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The uncertain and sequential trading (UST) nodel is extended to
the case in which buyers have different reservation prices. Unlike
previ ous UST nodels here the probability that a market will open and the
nunber of buyers who participate in this narket are endogenous. It is
shown that the UST allocation is not efficient in the relevant sense: A
nonopol y who faces the sane informational constraints as the UST firns

may i nprove matters by raising prices.



I NTRODUCTI ON

Uncertain and Sequential Trading (UST) nodels are based on ideas
in Prescott (1975) and Butters (1977). In a review article of the Phel ps
vol une, Prescott provides a counter exanple to the view that
precautionary unenploynent is likely to be excessive because sellers of
| abor services have some nonopoly power. Prescott considers an exanpl e
in which sellers of notel roons set prices before they know how many
buyers will arrive and derive an equilibriumprice distribution. He
assumes that cheaper roons are sold first and therefore in equilibrium
sellers face a tradeoff between price and the probability of naking a
sal e.

In prescott's exanple all notel roons are the sanme and all buyers
who arrive want a single roomand are willing to pay up to the sane
reservation price. Prescott's conclusion is that "For this exanple,
whi ch entails nmonopoly power on the part of sellers facing a stochastic
demand, the conpetitive equilibriumis efficient. If demanders were
het erogeneous (in terns of preferences) and there were heterogeneity in
the type of roomsupplied, it is possible that these concl usions would
be altered. Until such an analysis is successfully performed, | see no
reason to conjecture that the natural vacancy rate is either too high or
too low " (page 1233).

In the UST approach taken by Eden (1990) an equilibrium
distribution of prices is obtained even though sellers are allowed to
change their prices during trade and have no nonopoly power. The UST
approach has proven useful for analyzing issues in nonetary econonics

and busi ness cycle. See Bental and Eden (1993, 1996),



Eden (1994, forthcoming), Lucas and Whodford (1994), WIIlianson (1996)
and Whodford (1996). But the efficiency question posed by Prescott is
still open.

In Eden (1990) all buyers have the sane downward sl opi ng dermand
curves (rather than a demand for a single unit) and the allocation is
efficient. Buyers who arrive first buy nore at lower unit prices. In
terms of the notel room exanple: Buyers who arrive first, buy larger
roons at a |low price per square neter. Thus heterogeneity in the type of
room supplied does not alter the efficiency result.

Recently, Dana (1998) has extended Prescott's nodel to an
envi ronnent in which buyers have different reservation prices. He
concludes that in this case the equilibriumallocation my not be
efficient because of price rigidity.

Here | consider Dana's problemin a UST framework that does not
assune price rigidity. Like in other UST nodels demand arrives
sequentially in batches and firnms have to nmake irreversible trading
deci sions before they know the realization of aggregate demand. But here
the probability that each batch will arrive and its size are deternined

endogenousl y. 1

1 1n Dana (1998) the probability of arrival and the size of each batch
do not depend on prices. This is because he assunes that regardl ess of
prices he can rank aggregate states of nature by the aggregate denmand
so that the aggregate demand in state of nature 1 is always |ower than
the aggregate denmand in state of nature 2. This assunption nmay be
rather restrictive. Assune for exanple that there are two potentia
buyers and two states of nature. Buyer 1 wants to consunme one unit in
state 1 only and his reservation price is 10. Buyer 2 wants to consune

2 units in state 2 only and his reservation price is 5. Aggregate



The UST franework allows for a distinction between two types of
efficiency criteria. | define sequential efficiency by the solution to
the problemof a central planner who naxini ze expected surplus subject
to the sane informational constraints which are inposed on the UST
firms: He has to nake irreversible choices before he knows the
realization of demand. Standard Wl rasian efficiency on the other hand
is defined by the solution to the unconstrai ned social planner problem

Dana conpares the allocation in the Prescott nodel to the standard
Wal rasi an allocation and finds that the Walrasian allocation is better
This is a claimabout standard Wal rasi an efficiency which holds in the
UST nmodel as well. The "Wl rasi an auctioneer" does a better job because
he has nore information than the UST firnms: He knows aggregate denand
before irreversible trade takes place.

Here | show that the UST allocation need not be sequentia
efficient: Even a social planner who operates under the informationa
constraints faced by the UST firns can inprove matters. Myreover, even a
nonopoly who face the sanme informational constraints may inprove
matters.

