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This technical appendix contains proofs of the lemmas in “Bootstrapping GMM Estimators for Time
Series” by A. Inoue and M. Shintani.

Notation

® denotes the Kronecker product operator. If « is an n-dimensional nonnegative integral, |a| denotes
its length, i.e., |a| = Y. | |a;|. || - | denotes the Euclidean norm i.e., ||z|| = (31—, 2?)/2, where z is an
n-dimensional vector. We will write w(j/¢) as w; for notational simplicity. x;(x) denotes the jth cumulant
of a random variable z. vec() is the column-by-column vectorization function. vech(-) denotes the column
stacking operator that stacks the elements on and below the leading diagonal. For a nonnegative integral
vector a = (g, g, ..y i), Lot
o 9%
xSt dagn
¢ and [ are treated differently: ¢ denotes the lag truncation parameter and I denotes an integer.
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where § is a p-dimensional vector. Let Gr = (1/T) Z;‘ll zexh and myp = T—1/2 Zthl Vg
Then the studentized statistic can be written as

fr = VT(Se)7 V2 (Br — Bo) = (< (GpSy'Gr)™le) 2 (G Sy Gr) ™ Gl Sy m.
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We use the following notation for the bootstrap. Let
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Then the bootstrap version of the first-step and the second-step GMM estimators can be written as
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respectively.

Proofs of Lemmas

Next, we will present the lemmas used in the proofs of the theorems. Lemma A.1 produces a Taylor series
expansion of the studentized statistic fr. Lemma A.2 provides bounds on the moments and will be used in
the proofs of Lemmas A.3—-A.6. Lemma A.3 shows the limits and the convergence rates of the first three
cumulants of gr in (A.1), that will be used to derive the formal Edgeworth expansion. Lemmas A.5 and A.6
provide bounds on the approximation error. For convenience, we present Lemma A.8 that will be used in the
proofs of Lemmas A.9 and A.10. Lemma A.9 shows the consistency and convergence rate of the bootstrap
version of the moments. Lemma A.10 shows the limits and the convergence rates of the first three cumulants

of the bootstrap version.

Lemma A.1:
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a'myp + b/ [vee(Gr — Go) @ my] + ¢'[vech(Sr — So) @ mry]

+d'[vec(Gp — Go) ® vech(St — Sp) @ my] + €' [vech(St — Sp) @ vech(St — So) @ my]

+0,((¢/T)*/?)

a'myp + b/ [vec(Gr — Go) @ my] + ¢'[vech(St — S7) @ my] + ¢/ [vech(Sp — So) @ mo]

+d'[vec(Gr — Go) @ vech(Sr — S7) @ my] + € [vech(Sy — 1) @ vech(Sr — S7) @ my]



+d'[vec(Gp — Go) ® vech(Sp — Sg) @ my] + €'[vech(Sy — St) ® vech(Sp — So) ®@ my]
+€'[vech(S — So) ® vech(S7 — S1) @ mr] + €' [vech(Sp — Sp) @ vech(Sr — Sp) @ mr]
0,((t/T)?)
= g7+ c[vech(St — Sp) @ mr] + d'[vec(Gr — Go) ® vech(St — Sp) ® mr]
+€'[vech(St — S7) @ vech(St — So) @ mr] + €' [vech(St — Sp) ® vech(S — St) @ my]
+e[vech(Sr — So) @ vech(Sr — So) @ ma] + O, ((¢/T)*/?), (A1)

where a, b, ¢,d and e are k, k?p, k(k*+k)/2, k*(k*+k)p/2 and k((k*+k)/2)?-dimensional vectors of smooth
functions of Gy and Sy, respectively.

Proof of Lemma A.1:
(A.1) immediately follows from a Taylor series expansion of fr around

(m/p, vec(Gr)', vech(ST)’)’ = (01xgq, vec(Gyp)', vech(Sp)")’

and from Theorem 1 of Andrews (1991). Q.E.D.
Lemma A.2:

Ellme|" = 0(1), (A2)

E||TY ?vec(Gr — Go)|"™ = 0O(1), (A.3)

E|[(T/0)'?vech(Sr — S)|™/? = 0(1), (A.4)

E|[(T/0)?vech(VSy — VS7)|"/2 = 0O(1), (A.5)

E||TY?*vech(Sr — Sp)||"/? = O(1). (A.6)

Proof of Lemma A.2:
First, (A.2) and (A.3) immediately follow from the moment inequality of Yokoyama (1980). Second, we
will show (A.4). Note that
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Note that the summands in each sum on the RHS of (A.7), (e.g., W3, W5, Wy, ...), form strong mixing
sequence with mixing coefficient {ay, }5°_,. Let
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E|W,(2)0)|2 = 0O(1), (A.9)
EW,(3))5 = 0(1), (A.10)

where Wa(-)(#7) denotes the (i,)th element of Wa(-) for 4,7 = 1,2, ...,q, then it follows from the moment
inequality that

E H(T/E)l/Qvech(S'T — S

= 0(1). (A.11)



It remains to show (A.8), (A.9) and (A.10). By Assumptions 1(a) and 1(f), it follows that

EWo()ED[2 = o2 S Bloft el o), (A.12)

11 <t2 <<ty

where 0 < t; < 2f and k; = ,j for [ = 1,2, ...,7. Then the standard arguments used in proofs of the moment
inequality complete the proof of (A.8). The proof of (A.9) is analogous to that of(A.8) and thus is omitted.
By the mixing inequality of Hall and Heyde (1980, Corollary A.2), it follows that for some d’ > 0
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BV — (Y Bl )i —( 3 af)i - o) (A.13)
Jj=—0+1 j=—0+1

and thus (A.10) holds. Therefore, (A.4) immediately follows from (A.7)-(A.10). The proof of (A.5) is
analogous to that of (A.4) and thus is omitted.
Lastly, we will prove (A.6). Note that

TY2(Sr —S7) = TY*VS:(Br — Bo) + TY*(Br — Bo) V2S1(Br — Bo)- (A.14)

Thus it follows from (A.5) and Minkowski’s inequality that, for an arbitrary p-dimensional vector ¢,

[EIVS7e|"]YT < [EI(VST = VS)S|'T" + [EIVSps| 1" = 0@ *T~1/?) + 0(1), (A.15)
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= O(UT V3 +0(). (A.16)
Therefore (A.6) follows from (A.14), (A.15), (A.16), Assumption 1(i) and Holder’s inequality. Q.E.D.
Lemma A.3:
TY%k1(g7) = oo + 0077 +o((T~Y/?), (A.17)
(T/0)(r2(gr) =1) = 700 +O(™3), (A.18)
T 2k3(g7) = Koo — 30iee + O(079) + o(£T~1/?), (A.19)
(T/)(kalgr) =3) = (oo +O(?), (A.20)
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Proof of Lemma A.3: First, we will prove (A.17). By Hélder’s inequality and Lemma A.2, it suffices to show

that

TY?Elvech(Sr — S1) @ my)

Tl/ZE[VeC(GT - Go) (%9 mT] = Z E[’LUO ® Uz'] + O(Tﬁl),
T'?E[vech(Sr — Sp)®@mr] = > Elvech(vov]) ® v] + O(™9) + O(T 1),
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+O(PT12),
(T/¢)Elvech(Sr — Sr) @ vech(Sp — S7) @ mp] = o(1).

