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| study the choice of capacity and capacity utilization in
conpetitive environnments with demand uncertainty and risk neutral
agents. Prices that are paid as a result of executing ex-ante contracts
| ook rigid. When delivery occurs sequentially before the realization of
demand is known, spot prices look rigid, the spot markets allocation nmay
be inefficient and a nonopoly may inprove matters. | derive conditions
under which the sequential spot nmarkets allocation is efficient and a
condition under which it is possible to view trade in sequential spot

mar kets as the execution of ex-ante contingent contracts.



1. I NTRODUCTI ON

| study the choice of capacity and capacity utilization in
conpetitive environnents with demand uncertainty and risk neutra
agents. This is done under the assunption that it is too costly to
gather all potential buyers and run a Walrasian auction. But there are
no costs for using the price systemor changing prices. There are two
critical assunptions about delivery. Delivery nmay occur sinmultaneously
after the realization of demand is known or sequentially before the
realization of demand is known. | use these conpetitive environnments to
expl ai n observations that were interpreted as evidence of price
rigidity.

Stigler and Kindahl (1970) studi ed data about prices of
transacti ons between large firnms and their suppliers and conclude that
the Iaw of one price is a nyth. Using their data, Carlton (1986) found
that it is not unusual in sonme industries for prices to individua
buyers to remai n unchanged for several years. But nore surprisingly, the
correlation of price changes across buyers is very | ow even for what
appears to be honpgeneous conmoditi es.

Carlton (1986, 1989) argues that the low correlation of price
changes across buyers "enphasi zes how erroneous it is to focus attention
on price as the exclusive nechanismto allocate resources. Non-price
rationing is not a fiction, it is a reality of business and nmay be the
efficient response to econom ¢ uncertainty and the cost of using the
price system" Carlton (1986, page 638).

Here | assunme that using the price systemis costless and use a

vari ant of the Wl rasi an- Arrow Debreu nodel to account for Carlton's



observations. Sellers choose capacity before the realization of demand
is known and sell state contingent capacity utilization contracts. Since
we do not observe the entire basket of contingent comodities bought by
the buyer, the price actually paid by the buyer, when executing the
contract, may appear rigid and the correl ation between price changes
across buyers may be | ow.

Capacity utilization contracts may explain Carlton's observations
about prices paid by large firns but do not explain observations at the
retail |evel about prices paid by individual consumers for nundane
comodities |ike food, clothing and durables. Recently, Bils and Kl enow
(2002) used BLS data on the nonthly frequency of price changes for a
| arge nunber of consunmer goods and services. They find that the nedian
duration of prices is about 5 nonths. This is less than previous
estimates of about a year (see Taylor, 1999, p.1020) but it is stil
nore than one woul d expect on the basis of the standard Wl rasi an nodel .
In addition it was observed that even in high inflation periods sellers
at the retail level do not change their nom nal prices every nonth. See
Lach and Tsiddon (1992) for exanple. | address this type of
observations, using the sequential delivery environnent, in the second

part of this paper.

2. SI MULTANEOQUS DELI VERY CONTRACTS

| consider an econony with two dates (t = 0,1) and two goods
(X and Y with |lower case letters denoting quantities). There is a price-
taking firmwith a constant returns to scale technology: It can produce

X at the cost of A units of Y per unit of X Production occurs at t = 0.



There are S possible aggregate states of nature (indexed s) where
state s occurs with probability HS. There are J types of buyers. A type
j buyer dermands one unit of X at any price less than vj if he wants to
consunme and zero otherwise. At t = 1 the state becones public
i nfornmati on and the buyer |earns about his desire to consune.

There are nj type j buyers and in state s a fraction q}s of them
want to consune. Aggregate denand over all type j buyers in state s at

the price p is thus:

= o .2 i se.
(1) hﬁs(p) (pjsnJ i f vJ > p and zero ot herw se

Aggr egat e denand over all types in state s is:
(2) N(P) =% N (p).

In the standard Wal rasi an auction npdel the realization of demand

i s observed before announcing the market clearing price: Py - Formal |y,

A standard WAl rasian auction equilibriumis a non-negative vector
of prices (pl,...,ps) and total production (capacity) x such that:

S
(8) g—q MgPg = A;

(b) hg(ps) < x for all s and P = 0 when the inequality is strict.

Condition (a) ensures that the firm nmakes zero expected profits.
(b) is a market clearing condition
Later | distinguish between Walrasian and sequential efficiency.

