3.2), follows from Lemmas A.5-A.7. Let
J

1/2
T = Ŝ

−1/2
T

∑T
t=1 zt(yt − β̂′Txt). Then it follows from the first-order condition that

J
1/2
T = (Ik −GT (G′TGT )−1G′T )S−1/2

T

T∑
t=1

zt(yt − β̂′Txt). (A.133)

By the singular value decomposition, there are k×k− q matrices A, B and (k− p)× (k− p) diagonal matrix
Λ with positive diagonal elements such that A′A = Ik−p, B′B = Ik−p and

Ik −GT (G′TGT )−1GT = AΛ1/2B′.

Thus we can write

J
1/2
T = AΛ1/2B′S

−1/2
T

T∑
t=1

zt(yt − β̂′Txt) = AJ̃
1/2
T (A.134)

where J̃1/2
T = Λ1/2B′S

−1/2
T

∑T
t=1 zt(yt − β̂′Txt) is a (k − p)-dimensional vector. Note that

JT = J̃ ′TA
′AJ̃T = J̃ ′T J̃T . (A.135)

The rest of the proof takes the following steps. First, one can show that Lemmas A.1–A.7 hold for c′J̃1/2
T

except that a,b, c,d and e now take different values. Second, because the characteristic function of J̃1/2
T

can be derived from an linear combination of J̃1/2
T , the distribution of J̃1/2

T can be approximated by its
Edgeworth expansion in a suitable sense. Lastly, a modification of Theorem 1 of Chandra and Ghosh (1979)
with s = 5 completes the proof of (3.3). We make the following modifications: (i) the order of the third
term of the Edgeworth expansion ξs−1,n(z), i.e., 1/n, is replaced by `/n; (ii) the order of such approximation
errors, o(n−(s−3)/2), by o(`/n) + O(1/`q) where n = T ; (iii) the order of the second term of the Edgeworth
expansion ψm,n, 1/n, is replaced by `/n. These modifications do not change the parity of R(α) which is the
crucial element of their proof (see Remark 2.5 of Chandra and Ghosh, 1979, pp.27–28). Thus their proof
will carry through for our version of their theorem. Q.E.D.

Proof of Theorem 2: For iid observations, a modification of Theorem 1 with ` = 1 yields

sup
x∈<p

|P (T 1/2(c′Σ̂T c)−1/2c′(β̂T − β0) ≤ x)−ΨT (x)| = o(T−1), (A.136)

sup
x≥0

|P (JT ≤ x)−ΨJ,T (x)| = o(T−1). (A.137)
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under Assumptions 1(b)(c)(d)(i), ` = 1 and Assumption 1(e) replaced by the standard Cramer condition.
It suffices to show that the conditions on Rt = (v′t,vec(wt)′)′ required for the Edgeworth expansion of
Theorem 1 are also satisfied for QNj

= (B′
Nj
,vec(FNj

)′)′ for j = 1, . . . , b conditionally on the sample χT =

{(x′t, yt, z
′
t)}

T
t=1, uniformly for all χT in a set whose probability tends to 1 as T → ∞. Without loss of

generality, we check the conditions using BNj
. For Assumption A1(b), we have

E∗[BNj ] = E∗[BN1 ] =
1√
`

∑̀
i=1

E∗ (ziui − µ∗T ) = 0. (A.138)

For Assumption A1(c), it follows from Lemma A.2 that

E
[
E∗
∣∣BNj

∣∣r+η
]

=
1

T − `+ 1

T−∑̀
t=0

E

∣∣∣∣∣ 1√
`

∑̀
i=1

vt+i

∣∣∣∣∣
r+η

= E

∣∣∣∣∣ 1√
`

∑̀
i=1

vt+i

∣∣∣∣∣
r+η

<∞. (A.139)

From the proof of Theorem 4.2 of Götze and Künsch (1996),

E∗
∣∣BNj

∣∣r+η − E
[
E∗
∣∣BNj

∣∣r+η
]

= Op(b−1/2). (A.140)

Combining the two results implies that the probability of E∗
∣∣BNj

∣∣r+η
<∞ tends to unity. By construction,

the moving block bootstrap sample are based on the independent sampling of BNj
. Therefore, Assumption

A1(d) is trivially satisfied (with a probability one) using a sigma-field defined by σ(Nj) for j = 1, . . . , b,
conditionally on the sample χT . By the same reason, we can replace Assumption A1(e) by the standard
Cramér condition and we only need to show that the condition holds with probability tends to one. Using
an argument that appeared in the proof of Theorem 4.2 of Götze and Künsch (1996), we have that

P

{
sup

d<|t|<b1/2
|E∗ exp[itBN1 ]| ≤ 1− ζ

}
= 1− o(T−1) (A.141)

for some 0 < ζ < 1/2. Q.E.D.

Proof of Corollary 1: It follows from Lemmas A.3–A.5, Lemmas A.9-A.10 and Theorems 1 and 2. Q.E.D.
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