(A.21)

(A.22)

(A.23)
(A.24)

First, (A.21) follows from several applications of the mixing inequality. Second, we will show (A.22). We

have

‘
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- i i Elvech(vgv’;) ® v;] + O(£~9) + O(LT ). (A.25)

i=0 j=—o0

The first equality follows from strict stationarity. Repeated applications of the moment inequality of
Yokoyama (1980) produce
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for some ' € (0,1), from which the second equality follows. Arguments analogous to the proof of Theorem
10 of Hannan (1970, pp.283-284) yield the last two equalities. By symmetric arguments, it follows that
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j=—t
= i i Elvech(vov’;) ® v;] + O(£™1) + O((T ). (A.27)

i=—00 j=—00

Hence, (A.23) follows from (A.25) and (A.27). Third, we will show (A.23). It follows from (A.14), Assumption
1(a) and Lemma A.2 that

(Sp — S7) @ my]
[vech(VSr(Br — Bo) + (Br — Bo)' V251 (Br — o)) @ mr]
(V87 = VS70)(Br — Bo) © mp)] + T2 E[vech(VSr(fr — Bo) ® mr)]
[vech(((Br — B0)' VSt — V2Sr)(Br — Bo)) ® mr]
[vech(((Br — Bo)' V>Sr(Br — Bo)) @ mr)]
= Z E{vech[VS(E(xoz})'VE(20x})) L E(z0zy) Vv @ v;]} + O *T~1/2), (A.28)

which completes the proof of (A.23). Lastly, we will show (A.24). We have

(T/¢)E[vech(St — St) @ vech(Sy — Sr) @ mr]
= (T/¢)Elvech(St — St) ® vech(St — St) @ mr] + o(1)

T 4 4
= 'T732 N E[Y ) vech(vpyivg —Ti) @ Y vech(veyvs —Tj) @ va] +0(1).  (A.29)
t,s,u=1 i=—/ j=—

Consider two sets of s, ¢ and u: In Set (i) the maximum of |t — s|, |s — t| and |u — | is greater than ¢ and in
Set (ii) the maximum of |t — s|, |s — ¢| and |u — ¢| is smaller than or equal to ¢. For ¢, s, u that belong to Set
(i), it follows from repeated applications of the moment inequality as in Yokoyama (1980) that the sum of

¢ ¢
E| Z vech(vyv) — ) @ Z vech(vs1jvs — ') ® vy,
i=—t j=—t



over Set (i) is of order O(¢*T) where £% comes from the variances of Zf:_z vech(vgqv;—T;) and Zﬁ:—e vech (Vg4 Us—
I';). For t,s,u that belong to Set (ii), the sum over (ii) is the sum of

E[vech(vi4v;) @ vech(vsyjvs) @ vy,

E[vech(I';) ® vech(vetvs) ® vy,
and
E[vech(vi1v;) ® vech(T;) @ v,].

By repeated applications of the moment inequality again, the sum of each of the three terms is of order
O(*T) because i, j, |t — s|, |s —u| and |u — t| vary from 1 to £. Thus, the first term on the R.H.S. of (A.29)
is of order O(¢T~'/2) which is o(1). Therefore, (A.17) follows from (A.21)-(A.24).

Next, we will prove (A.18). It follows from (A.17), Holder’s inequality and Lemma A.2 that

ka(gr) =1 = E(g7) — [E(gr)]* — 1
= 2F{a'mzb’[vec(Gr — Go) ® mr|} + 2E{a'mrc'[vech(St — S7) @ mr]}
+2E{a'mre'[vech(Sy — Sr) @ vech(Sp — S7) @ mp]}
+E{c/[vech(Sy — St) @ mr]|}2 + O(/2T71). (A.30)
Thus, we only need to analyze the first four terms on the RHS of (A.30). First, by repeated applications of

the mixing inequality as in the proof of moment inequalities (e.g, the proof of Lemma 4 of Billingsley, 1968,
pp.172-174), one can show that

TE{a'mrb'[vec(Gr — Gy) @ mr|} = O(1). (A.31)
Second, it follows from arguments similar to the one used in the proof of (A.17) that

(T/E)E{a’mTc'[vech(S'T — ST) X mT]}

Z ZZZwJE{avtc [vech(vsv!, i T;)®wv,l}

Lt=1 s=1u=1

= ¢! Z Z (1 = 7ix) E{a’voc [vech(viv;_; — T'j) @ vg]}

]—7Z i, k=—T+1

T-1
= Z Z w; E{a'voc [vech(viv;_; — T';) @ vg]} + O((T1)
j=—lik=—T+1

¢ T
= ¢! Z Z E{a'voc’[vech(vivg_j —T;)@u]} + 0™ ™) +0(UT™)
el k=—T+1

¢ _ _
= lim ¢! Z Z Z E{a’voc/[vech(vv)_; — ;) @ vs]} +O(471), (A.32)

T—o0
j=—4Ct=—T+1s=—T+1

(T/¢)E{a'mre'[vech(St — St) ® vech(St — Sr) @ mr|}

¢ T
1
= Z Z wiw; E{a'v.€'[vech(vsvy_; — T;) @ vech(vivp_; — T'j) @ v,]}

i,j=—L1r,s,t,u=1

= % Z Z wiw; (1 = 74 1 .u) E{a"vo€’ [vech(vsv}_; — T';) @ vech(viv;_; —Tj) @ vy}
i,j=—L s, t,u=—T
1 T
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i,j=—L s,t,u=—T



+O(CT™Y)

0 T
1
= 7 Z Z E{a’vp€[vech(vsv,_; — T;) ® vech(vvp_; — Tj) ® vy ]}

i,j=—L s,t,u=—T

+O(t~1) + 0T

¢ T
= lim — Z Z E{a'vpe'[vech(vsv,_; — ') @ vech(vivp_; — Tj) @ vy}

i,j=—L s,t,u=—T
+0(e™h), (A.33)
and

(T/0)E{c'[vech(S — S1) @ mr]}?
T ¢
= (772 Z Z wiw; B{c'[vech(vsv,_; — T;) ® vi]c'[vech(v,v;,_; —T;) @ v,]}

t,s,u,v=14,j=—~

T ‘
= ()t Z Z wiw; (1 = 75 k,m) E{c'[vech(vov’ ; — T;) @ vj]
Jokym=—T i,l=—f
xc'[vech(vivy,_; — Tg) @ v}
T ¢

= ()t Z Z wiw;j E{c[vech(vov”; — T';) ® v;]c’[vech(vgvy,_; — L) @ vy, ]}
Joksm=—T il=—¢

+O(LT™h)

T 4
= ()t Y Y E{[vech(vov!, — T) ® v;]c [vech(vpvj,_; — I') @ vm]}
gkom=—T1dl=—(

+O(~9) + 0T~

T ¢
= Jim it Z Z E{c'[vech(vov’; — I';) @ v;]c'[vech(vv),_; — Tk) ® vy] }

jkym=—Til=—0
+O(0™1), (A.34)

where 7; = (1/T) min(max(|i], ||, |i—k|), T) and 7s ¢, = (1/T) min(max(|s|, [¢|, |ul,|s—1|, |[t—u|, |lu—s|),T).
The proofs of (A.32), (A.33) and (A.34) are similar to that of (A.17) and thus details are omitted. Therefore,
(A.18) follows from (A.30)—(A.33).