Since we allow sellers to change their prices during trade, the
reason for the inefficient outcone of the UST nobdel is not in price
rigidity. The reason for the standard Walrasian inefficiency is in the

i nfornmati onal constraint inplied by the sequential nature of trade. The

demand in state 1 is thus 1 unit when P < 10 and zero ot herw se.
Aggregate demand in state 2 is 2 units when P < 5 and zero ot herw se.
Aggregate denmand is larger in state 2 when P < 5 and larger in state 1
when 5 < P < 10.



reason for the sequential inefficiency is in the conpetitive pressure to
nmake zero expected profits.

The result about sequential inefficiency is rather surprising. The
intuition for this result is roughly as follows. Under sequential trade
it is possible that a | ow valuation buyer who arrive early will not be
rati oned while a high valuation buyer who arrive late will be rationed.
A possible solution is to raise prices above the reservation price of
the | ow val uation buyer. But this | eads to above nornal profits and
t herefore requires some nonopoly power.

| extend the analysis to environments in which ex-ante contracts
are possible and distinguish between the case in which delivery occurs
sequentially and the case in which it occurs sinultaneously after al
buyers have arrived. In the sequential delivery case the outcone from
trading in ex-ante contracts nay be better than the UST outcone because
the UST outconme is not sequential efficient. In the sinultaneous
delivery case the outconme of trading in contracts will be, under certain
condi tions, the Walrasian efficient outcone.

| characterize the conpetitive contracts in the case of
si mul taneous delivery. It is shown that "overbooking" is essential for
achi eving the Walrasi an outconme. Partial refunds can be used as a

screeni ng device in cases of asymetric information.

THE MODEL

| consider an econony with two dates (t = 0,1) and two goods

(X and Y with |lower case letters denoting quantities). There is a price-

taki ng firmwhich has an access to a constant return to scale



technol ogy: It can produce X at the cost of A units of Y (the
nuneiraire) per unit of X Production occurs at t = 0.

There are S possible aggregate states of nature (indexed s) and J
types of buyers (indexed j). The nunber of buyers fromtype j is nj. A
type j buyer demands at nost one unit of X at any price less than vj if
he wants to consunme and zero ot herw se

It is assuned that a fraction ¢s of type j agents want to consune
in aggregate state s.

At t =1, buyers forma line and learn their type and whether they
want to consune X. After learning this information they arrive at the
mar ket - pl ace one by one according to their place in the line. Upon
arrival buyers see all price offers and choose the cheapest avail abl e

of fer. The sequence of events is illustrated by Figure 1.
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Markets: Fromthe firmis point of view demand arrives in batches. The
first batch with A1 buyers arrives with certainty. They then trade and
go away. After the first batch of buyers conplete trade a second batch
of Ap buyers may arrive. In general, there can be two possible events
after batch i conpletes trade and di sappear: Either trade ends or an
addi ti onal batch of Aj4+1 buyers arrive. The arrival process is

illustrated by Figure 2.

End of rade
End
A buy
Fi gure 2

The firmcan sell to the first batch at the price P1. It may
choose not to sell everything at this price speculating on the

possibility that a second batch of buyers will arrive and buy at the



hi gher price P2. In general, the firmcan sell at the price Pj to buyers
in batch i if it arrives.
The firm nakes a contingent plan to sell xj units at the price P

if batch i arrives, subject to:

(1) I Xj =X,

where x is the total anount it chooses to produce.
It helps to think in terns of markets that open sequentially. The
first batch of buyers opens the first market. If the second batch of

buyers arrives, it opens the second narket and so on. The price in

market i is Pj, the quantity supplied to market i is xj and the quantity
demanded in narket i is 4Aj. In equilibriummrkets which open are

cl eared:

(2) O = Xj.

I now turn to describe an algorithmfor conputing the probability
that each batch will arrive and the nunber of buyers it contains as
functions of an arbitrarily chosen price vector: P;1 £ ...< Ps. This is
done by | ooking at the residual demand at each stage of trade. The next
batch will arrive if there is strictly positive residual denand (buyers
who wanted to buy in previous markets but could not). The nunber of
buyers in the next batch is the mininumsize of the residual demand. |
now turn to a detailed description

Market 1 will open in all states in which % ¢s >0 and there is

strictly positive demand. The probability that market 1 will open is



given by g1 = Zgzl Tl (Zj @s), where g is the probability that state s
occurs and I (x) = 1 when x > 0 and zero ot herw se.
The nunber of type j buyers who want to buy in the first narket at

the price P{ in state s is:

3 N; P1) = @ggnj if vi = Py and zero ot herw se.
i's @ sNj j

Total demand in the first narket at the price P; is therefore:
1 _ o a1
(4) Ns(P1) = % N'g(Py).