To define Walrasian efficiency | consider the problemof a centra



pl anner who can observe the state of nature and the reservation price of
each buyer. Let I(statenent) = 1 when the statenment is true and zero

ot herwi se. The central planner's problemnay be stated as that of
choosi ng shadow pri ces P and capacity x which sol ve:

. . V. .2 -
(3) max ZS Hs % qﬁsnjvjl(vJ > ps) AX

s.t. . . ooz < .
% (p]snjl(vJ ps) x for all s

An allocation is Walrasian efficient if it solves (3). The first
wel fare Theorem says that the standard WAl rasian auction prices and the
equi l i brium choice of x solve (3) and therefore the equilibrium
allocation is Walrasian efficient.

| now turn to discuss the possibility of using ex-ante contracts.
Here agents are risk neutral and there is no insurance notive for
trading in contracts. But it may be cheaper to inplenent the Walrasian
auction allocation in two stages. In the first stage buyers del egate
their preferences to a relatively small nunber of firns and then after
the state is revealed, these firns participate in a spot market auction
| use the termdel egated auction for this two stages procedure and use

the airline industry as an exanple.

Del egat ed aucti ons:

The airline industry must choose and allocate capacity in the
face of uncertainty about demand. One possibility is to run an auction

at the gate. Alternatively, trade nmay be done in two stages. In the



first stage the airlines sell tickets. Then, close to the tinme of
departure, there is an auction in which airlines participate but

i ndi vi dual passengers do not. The two stages alternative nay save tine
if it is easier to run an auction with a smaller nunber of participants.
It may also be a way of transnitting infornmation about prices and all ow
buyers to nake an inforned deci sion about whether or not to take a cab
to the airport. | now describe the second alternative in detail.

| start fromthe case in which the type of the buyer is observed
At t =0, the airlines sell contracts to buyers. A contract (a ticket)
isatriplet (4, a, B): If at t = 1 the buyer reports that he wants to
fly and the airline chooses to deliver the buyer pays the price u. |If
t he buyer reports that he does not want to fly he pays a (get a refund
for w- a). If he reports that he wants to fly but there is
"over booki ng" and the airline does not deliver the buyer gets B (pays -
B).1 To insure that a buyer who does not want to fly will truthfully
report to the airline, we require: p=a = 0.

At t =1 all the refund options are exercised and the state of
nature is revealed. At this stage airlines trade in a spot narket
auction at the price Py -

The airline problemis to choose capacity and choose whet her to
sell it on the spot market or in advance. In equilibriumthe airline is

i ndi fferent about the capacity it produces and the way it sells it.

11nthe "real world" tickets often have two parameters only (p, a). In
the case of overbooking there is an auction: The airline buys back the
nunmber of seats which were "overbooked". This will lead to the sane

qualitative results as the contracts we assune.



The airline expected profits fromproducing a unit of capacity at

t =0 and selling it on thet = 1 spot market are zero:

(4) Zs I'IspS = A

Since the type is observed the expected revenue from producing a

unit and selling a ticket (g, o, B) at t = 0 to a type j buyer is:

(%) 25 I-Is{(pjs[rm‘x(“’ Pg - BI + (1 - (ﬁs)(ps + a)}.

The term max(y, P - B) reflects the choice of the firm Only if

h>pg - Bit will choose to deliver. The term(pS + o) is the payoff to
the firm when the buyer chooses not to fly: The airline gets a fromthe
buyer and P fromselling the seat on the spot market.

The expected profits fromproducing a unit and selling a ticket in
advance is zero and therefore airlines | et customers choose their
tickets subject to the constraint that the expected revenue (5) is equa
to A. The problemof type j buyer is thus to choose T = (4, a, B) which

sol ves the followi ng problem

(6) mexy Zg Mg (v, - Wi >pg - B) +Bl(k=pg - B}

- ZS ﬂs(l—ﬂs)a

s.t.

To Mlo J[mx(i pg - B + (1 - ¢I(pg + @)} = X

p=a=0.



The objective in (6) is the expected consuner surplus. Delivery
occurs if pu > P - B and the buyer wants to fly. Therefore the term

(v.

i - wil(p > P - B + Bl(p < P - B) is the consumer surplus when the

buyer wants to fly: He gets vj - puif the airline delivers and B
otherwi se. The last termis the |oss which occurs when the buyer does
not want to fly and pays a.

| nowturn to solve this problem

Proposition 1: The following is a solution to (6):

B=v. - u

=
1]

ZS Hsﬂsninu%, vj)/ZS nsﬂs

a = 0.

Under the proposed sol ution max(y, P - B) = max(p, W + Pg - vj)

and the ticket will not be delivered if P - vj > 0.