Third, we will prove (A.19). By (A.17), (A.18) and

ka(gr) = Elgr) —3E(97)E(gr) +2(E(9r))°, (A.35)
it suffices to show that
TY2E(g3) = koo + O(™9) + o(0T~1/?). (A.36)
It follows from Assumption 1(a), Holder’s inequality and Lemma A.2 that
E(gy) = Bl(a'mr)’] +3E{(a'mr)*b'[vec(Gr — Go) @ mr]}
+3E{(a’mrp)?c'[vech(Sr — S7) @ mp]}
+3E{(a'mp)?c'[vech(Sr — S7) @ mp|} + o(4TH). (A.37)

The rest of the proof is similar to that of (A.17), and thus we will only show that

4
T3 E{(a'mp)?c| Z vech(T; — Tj) @ mr]}
j=—t
T-1
= lim (1/7) > E{a'va'v.c[vech(vw)_y — Tk) ® va]}. (A.38)
e T,t,s,k=—T+1



It follows from arguments similar to the proof of (A.21) that

T%E{(a/mT)QC/[VeCh(ST — Sr) @ mr)}

T-1 ¢
(1/T) Z Z w;i(1 = 7o,¢,u) E{@’voa’vsc'[vech(vivi—j — T'j) ® vy}
st u=—T+41j=—¢
T-1 ¢
= (1/7) Z Z wjE{a’vpa'vsc [vech(vvp—; — Tj) @ v,]} + O(T™1)
s,t,au=—T+1j=—
T-1 ¢
= (1/7) Z Z E{a'voa'vsc' [vech(vevy_; — T'j) @ v, ]} + O™ 7)
s,t,u=—T+1j=—¢
T-1 ¢
Thj%o T Z Z E{a'vpa’v.c'[vech(viv;_; —T'j) @ vs]} + O(L79). (A.39)
T,t,s=—T+1 j=—¢

By arguments similar to the proof of Lemma 1 of Andrews (1991, pp.850-851), one can show that the RHS
of (A.39) equals the infinite sum of the product of two expectations plus some finite number. By the mixing
inequality, it follows that the infinite sum of the product of two expectations is finite. Therefore, the RHS
of (A.39) is well defined.
Lastly, we will show (A.20).
/€4(gT) -3 = 4E{(a’mT)3c'[vech(ST — S’T) ® mT]}
+4E{(a'my)*e [vech(Sy — S1) @ vech(St — Sr) @ my]}
+6F ((a'mT)Q{c'[vech(ST - S7)® mT]}Q)

—12E{a'mqpc/[vech(St — S7) @ my]}
—12E{a'mre [Vech(ST —S7)® Vech(S’T —S7)@mr|}
—6E{c'[vech(ST — S7) @ mp]}2 + O /2T, (A.40)

from which the desired result follows by similar arguments. Q.E.D.

Lemma A.4: Let ¢4 v(x) denote the characteristic function of gr. Then

¢97T($)
2 i 3 2 4
= exp(= ) | T H(aue(i8) ~ (o0 — 300) — (T + 5zG) Fol) | (A1)
Plgr <z) = ¥(z)+ T_1/2p1(x) + (¢/T)pa(x) + 0o(¢/T). (A.42)

Proof of Lemma A.4: The proof of (A.41) follows from the series expansion argument. (A.42) can be obtained
by inverting (A.41). Q.E.D.

Lemma A.5: Following Gotze and Kiinsch (1996), define a truncation function by
T(x) = T2 f (T ||lz])/l]

where v € (2/r,1/2) and f € C*(0, c0) satisfies (i) f(x) = x for x < 1; (ii) f is increasing; and (iii) f(z) = 2
for x > 2. Let f} denote fr with R; = (v}, ¥y, vec(w;)’) replaced by

RI = (UII’ ’62/, vec(wz)')/ = T ((Ué’ 627 VGC(w,f)l)/) .
Let \Il; and ‘l/;T denote the Edgeworth expansions of f} and gTT, respectively. Let ¢;,T($) and JJJT(?C)

denote the characteristic functions of gTT and \IIJ;’T, respectively. Then

sup [P(fr <) = ¥r(x)| <C oot |8 (8) =} (016171 d0 + O(¢™9) +o(tT ). (A.43)
€T <T1—2 T



Proof of Lemma A.5: First, we will show that

sup |P(fr <z)—Pr(x)| = sup \P(f} <z)-— \I/TT(x)\ +o(4T™h). (A.44)
—oo<xr<oo —oo<r<oo
Since .
2 Y 2 7y — I=r
P@ggwm>T>§§;HMM>T)—OU ) (A.45)
it follows that
swp |P(fr <@) = P(ff <)) = O(T"7") = O(T). (A.46)
—oo<r<oo

Then it follows from Lemma A.2 and (A.45) that

E|m} —mr|? < 2 E[|lmr|’I( [72e]] > T7)]

max
1<t<T

< 2J'(EIImTIIQj)1/213(;;‘@5; IR || > T7)"/?
= o(T™Y?) (A.47)
for j < r/2. Similarly, we obtain that
B[ T"vec[(Gh = G}) = (Gr = Go)l| = o(T™'/?), (A.48)
E|[(T/€)!?[vech(S}, = §F) — vech(S} — SP)IS|P = o(T7/?), (A.49)
E|[(T/0)"?[vech(V Sy — VSr) — vech(VSy — VS|P = o(T~Y/?), (A.50)
E|T?[vech(S}. — 81) — vech(S], — S|P = o(T~Y/?), (A.51)

for j < r/2. Thus it follows from Lemma A.2, (A.45), (A.47)-(A.51) that

sup  |[Up(z) — Uh(z)| = o(£TY). (A.52)

—oo<xr <o

Therefore (A.44) follows from (A.46) and (A.52).
Next, we will show that

sup |P(f} < @) = Wh(x)| = sup| P(g} < @) — U] 1(x)] + O(¢™7) + O(3/T~5/2). (A.53)