The nunber of buyers in the first batch is the m ni mrum denmand at the

price P; over all states:

(5) A(P1) = miny{N[(PY). ... . Ng(PD},

where | use the operator miny to select the smallest strictly positive

nunber if such a nunber exists and zero ot herwi se. 2

Market 2 will open in state of nature s if after the conpletion of
trade in the first market there is residual demand in this state:

h@(Pl) > A1(P1). The probability that market 2 will open is:
_ <SS 1
(6) d2(P1) = TZ_; sl [Ng(P1) - Ag(P1)],

where 1 denotes the probability that state of nature s occurs and

2 For exanple: mny(1,2,0) = 1 and ming(0,0,0) = 0.
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I(x) =1 if x >0 and zero ot herwi se.
If the probability that narket 2 opens is zero we are done. If not
we calcul ate the size of the second batch in the follow ng way. The

fraction of renaining buyers out of all buyers who wanted to buy is:

(7) VS(P) = 1 - [Ay(P)/NI(PDI,

i f Ni(Pl) > 0 and zero otherw se.

It is assumed that the fraction of remaining buyers is the same for al
types who wanted to buy in narket 1. The nunber of renaining type j
buyers is therefore Ué(Pﬂ(ﬁsnj. The nunber of remaining type j buyers

who want to buy at the price Py is:

(8) Nfs(Pl, Po) = ug(Pl)q sNj if vi 2 P2 and zero otherwi se.

And the total residual demand at the price Py is:
(9) N(PL P2) = 3 N((PL Py).
The nunber of buyers in batch 2 is:

(10) Bp(P1, P2) = minu{NE(PL, P2),....N&(P1. P2)}.

We proceed to calculate the probability that market 3 will open:

(11) Ga(PL. P2) = zo_; Tsl [No(P1, P2) - fp(P1, P)].
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In general, the probability that market mw |l open depends only on
prices in narkets with indices Iess than mand i s denoted by:
dn{P1, ..., Pm1). For notational convenience | use: q1 = q1(Pg). The
nunber of buyers in batch m depends on the prices in all the first m
markets and is denoted by: Af{P1, ..., Pp.3

Because of constant returns to scale the supply to nmarket m does
not depend on the supply to other markets: It depends only on the

probability that market mw Il open and the price in this market. The

firmtakes prices (P1, ..., Py as given and chooses the quantity xmto
sol ve:

Because of constant returns to scale the firmwll choose any interior

solution, 0 < Xy < o, if:

(13) AP, ... Pm1)]Pm=A

Gven the functions qn{P1, ..., Pm1) and A{P1, ..., Py | define

equi libriumas foll ows.

A UST equilibriumis a vector of prices and quantities

(P1,..., Ps; X1,...,Xg) that satisfy:

3 Note that market mmay open and A{P;, ..., Pp may equal zero because
the price Pphis too high. Note also that by construction, the nunber

of markets that open is less than or equal to the nunber of states

().
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(a) PL <Py <... <Pg
(b) [am(P1, -, Pm1)]1Pm=A;
(¢) AdP1, ..., Pm = Xm;
for all m

Since the probability that market m opens depends only on prices
in |lower indexed markets, we can solve for the unique UST equilibriumin
the following way. W start fromP1 = A and conpute N;()\) and A1(A). W
then conpute the probability that market 2 will open:
go2(A) = Zss’zl T[sl[Ni'(A) = A (N)]. I'f g2(A) =0, we choose P = 0 for all
m= 2. O herwi se, we choose: P> = A g2(A) and conpute

I\é[)\, Ma(A)], AD2[A, Mqg(A)]. W then conpute the probability that

market 3 will open:

qz[A, M a(A)] 25;1 T[sl{N§[7\, Ma(A)] - Bz[A Ma(AN)]}. If

qz[A, Ma(A)]

0, we choose Py =0 for all m= 3. Qherw se, we

choose: P3 = Mqz[A, AMq(A)] and so on.