G ven the choice of (B, a buyer who wants to fly pays p and
receives vj. To el aborate on this interpretation of the contract note
that the buyer who wants to fly gets delivery which is valued at vj i f
pg < vj and pays - B = | - vj ot herwi se. The paynent of pu - vj is
equi val ent to paying n and getting vj. Thus, regardl ess of the
realization of P he pays p and gets vj. The cost to the airline of
guar ant eei ng vj to the buyer if he wants to fly is: nin(ps, vj). At the
proposed sol ution the expected revenue uZS ”ssz is equal to the
expect ed cost ZS stjsnin(ps, vj).

I now turn to prove the Proposition



Proof: W show that the proposed sol ution naxi m zes the joint surplus
(buyer + firm) and the firmgets only the expected revenue of A.

The joint surplus (buyer + firm is:

(1) 2, Mo, AV 1 (k> pg - B) + Pl (Hspg - B} + 2 N(1- @Jpg - A

The choice B = vj - M maximzes (7) because it inplies delivery if an

only if vj > pg-
To show that the zero profit condition is binding we substitute
(4), B = v - M and a = 0 in the constraint to get:

(8) Ty Mg{@ J[1 + max(0, pg - v;)] + (1 - ¢ Ip} = I, Mepg.

After sone algebra we get p = ZS stjsnln(ps, vj)/ZS ”ssz as the
solution to (8). Thus we have shown that the proposed sol uti on nmaxin zes
total surplus and the expected revenue of the firmis exactly A. It nust

t herefore maxi n ze the expected consuner surplus subject to the

constraint. [:]

Corollary: The solution to (6) is not unique. Any g and a that inply

t he expected paynent:

uZS I'IS(pJ.SI(vj > ps) + azs Hs(l - (%S) = Zs I'Isq)jsl(vj > ps)ps,

and satisfy the constraint p>=a =0 is a solution

I now define equilibriumas follows.
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A del egated auction equilibriumis a vector of spot prices
(pl, ...,ps), a vector of contracts (Tl,...,TJ) and total capacity x
such that:
(a) . Ngpg = A;
(b) Gven the prices (pl, ...,pS) type j's choice Ti = (n, o, B)
solves (6) for all j;

(c) x = max {% o n 1w >pg - B}
To find a del egated auction equilibriumwe pick a standard

Wal rasi an auction equilibriumvector: (pl, -+ Pg X). We then |et

agents choose contracts by solving (6). Under the solution proposed in

Proposition 1, a buyer will get the seat only if he wants to fly and

vj > pg- This is precisely the allocation rule used in the standard spot

mar ket nodel. Therefore the market clearing condition (c) is satisfied.

We have thus shown that for this equilibriumsolution

Proposition 2. The del egated auction allocation is the sane as the

standard Wal rasi an auction allocation

As was said before, we may view the advance purchase of tickets as
a practical way of running a spot market auction. | now argue that this
del egat ed aucti on generates observations that were interpreted as
evi dence of price rigidity.

We observe the price actually paid by a given passenger over many
peri ods. When buyers do not change preferences (types) often we will
observe that the price actually paid by each individual buyer (pj) when

executing the contract remains constant for a long time. Wen there is a
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change in preferences we will observe a change in the actual price paid.
But this change need not be correlated with the change experienced by
ot her buyers. W nmay thus get Carlton's observations in-spite of the
fact that there are no costs for using the price system

It nmay be useful to describe the del egated auction in terns of
trade in contingent conmodities. Typically each buyer buys a basket of
contingent commodities but if we misspecify the conmodity space and
assune that the airlines sell one good only, we nmay erroneously concl ude
that the |l aw of one price is violated. | nowillustrate this point by an

exanpl e.

Exanple 1. There are three types and two states of nature. A type 1

buyer wants to consune in both states and his reservation price is

v, = 10. A type 2 buyer wants to consune only when s = 2 and his
reservation price is v, = 7. Atype 3 buyer wants to consunme only when
s = 1 and his reservation price is Vg = 4. There are the sane nunbers of

agents from each type. The cost of production is A =5 per unit of
capacity.

A standard Wal rasian equilibriumvector for this case is:

P, = 3, P, = 7, X = 2.

A del egated auction equilibriumspecifies, in addition, the
tickets sold to each type. W can have an equilibriumwith aj = % = 0,
Hy = 5, Hy, = 7 and My = 3.

In this exanple, the type 2 buyer has bought flight in state 2 for
7 units of the nuneiraire commodity. The type 3 buyer has bought flight
in state 1 for 3 units. The type 1 buyer has bought a basket of two

comodities for a total of 10 units. Hi s actual paynent may be 3 in
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state 1 and 7 in state 2. But because of risk neutrality this is
equi valent to paying 5 in both states.2 |f we nisspecify the commodity
space and assune that the airlines sell one good instead of two, we nay

erroneously conclude that the | aw of one price is violated.