Let

Wl = gh 4 c[vech(S] — 58) @ mb] + d'[vec(Gr — Go) @ vech(S). — Si) @ mi]
+¢'[vech(S], — 1) @ vech(SI. — 1) @ mi)
+¢'[vech(S], — S§) @ vech(8], — 1) @ m})
+e'[vech(S] — S}) ® vech(S§ — S}) @ ml],

and let Uy, p(x) denote its Edgeworth expansion. Using the definition of Taylor series expansions, Lemma
A.2 and Markov’s inequality, P(|f7t — h;~| > (3/27-3/2) can be made arbitrarily small. Thus we have

sup|P(f} < x) — Uh(2)| = sup|P(hk < z) — ¥} 1 (2)| + O(**T73/2). (A.54)

Since the difference between the Edgeworth expansions of gTT and of hTT is O(S; — S}), it follows that

sup|P(hl < ) — W}, 1 (2)] = sup|P(g} < x) — U] 1(2)|+O(¢79). (A.55)
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Therefore, (A.53) follows from (A.54) and (A.55).
Lastly, it follows from the so-called smoothing lemma (e.g., Proposition C1 of Fan and Linton, 1997)
that

sup [P(g} < z) — ¥l ()| < C S W) 1(0) — ! 1(0)]10]7 O + O(T—+2/T). (A.56)
x < 1-2/r

Therefore, Lemma A.5 follows from (A.44), (A.53) and (A.56) as r > 12. Q.E.D.

Lemma A.6: For 0 < e < 1/6,

Lo 15200 520001 a0 = ofer ) (A57)

Proof of Lemma A.6: Write g} as
gl = a'mh +V/[vec(Gl. — GI) @ ml] + ¢'[vech(SI. — Sp) @ ml]
+c/[vech(S} — S7) @ ml] + d'[vec(Gl. — G}) ® vech(S) — S§) @ ml]
—l—d'[vec(GT - GT) @ vech(S], — 1) @ ml)]

[vech( ) ® vech(g} - S5 ® mT]
+¢€'[vech(S], — 81) @ vech(S], — 1) @ m})
+¢'[vech(SE — 51) @ vech( ~TT — Sh)y @ mlh]
+e’ [vech( ST 1) @ vech(S 1) @ mh]

= gT71 + gT72 + ...+ gT710.
Then a Taylor series expansion of E(exp(i@g:})) around g})Q + g;,g) + ...+ 9;,10 = 0 yields
E(exp(ifigh)) = E(exp(ifgh,) +i0E[exp(i0g},)(gh» + s + 95.4)]
.0 2
(Z ) E[
2
(i6)
6 E[exp(z&gT 1)(39T 19T 2t 39T 19T 3T 39T 19T 4]
) plexp(itgh ) (4g1 g + 4g)
7 lexp(i0gy 1) (497 197 3 + g gT 7T 69T 19T %))

+O(O*[E(ghy) + E(ghy) + .. + E(ghp))).- (A.58)

We will analyze each term on the RHS of (A.58) in turn. First, it follows from Lemma 3.33 of Gotze and
Hipp (1983) that

+ eXP(ZegT 1)(29T 19T 3t 29T 19T 7t 9T2 )]

+

+

(@0)*

E{expueg;l) [1+ Bla'm})® + o (B(@mb)* - 3) - §2<E<a/m;>3>2} exp<—92>}

= O((1+161") exp(—6*)T ). (A.59)

Second, let 9 denote the multivariate expansion of E(exp(ic'T /> Zt 1 X)) where X| = (a'v], 0], (w] —

vecGT) )’. Then an application of Lemma 3.33 of Gétze and Hipp (1983) with ¢ = (6,0, ...,0)’ yields
0
Efexp (g} )litahs + O gf2, 0t )
2

? ’ 7 3 / 21/
- ((z‘e = U0 b (Gl — GY) @ mb 1} + U00 B (ol )b frec( Gy — G & mm}) exp(~ 2]

T
T2 " Jeal D [B(exp(id' T~ > " X1,)) — x|

t=1

= O((L+0]° +10") exp(—6*)T~7%), (A.60)

IN
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where ¢, are the corresponding elements of a, b and Gj.
Third, we will show that

. . . i (i6)*
|29E[6XP(299TT,1)[239TT 3 (29) gT 19T3 + %9;21 973+ 799%19;,3]]

- <(19 - l(iﬁ)?’)E{c’[vech(S;rp — SIy@mbl} + (i6)*E{a’'ml.c'[vech (S} — 51) @ ml]}

A p(ami e fvech (S~ 53 © i)

“9) B{(aml e fveen (S} - 8) ©m}} ) exp(~56%)

= ((1 +161%) exp(—02)eT~17¢). (A.61)
Note that the first term of (A.61) can be written as a weighted sum of
Blexp(itgh )it + (0 am + U2 @b+ O @l e fveen (T - T @mbl) (A6
exp(ifgy 1) [i if)*a’'m}, 5~ (@my o (@myp)7]e [vech(l'; — T;) @ my .
and that the rest of the terms can be written as a weighted sum of
U ) (i6)3 (i6)* - 62
E{[if — 5(29)3 + (i0)%a'mb, + T(a'mTT)2 5 (a' m;)s]c’[vech(f‘; - F;) @ mb]} exp(—g) (A.63)
We will apply Lemma 3.33 of Gotze and Hipp (1983) to (A 62) and (A.63). Let ¢y denote the multivariate
expansion of E(exp(i'T~"/? Zthl Y,")) where ¥ = (6, ,0) and

v = (a'mb, mil, T 1/22:vech vy — E(vv_)]')
t=1

Then the difference between (A.61) and (A.62) are bounded by

T*1/2 Z |Ca|Da E(exp(iq?'T*l/2 Z}/tT)) _ ,(l;y) _ O((l + |9‘6) exp(_92)117175)7 (A64)

t=1

where ¢, are the corresponding linear combinations of @ and ¢. Thus (A.61) follows.
Fourth, by arguments analogous to the proof of (A.61), one can show that

P R () A e
|E[6XP(299T,1)(299T,4 + TgT,lgTA)]
— (0 - §<w>3>E{c'[vech<S} — 1) @mb]} + (i6)*B{(a'mh)>c [vech(S}, — §1) @ m}]})
2
x exp(~2)
= O((1+0|%) exp(—62)eT—17¢), (A.65)
and
Blesoitgh, [ 2 010 + 3 + Dl gfa + C 002
— ((ZZ)Q (2E{a'myc'[vech(Sp — S7) ® mrp]} + E{c'[vech(Sr — S7) @ mr]}?)
+ (2? E{a'ml.e'[vech(S), — S1) @ vech(S} — §1) @ m}]}
—i—%E{c’[vech(S‘T - Sr)@mr|} )exp(—%)\
= O((1+10]%) exp(—6*)e2T—3/27¢), (A.66)
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Lastly, it follows from Lemma A.2 that
0'(E(g)') + E(gl's) + ... + E(gl',)] = O(6*¢*T~?). (A.67)

Combining and integrating (A.59), (A.60), (A.61), (A.65), (A.66) and (A.67) produces the desired result.
O.E.D.