Monopol y: A nonopolist will choose the prices (P < P2 ... <Pg) to

maxi m ze the expected profits:

(14) 2o (APl Pm )T [Bn{PL ...\ Pm]Pm- AT, [An(P, ... Pm].
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Soci al pl anner:

The fraction of type j buyers in batch min state s is:4

(15) o' g(PL . P = NT((PL .. P/ NGLPL . Py,

i f Nngl,...,Pn) > 0 and zero ot herw se.

The average val uation of the buyers in batch m state s is:

m
(16) ValPL ....Pp = 3 Vi oy (P1 .. P

The probability that thPl,...,Pn) >0 is:

QP1,..., Pp = 25:1 n@l[Nngl,...,Pn)]. The average val uation of a unit

sold in market mis therefore:

S
(17) VidPL ... P = So_; [T/ QPL ..., Pp][ValPL.... Pl
if QP1,..., Ppmp > 0 and zero otherwi se.
The social planner chooses prices (P1 € P> ... <Pg) to maxinize the

expected consumer surpl us:

(18) 5> [aPL - Pn D] (APl - PRI Va(PL ..., P

N>, [Bn(PL ... Pl

4 |t is assuned that all buyers who want to buy in market m have the
same chance of making it and therefore the fraction of type j who
actually buy in market mis equal to the fraction of type j in all

agents that want to buy in nmarket m
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An allocation is sequential efficient if it is the outcone of
sol ving (18).
| nowturn to conpare the UST allocation with the nonopoly choice

(14) and the central planner's choice (18).

Exanple 1. There are two types of agents: Definite buyers (j = 1) and
possi bl e buyers (j = 2). The nunber of agents fromeach type is 1
Definite buyers have a reservation price of vi = 10 dollars (units of Y)
and possi bl e buyers have a reservation price of vo = 7 dollars. There
are two states of nature which occurs with equal probabilities: rain
(s =1) and norain (s = 2). Definite buyers want to consunme X in both
states. Possible buyers want to consune X only if there is no rain. The
cost of production is A =5 per unit of capacity.

At P;1 > 10, total denand is zero. At 7 < Py <10 total demand is 1
and at P1 < 7 total demand is 1 if s =1 and 2 if s = 2. The nunber of

buyers in the first market (= m ni mum dermand) is thus:

(19) A(Pp) =1 for P1 < 10 and zero otherwi se.

The probability that market 2 will open is:

(20) g2(P1) = Y5 for P < 7 and zero ot herw se

This is because in state 2 there is strictly positive residual demand.
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When P; < 7, the nunber of remmining buyers in state 2 is Y, of
each type. Wien P> < 7, all the renmininig buyers want to buy in market

2 and therefore:

(21) A>(P1, P2) =1 for P <Py 7.

When 7 < P < 10 only the definite buyers want to buy in nmarket 2 and

t her ef ore:

(22) NAx(P1, Pp) =Y, for PL < 7 and 7 < Py < 10.

When P> > 10 none of the renaining buyers want to buy in market 2 and

t her ef ore:

(23) Ax(P1, P2) =0 for P £ 7 and P> > 10.

Since the second market opens in this exanple with probability
15 equilibriumprices are: Pf = A =5 and P, = 2\ = 10. The nunber of
buyers in the second batch is 1, according with (22) and production is
therefore 1.5 units at the cost of 7.5. The surplus in state 1 is:

Vi - 7.5 = 2.5. The surplus in state 2 is: vy + (¥Y5vy - 7.5 = 6. The
average surplus over the two states is 4.25.

A monopoly will choose P; = 10 and produce one unit naking a
profit of 5. This profit is also the surplus in this case which is
greater than the conpetitive expected surplus.

Note that a planner in this exanple cannot do better than the

nonopol y: The planner will choose to produce one unit and will price it
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at 7 < P <10 so that only the high valuation buyers will get it. Thus

t he nmonopoly choice is sequential efficient.