Lemma A.7:
/ 0]2(0) — 31 (O)]16] 0 = o(eT ). (A.68)
Te<|0|<T1=2/7

Proof of Lemma A.7: We closely follow the proof of Gétze and Kiinsch (1996, pp.1927-1930). To simplify
the notation, we will omit the superscript t. Let m = M logT for some M > 0. Let N = [(T/6?% + 1)m?] for
T¢ < |0) < T'=2/". Then m < N < T for sufficiently large T. Define

N T
—1/2 —1/2
my =T E Ut, mr_n =TV E Ut,
=1

t=N+1
N T
Gy — E(Gn) = (1/T)Y (wi — E(w)),  Gr-n—E(Gr_n)=(1/T) Y (w;— E(w)),
=1 t=N+1
Sy — Sy = Z w; (T n —Ty), Sr-N—ST_N = Z wi(Ljr—n —T;),
= j=—t
A~ ~ e A~ ~ A ~ Z A ~
SNy — Sy = Z wi(lyn—=Tn), Sr-N—Sr-n= Z wi(ljr-n —Tj7-N)
j=—¢ j=—¢
so that
my = MmN+ MmMp_n,
Gr—Gy = Gn—-E(GN)+Gr_ny—E(Gr_n),
Spr—8r = Sv—SN+5Sr-n~—Sr_n,
Sr—Sr = Sy—SN+Sr_N—S7_N.
Write

gr = a'my + Q(my,Gr, S, St, Sr).
Then a Taylor series expansion of ) around v; =0 and w; =0 for t =1,2,..., N yields

Eexp(ifgr)
= Elexp(ifa’mr + i0Q(mr_n,Gr_n, ST— N, ST_N, ST_N)

x> v'w* Quy(mr N, Gr-n, ST, Sr-N, ST_N)]
a,p

+0(0|"E|Q(mz, Gr, St, S1,57) — Q(mr—N, Gr-N,S7—N, ST—N, ST-N)|") (A.69)
where the power is element-by-element and the indices satisfy
no= (:ula "'a:U'N-‘rZ—laoa "'30)7 v = (Vla "~7VNa07 "'70)7 |,u‘ + |V| < 5(7’ - 1)

First, we will consider the expansion terms in (A.69). Let

{jgﬂ"wjg(rfl)} = {j PG Or vy > 0}7
I = {je{l,..,.N=m}:|j—3%>3mk=1,.,5(r—1)},
Jer1 = inf{jel:j>jp+Tm}
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and j; = inf I. Let s denote the smallest integer for which the inf is undefined. Let

A = H{eXP(iGT*1/2a/Ut cjel|j—grl <m}, k=1,...s,
B, = [J{expi0T~2av,:j el ji+m+1<j<jrp—m—1}k=1.s-1,
B, = [[Hexp(0T"2alv:je1,j>j,—m—1},
R = Hexp(iHTflﬂa/vt) exp(i0Q(mr_n,Gr_nN, Sr_n,ST_N, ST—N))U“U)"QW.
Jgr

Then we can write
Elexp(ifa'mr + i0Q(mr_n, Gr—n, St—N, S7—N, ST—N)
X Z v Qu (mr—n,Gr_n, ST_N, Sr_n, Sr_n)] = H ApBLR. (A.70)
a,B k=1
Note that |Agx| < 1, |Bk| <1, |R| < T76=Dr “and that Ay, By and R are measurable with respect to fj:f;::,

]—"]J:fll, {Fi:3j €1, |l — j| <m}, respectively. By Assumption 1(d), it follows that

\E[]] AxBiR] - E[] | E(Ak|F; : |j — jk| < 3m)BiR]|

k=1 k=1
s J—1 s
< Z \E[H ApBi(A;j — E(A;|Fj : |j = j| < 3m)) H E(A|F;, |7 — il <3m)Bi|
j=1 k=1 I=5+1

s j—1
= Y B[] AsBr(B(AIFEST U FS) — E(AIF; |7 — ikl < 3m))
=1 k=1
< [ E(AIF; :1j— 5l <3m)Bi|
=541
= O(T% exp(—dm)) = o(T™?) (A.71)

for any arbitrary ¢s > 0 by choosing sufficiently large M. By the mixing inequality of Hall and Heyde (1980),
we obtain

\E[R ] BE(ARIF; : 17 — il < 3m)By]]
k=1

< TE [[|E(Ak|Fi: 0 < |j — G| < 3m)|

j=1
+7° [[ EIE(AR|F; : 0 < |5 — ji| < 3m)| + 4T (g/d) exp(—dm) (A.72)
j=1

for some cg > 0. For |#| > d, we have E|E(Ag|F;,j # ji)| < exp(—d). Thus by Lemma 3.2 of Gétze and
Hipp (1983) and Assumption 1(d), it follows that

EIE(AR|F5, 17 = gkl <3m)| < EIE(A|F; : |j = jrl # 0)| + O(T* exp(—dm))
< max(exp(—df?/T),exp(—d)) + O(T* exp(—dm)) (A.73)
E[ﬁ ApBrR) = O(T™°) (A.74)
k=1

for arbitrary ¢ > 0 by choosing sufficiently large M.
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Next, consider the remainder term in (A.69). It follows from Lemma A.2 that

Elmy|" = O(N/T)"), (A.75)
E|TY?*vec(Gn — Go)|” = O((N/T)"), (A.76)
E|(T/0)"*vech(Sy — Sn)|” = O((N/T)"/?), (A.77)
E|(T/0)Y*vech(VSy — VSy)|" = O((N/T)"/?), (A.78)
E|TY*vech(Sy — Sy)|” = O((N/T)"/?) (A.79)
Using the definition of N and er > 2, we obtain that
0" E|Q(mzr, Gr, St, 87, 57) = Q(mr—n, Gr—n,Sr—N, S1-N, Sr-N)|”
— O(ﬂr/2‘9|7'Nr/2T—r)
_ oW/?m T-"/?)  for |9 < T'/?
- o8] ¢"/?Pm ") for TYV? < || < ¢1/2T1—=
= o(lT™h). (A.80)
Lastly, it follows from (A.69), (A.71)-(A.73) and (A.80) that
Eexp(ifgr) = T°max(exp(—df?/T),exp(—d))N™M + O(T® exp(—dm)) + o(/T1)
= o(tT™h) (A.81)
for s > N/M and sufficiently large M, which completes the proof. Q.E.D.
Lemma A.8: For 1 < s <r/2,
E*[|lvec(Ew,)II*] = B {E*[[vec(Fx,)|*]} = Op(b~'/?), (A.82)
E*(|Bw, I°] = E{E*(IBx; I°]l} = Op(07'/%). A.83)
Proof of Lemma A.8: First we will prove (A.82). We can write the LHS of (A.82) as
T—¢ ¢
(L/(T =+ 1)) Y llvec(FII° — Ellvec(Fy)II*) = (L/(T ~ £+ 1)(1/0) Y fow, (A.84)
t=0 v=1
where
b—1
Fow = (1/0) D (Ivec(Fuesi)lI* = E(llvec(Fuers)II*)) -
pn=0

Note that {vec( He+u)}z 0

a0} where a,, is the mixing coefficient of the original variables. So is ||vec(F ¢+, )||®. Thus it follows that
n g g "

is a triangular array of strong mixing sequence with mixing coefficients given by

fs,l/ = Op(b71/2)~ (A85)

Since the decay rate of the mixing coefficients is uniform in v, (A.85) also holds uniformly in v. Hence (A.82)
follows from (A.84) and (A.85).
Next we will prove (A.83). Note that the LHS of (A.83) is bounded by

T—24
((1/ (T —£+1) D 1Bl - Eét||s> (A.86)
e o
((1/ (T—£+1) Z Bl = [1Be]l* = E([|Be]l” — ”Bt”S)) (A.87)
+O(lprll® = (”:U'T”S))7 (A.83)
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where B, = (~1/2 Z D1y and By = ¢1/2 Z _, V4. First, the proof that (A.86) is O, (b~'/2) is analogous

to the proof of (A.82) and thus is omitted. Second, we will prove that (A.87) is O,(b~'/2). A Taylor series
expansion yields

IBell = |Bell = s||Bell*"2Fot% (Br — fo).- (A.89)
Thus we have
T—¢ T—¢
W@ =+ 1) SIBI = B = (/T = 0+1) S sl|Bl* 2F} (Br — o). (A.90)
t=0 t=0

By using arguments analogous to the one used in the proof of (A.82), it follows from the ergodic theorem
that

T—¢
AT~ 0+ 1) 3 s|Bul*2F, = Ous(1), (A.91)
t=0
Thus it follows from Assumption 1(i) that
T—¢
(/T =€+ 1) Y B = 1Be]*) = Op(b7/3). (A.92)
t=0
Similarly we obtain
T—¢ )
(/T =€+1) > E(IBl* = | Bel|*) = O(b~?). (A.93)
t=0

Hence it follows from (A.92) and (A.93) that (A.87) is O,(b~'/2). Third, we will prove that (A.88) is
O, (b71/2). We can write uk as

T4 R
pr = (/(T=t+1)) B
e r
= (/T —=L+1)> B+ Q/(T—+1) > Fl"*(Br — Bo)
t=0 t=0
T—¢
+A/(T = £+1)) Y HL'?(Br — Bo)?. (A.94)

(=)

t=

Thus we obtain

ez lI” = Ellpr |l
T4 _
= O(A/(T —+1)) Y |IBell® — E||Bel*)
t=0
T—¢
O((L/(T = £+ 1)) Y | FL2(Br — Bo) | — EIIF*(Br — Bo) ). (A.95)
t=0

The rest of the proof is analogous to the proofs of (A.86) and (A.87). Therefore (A.83) follows from (A.86),
(A.87) and (A.88). Q.E.D.

Lemma A.9: Let G§ = E*(G%) and B} and Cj denote the bootstrap version of B and C in Lemma A.1
with Sy replaced by S7%., respectively. Then

Gy = Go+0,(T7V?), (A.96)
Sk = S+0(™YHY+0,m7V?). (A.97)
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Proof of Lemma A.9: First, we will prove (A.96).

* * * *1 *
Gi = BGi] = Bl Y Fw] = ElFy]
k=1
T—¢ T—4¢ ¢
1 1 1
T—Z—i-l; ¢ T—z+1t:0£;wt+’

T
1
= TZwt—i—Op(ﬁT_l) = Gr+O0,((T™).
t=1

Therefore, (A.96) follows from G — Gy = O,(T~'/?).
Next, we will prove (A.97). By definition, it follows that

St

b
* * * 1
= Var® (mp) = Var (%ZBN,C)
k=1

b T—¢
1 * * ’ 1 !
= EI;E (Bn,By,) = E*(Bn, By,) T—i+1 ;BtBt

It follows from Lemma A.8 that

Since ph = O,(T~1/?), we have

E[S;] = E[BB] = Y (1-|il/0Eev ;] = S+0(").
j=—t

Thus (A.97) follows from (A.101),(A.102) and (A.103).

Lemma A.10: Let

Then

o

*
YT
KT

<

= T"ki(g7),

= (T/0(r5(g7) = 1) = (T/OE"(97°) = [E*(97)]* = 1),
T'V2E"(g7") = TV*{r3(97) + 3E"(97°)E" (97) — 2[E* (97)°},
(T/0)(ri(g1) = 3)-

Qoo + TV ?b* E* [vec(GY — GE) @ mi] + TV 2c* E*[vech(Sh — Si) @ mi]
+TV2e B [vech(S — S5) @ miy] + o (07 1/?)

Qoo + Op(U71) + Oy (b7%) + 0 (eT71/3),

Yoo + 2(T/0) E*{a*' mib* [vec(Gl — G§) @ mi]}
+2(T/0)E*{a* mi-c* [vech(Sh — S5) @ mi]}
+2(T/0) E*{a* mie* [vech(Sh — i) @ vech(S5 — S&) @ mi]}

17

(A.98)

(A.99)

(A.100)

(A.101)

(A.102)

(A.103)
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+(T/0)E*{c* [vech(S} — S7) @ m7]}? + o (1),
= Yoo T 0p(1) +0p(1), (A.105)
ki = Koo + TY2E*[(a'm%)%] + 3TY2E*{(a*'m%)*b* [vec(Gr — Go)' @ mr|}
+3TY2E*{(a*m%)2c* [vech(S5 — S%) @ mi]}
+3TY2E*{(a*'m} )™ [vech(S} — S5) @ mi]} + o} (¢T~1/?)
= Koo+ Op((712) + 0,(b72) + o5 (0T 1/?), (A.106)
G = G FAUT/OE (2" m) e [vech(S7 — S7) © mi]}
+4(T/0) E*{(a*'m%)3¢/ [vech(S5 — S5) @ vech (84 — Si) @ mi]}
+6(T/0) " ((a"'mi)* (e [vech(S7 — 5) & m]}?)
—12(T/0)E*{a* mic* [vech(Sh — Si) @ m3]}
—12(T/0)E*{a* mie* [vech(Sk — §5) @ vech(S% — S5) @ mi]}
—6(T/€)E*{c*'[vech(S5 — S7) @ m}]}? + 03(1)
= (oo +0p(1) +0,(1), (A.107)