In exanple 1 the UST conpetitive firm produces nore than the
nonopoly but this is not efficient because the additional half a unit of
capacity is being used by type 2 agents whose ex-ante valuation is |ess
than the cost of production (3.5 per unit). The reason why in exanple 1
the conpetitive firm produces too nmuch capacity is in the failure to
al l ocate capacity to buyers who value it the nost: Low val uation buyers
who arrive early are not rationed and therefore the residual demand
i ncl udes hi gh val uati on buyers who arrive |ate. These high valuation
buyers are willing to pay enough to produce goods that will be sold with

probability 1/,

Exanpl e 2: The sane as exanple 1 but now vy = 9 instead of 10. In this
case conpetitive UST prices renains the sane as in the previous exanple:
P1 =5 and P> = 10. As in the previous exanple, market 2 will open in
state 2 but since Ax(5, 10) =0 it will not be active. In a UST
equilibriumonly one unit is produced and allocated to nmarket 1. The
surplus is: 4 in state 1 and 3 in state 2. The average surplus is: 3.5.

A monopoly will choose P; = 9 guaranteeing a profit (surplus) of

In exanple 2 both the nonopoly and the conpetitive firm produce
t he sane anount but the nonopoly does a better job in allocating the

exi sting capacity to the buyers who value it the nost.
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Exanmple 3: | now add a new type to exanple 1: Type 3 who wants to
consunme only when s = 1 (when type 2 does not want to consune) and is
willing to pay only up to vz = 4.

Addi ng type 3 will not change the UST equilibrium and the nonopoly
choice. But it will change the planner's choice. Now the planner can do
better by producing two units and pricing themat P < 4.

Wen s = 1, type 1 and type 3 will buy the good and the surplus
will be 10 + 4 - 10 = 4. Wen s = 2, type 1 and type 2 will buy the good
and the surplus will be 10 + 7 - 10 = 7. The average surplus is 5.5
whi ch is higher than what the planner can nake if he adopts the nonopoly
choi ce.

In exanple 3 the UST firmis producing too little relative to the

sequential efficient level: 1.5 instead of 2.

The above three exanpl es show.

Proposition 1. (a) The UST allocation is not necessarily sequenti al

efficient; (b) The nmonopoly choice may be sequential efficient even in
cases in which the UST allocation is sequential inefficient and (c) The
UST output nmay be either too high or too low relative to the sequential

efficient [evel of output.

As was said in the introduction inprovenents require the departure
fromzero expected profits. To inmprove we nust either raise prices and
achieve a better screening of buyers (allow ng only high val uation
buyers to buy) or reduce prices and allow the participation of |ow

val uation buyers who want to consume in | ow demand states. This requires
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ei ther positive or negative expected profits and therefore cannot occur
in the UST conpetitive environment.
I now turn to a conparison of the UST nodel with the standard

conpetitive nodel

The standard conpetitive nodel

The Wl rasi an auctioneer observes demand (the state of nature)
bef ore announci ng the market clearing price. This informationa
advantage all ows for outcones which are better than the solution to

(18). To show this let:
(24) njs(p) = @¢snj if vj =2 p and zero otherw se.
Total demand in state s is given by:

(25) ns(p) = % njs(p).

Let pg denote the price in state of nature s and define equilibriumas

fol |l ows.

A standard conpetitive equilibriumis a vector (pi,...,ps; V) such
t hat :

S
(8) So—q TsPs = A;

(b) ng(ps) <V for all s and P = 0 when the inequality is strict.
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Condition (a) insures that the firm produces the capacity V at zero
expected profits. Condition (b) is a market clearing condition
I now solve for the standard conpetitive equilibriumvectors in

t he above exanples (note that equilibriumis not always unique).

Example 1. The following two vectors satisfy the conditions for

standard conpetitive equilibrium

p1 = 0, p2 10, V = 1;
p1 =1, p2 =9, V=1,

In both cases the expected consuner surplus = 5.

Exanmpl e 2:
p1 =1, p2 =9, v=1

p1 = 2, p2 =8, V=1,

Expect ed consuner surplus = 4.
Exanpl e 3:

p1 =3, p2 =7, V=2

Expected consumer surplus = 5.5.

In these exanpl es, the expected consuner surplus is the same as the
maxi mum val ue of (18). The followi ng exanple illustrates that the
i nformational advantage of the Walrasian auctioneer pernmits strict

i mprovenent.
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Exanpl e 4. The sane as exanple 3 but now type 3 (with a reservation
price of v3 = 4) wants to consune in both states. In this case the
standard conpetitive equilibriumis the same as in exanple 3:
p1 =3, p2 =7, V=2 and expected consumer surplus = 5.5.

But here a central planner who faces the sequential constraint and
solves (18) can not do better than produce V = 1 and charge 7 < P < 10.
The outcone of this choice in terns of consunmer surplus is 5 (like the

nonopol y) .

Thus the standard conpetitive allocation may be strictly better

than the sequential efficient allocation

St andard WAl rasi an efficiency:

| consider the problemof a central planner who chooses capacity
at t = 0 but allocates it at t = 1 after observing the state of nature.
Let 1(x) = 1 when x =2 0 and zero otherw se. The central planner's

problemis to choose pg and V which sol ve

(26) mx s Ts Zj @Gsnjvil(vj - ps) - AV

s.t. Z gsnjl(vj - ps) < Vifor all s

An allocation is Walrasian efficient if it is the outcone of

solving (26). In general, the expected consunmer surplus (26) is higher

than the nmaxi mum value of (18). It is also well known (The first welfare

Theoren) that the standard conpetitive allocation solves (26).
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The infornmational difference between the sequential nodel and the

Wal rasi an nodel is illustrated by Figure 3.

[ Sy I | e T A
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sedquence of events in the standard Walrasian environment

Figure 3

Ex-ante contracts: In many cases it is possible to buy tickets before

actual delivery occurs. Is this a way of cutting on waiting tine or is
t here anot her reason for advance purchase?

The answer to this question depends on whether delivery is
sequential or sinultaneous. Wen delivery is sequential the paynent
cannot be contingent on the realization of demand: It can only be
contingent on the order of arrival. Wen delivery is sinultaneous and
occurs after all buyers have arrived the tickets may be contingent on

the realization of denand. Hotels are exanples for sequential delivery:
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It is difficult to imagine that buyers will wait outside an hotel unti
there is no chance that additional buyers will arrive. This is not the
case in the airline industry where technol ogy requires that delivery
occurs after all buyers have arrived.

Ex-ante contracts cannot help if buyers do not know anythi ng about
t hensel ves at the tinme of capacity choice. | therefore assune that at
t = 0, agents learn about their type where, as before, a type is
characterized by the valuation vj and the probabilities that he wll
want to consume: (g1, -..,@¢s). At t =0 there is trade in contracts.
Buyers | earn about their desire to consune only at t = 1. Then we nay
have two types of deliveries: sequential delivery as in the hotel

exanpl e or sinultaneous delivery as in the airline exanple. The sequence

of events is illustrated by Figure 4.
Capacity choice Delivery
Tracle Buvers learn whether (Simultanecus or
Buyers learn theirbype  they want o Buy sequential)
| | |
| | |
Figure 4

| start fromthe case of sinultaneous delivery and adopt the
airline exanple. | assunme that after buyers |learn about their desire to
fly they may report it to the airline (by showing at the counter). The
airline then chooses to whomit will deliver (in the case of

"over booki ng").
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A contract is a triplet (4, a, B): If at t = 1 the buyer wants to
fly and the airline chooses to satisfy his denmand the buyer pays the
price u. If the buyer chooses not to fly he pays a (get a refund for
M- a). If he wants to fly but there is "overbooking" and the airline
does not deliver the buyer gets B (pays - B). It is assuned that
M =a=0. This insures that a buyer who does not want to fly will
report it to the airline.® | start fromthe case in which the type of
t he buyer can be observed by the airline at t = 0.

At t =1 all the refund options included in the tickets are
exercised. As a result the airline learns the state of nature. Let pg
denote the shadow price of a seat in state of nature s. It is assuned

that the airline nakes zero expected profits and therefore:

(27) s TsPs = A.

The expected revenue fromselling a ticket (y, o, B) to type j

(28) Zs Ts{@s[max(y, ps - B)] + (1-¢s)(ps + ) }.