where Qiso, Yoo, Koo, and (s are defined in Lemma A 4.
Proof of Lemma A.10: The first equalities in (A.104)—(A.107) follow from Lemmas B.1 and B.2. Thus we

will show that the second equalities hold in the rest of the proof.
Part (a): Proof of (A.104). First, we introduce some notation for the proof. Let

ajr = TY?bYE*[vec(Gy — Gf) @ mjl,
ajr = TY?c*E*[vech(S; — S;) ® my],
oy = TY2c" E*[vech(S5 — 55) @ m3),
o = Tl/Qb/E[VGC(GT — Go) ® mT],
Qo = TI/QCIE[VeCh(gT - ST) & mTL
asp = TY2¢Elvech(Sr — Sr) @ mr],
alee = b Z Elwo ® v;],
i=—00
(o)
Qgee = C Z E[vech(vov}) ® vj],
1,j=—00
a3 = C Z E{vech[VS(E(wo)'VE(wy))  E(wo) V] ® v;}.
Next, we will prove that
Kip — aloe = O,(07Y) + 0, (£ /2p71/2), (A.108)
Ay — aaee = O,(£71) + O, (£Y2071/2), (A.109)
Wip — Q3oe = O,(£71) + 0, (£/2p71/2). (A.110)

Since oo = Qoo + Q200 + Q300 and o = afp + adr + o, (A.104) follows from (A.108), (A.109) and
(A.110).
First, we will prove (A.108). From Lemma A.9, we have b* =b + O(¢~') + O,(b~'/?) and thus
CqT = \/Zb*/E*{[FNl - E*(FN1)] ® BNI}
- b*/E*[FNl ® BNJ
= DE"[Fy, @ By,] + 0p(¢71) + 0, (b71/%)
= i +O0,(THY+0,07V?),  say. (A.111)
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By combining (A.111) with

Elol] =bE {Ft ® Bt] = 3" (1= [jI/OY Elwe @ v_j] = a1 + O(¢7).
j=—t

4

and o — E ol ] = O,(b~1/2) from Lemma A.8, we obtain (A.108).
Second, we will prove (A.109). Similarly, we have ¢* = ¢ + O(¢{~') + O,(b~'/?) from Lemma A.9 and

thus

ajr = Vi E*[vech(By, By, — E*(Bn, By,)) ® By,]

= VIc'E*[vech(By, By, — E*(Bn, By,)) ® Bn,] + Op(£71) + O, (b71/?)
= Vic'E*[vech(By, By,) ® Bn,] + Op(071) + 0,(b71/?)

= Q50+ Op(g_l) + Op(b_1/2)7 say.

By combining (A.113) with

Elas,] = Vic'Elvech(B,B)) ® By]

i-§>0)+ (il +1i)(-5<0),0)

_ C’ES (1rmn«nmxmmﬂx

ij=—t
x E[vech (vov’_;) ® v_]

= Q200 +O(€_1)

and ob — E[ab.] = 0,(b~1/2) from Lemma A.8, we obtain (A.109).

Lastly, we will prove (A.110). Note that

where

First, note that

where

S — 55 =
k=1
= USH(B - B) + v255(B" - B)?
. Vi
Sy = TZ(FMB;W + By, Fy, ),
k=1
2 Ox 14 ’ /
viSr = EZ(FNkFNk)7
k=1
- . _ 1
* — G*/V G* 1 G*/V - % .
¢ B [ VT T] T T\/TmT
VSE = B VS| +0,077),
NS = OB [R5 10y,
= VIE*[Fn,By, + Bn, Fy,] = E*[Fn, By, + Bn,Fy],
= EE*[FNIF]’\H].
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Second, note that
TV2(6° = B) = [E*(GHIVr E*[G]) ! BF[GHIVems + 05 (b71/?)
since G — E*[G4] = O5(b~1/2) and
GyVrGy — E*[GY|Vr E*[Gy] = O5(b71/?).
Thus it follows from (A.115)—(A.116) that
oy = TY2¢ E*[vech(Sy — 55) @ mi],
= B lvech (VSTVA(F — §) + (B~ B 7 STVA(F ) @ mi]
= ¢ E"[vech (vg%T“ 23— B)) ®my] + O, (62T 71/?)
= B {vech (E*[v5;] B [GHVrE* Gyl E*[GHVemyy ) @ mip)
+O5 (02712
— ¢'E*{vech (E [P, Bly, + B, Fio, ) [E*[Fi, IVE* [Fy, )]
XE*[Fi,JVBN,) ® B, } + Op (2T 72) 1 0,(671) + 0, (671/2),
= i + 0L PTV2) 4 0,(C7 ) + 0, (b72),  say.

Since

14
E B[Py, By, + B, i )| = VEEIFB]+ BiFl] = 3 (1= 1jl/0) Elwov!; + vou’_]

—J
j=—t

> Elwev' ; +vow’ ;] +0(7") =vS+0(™),

j=—o00
E[E*[Fn]] = E[F] = Elwl,
it follows that
E*[Fy, By, + Bx, Fiy] = E [E*[Fy, By, + By, i ]| = 0,077,
E*[Fn,] - EIE*[Fn]] = Op(b71/?%).

Hence, it follows from the moment inequality, Lemma A.8, (A.120) and (A.121) that

Oégoo = FE [agoo} + OP(b71/2)

= c Z E{vech[VS(E(wo)'VE(wo)) * E(w) Vo) ® vi} + Op(071) + 0, (b71/?)

1=—00

= 300+ O0,(07Y) +0,(07V?).

Therefore, (A.110) follows from (A.117), and ( A.122).
Part (b): Proof of (A.105). Let

T (T/0)E*{a"' mpb” [vec(GT — Gf) @ myl},

vr = (T/OE{a" mpc[vech(S; — S7) @ my]},

yvir = (T/0)E*{a*mie[vech(Sh — S%) @ vech(S5 — Si) @ mi},
vir = (T/OE*{c"[vech(S} — 57) ® m7]}?.

From Lemma A.9, we have a* = a + O(¢~') + 0,(b~'/?) and thus

Yir = Y2E*{a” By, b"[Fy, — E*(Fn,)| ® By, } = 03(1).
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(A.119)

(A.120)
(A.121)
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Similarly,
vr = (T/OE*{a”mpc”[vech(ST — S7) @ m7]}
= E*{a"”By,c"[vech(By, By, — E*(Bn,By,)) ® Bn,]}
= E*{a'By,c'[vech(Byn, By, — E*(Bn, By,)) ® Bn,]} + Op(¢71) + Op(b’l/z)
Vooo + Op(C1) +0,(0671%),  say.

It follows from the moment inequality and Lemma A.8 that

Voo = E[WZOO] + Op(b _1/2)

= lim Z Z Z E{a’vc'[vech(v;v;_; — L) @i} 4+ 0 (071 + 0, (b~ 1/?)