The termmax(, ps - B) reflects the choice of the firm Only if

5 A weaker condition is needed. A buyer that does not want to fly and
reports that he wants to fly, will pay pif the airline deliver and -
if the airline does not deliver. Letting q denote the probability that
the airline will deliver, he will pay on average gqu - (1-q)B. If the
buyer reports his true preference he will pay a. Thus we require:

gu - (1-gq)B = a. This condition is satisfied if: p = a.
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M=ps - Bit will choose to deliver. The term (ps + a) is the payoff to

the firm when the buyer chooses not to fly: The airline gets a fromthe

buyer and the shadow price ps fromallocating the seat to soneone el se
Using the decision rule of the firmwe can cal cul ate the expected

consuner surplus froma ticket (4, a, B). This is:

(29) Zs Te@s{(vj - WI(K +B- ps) +[1- 1(u+ B- ps)]B}

- s Ts(1-¢s)a,

where I (x) =1 if x =20 and zero otherwise. Note that I(p + B- ps) =1
when W =2 pg - B. Inthis case the consuner will get the surplus
(vji - . Wen p<ps - B, the firmdoes not deliver and the consuner
gets B as conpensation

The airline allows the buyer to choose any ticket he wants subject

to the zero expected profit constraint:

(30) Zs Te{@s[max(y, ps - B)] + (1-gs)(ps + @)} = A

The buyer therefore chooses a ticket Tj = (4, aj, Bj) which

sol ves the followi ng problem

(31) max Zg Ts@s{(vj - WI(K + B- ps) +[1 - 1(p+ B- ps)]B}

- s s(1l-gs)a

s.t. (30) and p = a = 0.

Caiml: (a) The solution to (31) is characterized by:



Bi =vj - i and (b) the incentive conpatibility constraint u>a >0 is
not bi ndi ng.
Proof: | start by solving (31) without the incentive conpatibility

constraint. Wthout this constraint, a solution to (31) nust also

maxi m ze the total (consumer and producer) surplus:

(32) Zs ms{@s[vjl(u+B- ps) +[1 - I(p+B- ps)lps] + (1 - @s)pst-

The choice B = vj - u maximzes (32) because it ensures that | = 1 when
Vj = ps and zero otherw se.
To show that the incentive conpatibility constraint is not

binding, | substitute B =v; - pin (29). This yields:

(33) C5 =3%s me{@s(vj - i) - (1 - ¢gs)aj} = ®jvj - & - (1 - @)gj.

where @ = 25 Tg@s is the unconditional probability that type j wll
want to fly. Since it is possible to increase y and reduce aj without
changi ng the consuner surplus, the incentive conpatibility constraint is

not binding. | |

From (33) it follows i mediately that,

Corollary: The solution to (31) does not determine (i, aj) uniquely.

It determines only the expected payment: @ + (1 - @j)q;.

I now define equilibriumas follows.

An advance purchase equilibriumis a vector
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(p1, -..,Ps, T1,...,T3; V) such that:

(a) Zs Tsps = A;

(b) given the prices (p1, ...,ps) type j's choice Tj = (4, aj, Bj)
solves (32) for all j;

(¢) Zj [1(w + B - ps)l@snj <V

To find an advance purchase equilibriumwe pick a standard
conpetitive equilibriumvector: (p1, ..., ps, V). W then let agents
choose contracts by solving (31). dQaim1l inplies that the buyer wll
get the seat only if he wants to fly and vj = ps. This is precisely the
allocation rule used in the standard conpetitive nodel. Therefore the

mar ket clearing condition (c) is satisfied. W have thus shown,

Proposition 2: Wen delivery occurs simultaneously, the advanced

purchase allocation is the same as the standard conpetitive allocation

We get the Walrasian outcone because we are in a Walrasian environnent:
delivery takes place only after all buyers arrive and information about
the state is known. The "overbooki ng" option is inportant because it

allows the airline to "reverse" trading choices which were nade before

the resolution of uncertainty.

The type is private information

I now consider the case in which the firm cannot observe the type

of the buyer at the tine it sells tickets. In this case, it is no |onger
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possi ble to ask the buyer to solve (31) because he may have an incentive
not to declare his true type.

| therefore follow the adverse selection literature and assune
that the firmoffers a choice of contracts and asks each buyer to choose
out of the proposed nenu.

An advance purchase separating equilibriumis an advance purchase

equi l i brium (defined above) with the added "truth telling constraint":

(34) Zs Te@s{(vj - )I(W +Bj-ps) +[1- 1(w +B- ps)]IBj}
- Zs Ts(1-@¢s)q
225 Te@s{(vj - W)Y + B - ps) +[1- 1(w +Bj'- ps)IB}
- Zs Ts(1-¢gs)aj:

for all j and j'.