T—o0
j=—Li,k=-T
= Y2+ O0p(71) +0,(0713). (A.123)
The result for v5; and vjp can be proved using similar arguments, and thus the proof is omitted.

Part (c): Proof of (A.106). Let x%, = T*/2E*[(a*'m.)%] denote the second term on the RHS of (A.106).
Because the proof of Part (c) is analogous to the proofs of Parts (a) and (b), we will only show that

Kip= Y E(@veavajv;) + 0,(07") + 0p(b7"/2). (A.124)
3,j=—00
By definition, we have
T—¢ ~ _
Wi = (B (@7 By,)?) = (/T = 0+1)) Y @ (Bi + By — By — i), (A.125)
t=0

where B, and B, are defined in the proof of Lemma A.8. Thus it suffices to show that

T—¢ 00
(@PNT—t+1)Y (@'B)® = > E(awavia'v;) +o0,((T71?), (A.126)
t=0 i,j=—00
T—4¢
(61/2/ T — €_|_1 Z *l Bt 3 — Op(é*l)_FOp(bfl/Q), (A127)
t=0
T—4¢
(@)1 —0+1)) (@"uz)® = Ot + 0,673, (A.128)
t=0

First, we will show (A.126). Since a HAC covariance matrix estimator converges at rate O, (¢/2T7~1/2) it
follows that

T—¢
/T —+1) Y £1*(@"B;)* - ('/*E(a” B;)?
i=0
¢
= 0,( > (1 = min(max(i, j, i — jI), 0)/O)(1/(T — £+ 1))
1,j=0
T—¢
X Z[a*’vta*’vt+ia*’vt+j — E(a"via™ vipi0 vt 5)])
t=0
= 0,(£Y?1771?), (A.129)
By the moment inequality, it follows that
b—1 %S
(1/b) Y 0?E@"B)* = Y E(a'vpa'via'v)) + o(¢T~/?). (A.130)
i=0 i,j=—o0
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Thus (A.126) follows from (A.129) and (A.130). Next we will show (A.127) and (A.128). Using arguments
similar to the one used in the proof of Lemma A.8, we obtain

~
~

T—¢

(3/(T =€+ 1) Y [a" (B = B)P = (AT — £ +1) Y_{a”[F(Br - Bo)}* = O,(PT~%)  (A.131)
t=0 t=0
and
T—2¢
(51/2/ T 0+ 1 Z */ * _ El/Q(a*/M;)S _ Op(£1/2b73/2)' (A.132)

t=0

Thus (A.127) and (A.128) are satisfied. Therefore, (A.106) follows.
Part (d): Proof of (A.107). Part (d) can be proved using similar arguments and thus the proof is omitted.
Q.E.D.

Proofs of Main Theorems
Lastly, we will prove the main theorems.

Proof of Theorem 1: The result for the studentized statistics, (3.2), follows from Lemmas A.5-A.7. Let
J%/ =S 1/2 S zi(ys — Bipat). Then it follows from the first-order condition that

T
I = (L= Gr(GrGr) T Gr)SE 2y 2y — Brae). (A.133)
t=1

By the singular value decomposition, there are k x k — g matrices A, B and (k —p) x (k — p) diagonal matrix
A with positive diagonal elements such that A’A =Ij,_,, B'B = I}_, and

I, — Gr(GLGr)'Gr = AAV2B.

Thus we can write
T

J%/Q = AAl/QB/S;/QZZt(yt _Blfxt) = Aj%/Q (A.134)

t=1

where j}/z = Al/QB’S;l/2 Z;‘ll zi(ys — Bpxy) is a (k — p)-dimensional vector. Note that

Jr = JRA'AJr = JpJr. (A.135)
The rest of the proof takes the following steps. First, one can show that Lemmas A.1-A.7 hold for ¢/ J ji/2
except that a,b,c,d and e now take different values. Second, because the characteristic function of JT/ 2
can be derived from an linear combination of quw/ 2, the distribution of jjl/ % can be approximated by its
Edgeworth expansion in a suitable sense. Lastly, a modification of Theorem 1 of Chandra and Ghosh (1979)
with s = 5 completes the proof of (3.3). We make the following modifications: (i) the order of the third
term of the Edgeworth expansion {;_1 ,,(2), i.e., 1/n, is replaced by £/n; (ii) the order of such approximation
errors, o(n~=3)/2) by o(¢/n) + O(1/£9) where n = T; (iii) the order of the second term of the Edgeworth
expansion ., n, 1/n, is replaced by ¢/n. These modifications do not change the parity of R(«) which is the
crucial element of their proof (see Remark 2.5 of Chandra and Ghosh, 1979, pp.27-28). Thus their proof
will carry through for our version of their theorem. Q.E.D.

Proof of Theorem 2: For iid observations, a modification of Theorem 1 with £ =1 yields

sup |P(TY*(Sre) V2 (Br — fo) < ) — Up(z)| = o(T7Y), (A.136)
rERP
sup |P(Jr < z)— U r(z)] = o(Tﬁl). (A.137)
>0
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under Assumptions 1(b)(c)(d)(i), £ = 1 and Assumption 1(e) replaced by the standard Cramer condition.
It suffices to show that the conditions on R; = (vj,vec(w;)’)’ required for the Edgeworth expansion of
Theorem 1 are also satisfied for Qn, = (Bgvj vec(F,;)")" for j =1,...,b conditionally on the sample x7 =

{(xg,yt,zg)}thl, uniformly for all y7 in a set whose probability tends to 1 as T" — oo. Without loss of
generality, we check the conditions using By,. For Assumption Al(b), we have

E*[By,] = E*[Bw,] = \/ZE ziu; — ) = 0. (A.138)

For Assumption Al(c), it follows from Lemma A.2 that

i T R I
E B [By, || = — €+ ZO vni| =E W;vm < oo (A.139)
From the proof of Theorem 4.2 of Gétze and Kiinsch (1996),
E*|By,| " - E [E By, |””} = 0,(b"1/2). (A.140)

Combining the two results implies that the probability of E* | By, ‘H_n < oo tends to unity. By construction,
the moving block bootstrap sample are based on the independent sampling of By,. Therefore, Assumption
Al(d) is trivially satisfied (with a probability one) using a sigma-field defined by o(N;) for j = 1,...,b,
conditionally on the sample yr. By the same reason, we can replace Assumption Al(e) by the standard
Cramér condition and we only need to show that the condition holds with probability tends to one. Using
an argument that appeared in the proof of Theorem 4.2 of Goétze and Kiinsch (1996), we have that

P{ sup |E*explitBy,]|<1—-Cp=1—0o(T™") (A.141)
d<|t|<bl/2?

for some 0 < ¢ < 1/2. Q.E.D.

Proof of Corollary 1: It follows from Lemmas A.3-A.5, Lemmas A.9-A.10 and Theorems 1 and 2. Q.E.D.
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