The "truth telling" or incentive conpatibility constraint says
that type j will prefer ticket Tj out of all the tickets offered. Since
the Corollary inplies that we have a "free parameter” this constraint
may not bind. The airline may issue tickets with high p and | ow a and
tickets with relatively Iow pu and high a. Buyers with | ow probability
of "wanting to fly" will buy tickets with high p and | ow a.

In exanmples 1 and 2, the airline can choose V = 1 and offer
tickets with no refund option (a = p) at the price of p = 5. These
tickets will be bought only by type 1 agents. This does not always worKk.

In exanple 3, trade in contracts is not sufficient to insure Walrasi an
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efficiency. This is not surprising in view of the asymetry in
i nformation.®
To illustrate the inportance of partial refunds as a selection

device, | add the follow ng exanple.

Exanpl e 5. There are two types and two states of nature.

Type 1: vj 6 and he always want to consune;

7 and he wants to consune in state 2 only.

Type 2: vj

In this exanple the efficient |evel of production is unity but
unli ke the previous exanple, here it should be allocated to type 1 in
state 1 and type 2 in state 2.

An advance purchase separating equilibriumcan be achi eved by

choosi ng:
ML =5 ; B1 =1 a1 = 5;
M2 = 6; B2 =1; a2 =0

p1 = 4; p2 = 6.

Anot her possi bl e sol ution:

M1 =4 ; B1 =1, ap = 4
M2 =7, B2 =0, ap =0
p1 = 3; p2 = 7.

6 In exanple 3 we may achieve Walrasian efficiency if we allow buyers to
purchase the sane ticket. In this case the airline will choose V = 2
and will sell tickets with no refund option for p=5. Type 2 and 3
will get together and buy a ticket for 5 dollars spliting the cost

unevenly: 3 dollars for type 2 and 2 dollars for type 3.
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Ex-ante contracts in a sequential environnment: \Wen delivery occurs

sequentially, it is possible to wite contracts which are contingent on
the order of arrival. For exanple, the firmcan proni se the consuner to
deliver one unit at the price Pnhif he arrives in batch m This will
produce the same outconme as the UST equilibriumbut since this outcone
is not sequential efficient there may be better ways of conducting
trade.

In exanple 1, sequential efficiency can be achieved by tradi ng at
t =0 in non-refundable tickets. The market clearing price for these
tickets is 5, only one unit will be produced and this unit will be
bought by the definite buyers.

Thus in the sequential delivery case it is possible to inprove on
the UST allocation by trading at t = 0. This is because the UST

allocation is not sequential efficient.

CONCLUDI NG REMARKS

The UST nodel was extended to the case of heterogeneous agents.
Unl i ke other UST nodels here the probability that a narket will open and
t he nunber of buyers participating in this nmarket are endogenous. The
next narket will open if there are buyers who wanted but could not buy
in the last market. The probability of this event depends on the prices
in previous narkets. The denmand in the next market is the mnimm size
of the residual demand which depends on the prices in previous markets

and the price in the next market.
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The UST allocation is not sequential efficient. Buyers who arrive
early may get the good even if they should not. A nonopoly who face the
sane informational constraints as the firmin the UST nodel may inprove
matters by raising prices and discouraging | ow val uati on buyers.

| conpare the UST outcone with the standard Wal rasi an outcone. In
general , the Wl rasian auctioneer can do better because he does not
allow for irreversible trade before the conplete resol ution of
uncertainty.

The di fference between the UST nodel and the standard V&l rasian
nodel is in the time of trade. The UST nodel allows trade before the
resol ution of uncertainty while the standard nodel does not. In an
envi ronnent which allows for ex-ante contracts we can draw a simlar
di stinction about the time of delivery. In a UST environment delivery
occurs sequentially while in a Walrasi an environnent delivery occurs
after all buyers have arrived. Trading in ex-ante contracts w |l produce
the Wal rasian outcone if delivery occurs sinultaneously after all buyers
have arrived and information is synmmetric. \Wen delivery is sequential
(as in the notels exanple) trading in ex-ante contracts may inprove
matters because the UST outcone is not sequential efficient.

The characterization of the contracts in the case in which
delivery is sinmultaneous is of sone interest. It is shown that the
"over booki ng" option is crucial. Such contracts are sonetines used in
practice. For exanple, electrical conpanies offer discounts to factories
which agree to a cut off in the supply of electricity in cases of
shortage. The option for partial refund nay be used as a sorting device

when information is asymetric.
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