Carlton's data are about long-termrelationship between | arge
firms (typically in the fortune 500) and their suppliers. In along term
relationship the type is reveal ed and therefore our underline assunption
may be quite realistic. In an Appendi x which is avail abl e upon request |
use the Corollary to show that the above analysis may apply even if the
type is not reveal ed because the free parameter (a) can be used to get
a separating equilibriumw thout |oss of efficiency.

| now turn to discuss the sequential delivery environment. It was
al ready shown in Eden (1994, 2001) that in this environnent we can get
seemingly rigid prices even in spot nmarkets transactions. | will

therefore focus here on the issue of efficiency.

2 |'n general our environment requires nany commodities. There are S
aggregate state and there are nany individual histories which are
possi bl e for any given aggregate state. In an Arrow Debreu world there
will therefore be many commodities and a typical basket of these
commodities will be described as a ticket with many paraneters. Here
we used risk neutrality and symretry to reduce the nunber of

paraneters to three
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3. SEQUENTI AL SPOT NMARKETS

The uncertain and sequential trade (UST) nodel is based on ideas
in Prescott (1975) and Butters (1977). In a review article of the Phel ps
vol une, Prescott considers an exanple in which sellers of notel roons
set prices before they know how nany buyers will arrive and derive an
equilibriumprice distribution. He assunes that cheaper roons are sold
first and therefore in equilibriumsellers face a tradeoff between price
and the probability of making a sale. In the UST approach taken by Eden
(1990) an equilibriumdistribution of prices is obtained even though
sellers are allowed to change their prices during trade and have no
nonopoly power. Prices in this nodel appear to be rigid because sellers
have no incentive to change their prices during trade. Dana (1998)
studies a Prescott type npdel with heterogeneous agents and show t hat
the resulting allocation nmay not be Walrasian efficient. He blane the
assumed price rigidity for the inefficiency. Here | study this problem
in a UST franmework in which prices are flexible and extend the anal ysis

in previous UST nodels to the case in which buyers are heterogeneous.

Mar ket s

The UST nodel assumes a sequence of Wl rasian nmarkets, where each
batch of demand opens a new narket. A seller may choose not to sell his
entire supply in the nmarket that opens because he is betting on the
event that additional demand will arrive and open the next, higher-price

mar ket .
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As in the previous section capacity choices are made at t = 0.
Then at t = 1, buyers |learn about their desire to consunme. The
Zlecqsnj buyers who want to consunme forma line by a lottery that
treats all buyers who want to consune synmetrically. After the line is

fornmed, buyers arrive at the market place one by one according to their

place in the Iine and choose whether to buy at the cheapest avail abl e

offer. Figure 1 illustrates the sequence of events.
Capacity Euyers learn Sequential
choice about their trade

desire to consume

Figure 1

Fromthe firms point of view demand arrives in batches. The first
batch with A; buyers arrives with certainty. After the buyers in the
first batch conplete trade a second batch of A, buyers may arrive. In
general, there can be two possible events after buyers in batch
conplete trade: Either trade ends or an additional batch of Aj4+; buyers

arrive. Figure 2 illustrates the sequential trade process.

End of rads

End

Figure 2
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The firmcan sell at the price Pi to buyers in batch i if they
arrive. It makes a contingent plan to sell X; units at the price Pi to

batch i if it arrives, subject to

(9) S OX. = X,

where x is the total anmount it chooses to produce.
It helps to think in terns of markets that open sequentially. The
first batch of buyers opens the first market. If the second batch of

buyers arrives, it opens the second narket and so on. The price in

market i is Pi' the quantity supplied to market i is x;j and the quantity
demanded in market i is A In equi librium markets that open are

cl eared:

(10) A = X, .

Trade occurs sequentially but does not take real tinme. The only
i nfornmation that the sellers receive during the trading process is about
t he nunber of batches that arrive: at stage i of the tradi ng process
sellers know that i batches already arrived

What deternines the size of each batch A and the probability
that market i will open? | start fromthe relative sinple case in which

all potential buyers have the same reservation price.
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The reservation price is the same across buyers

| assune vj =v for all j and that aggregate demand hg = hg(v) is
increasing in the state: N1 < N2 < ... < NS. For notational purposes

set N, = 0. The minimum demand is A = N After the first N buyers

have conpleted trade there may be two possibilities: either s = 1 and
there are no nore buyers or s > 1. If s > 1, then Ny, - N buyers coul d
not buy in market 1. The mi ni mum residual demand is:

A = nins{hg - Nl} = h& - Nl' The probability that s > 1 is a, = 1- N

2 1

and this is the probability that market 2 will open. After transactions
in market 1 are conpleted, there nmay be again two possibilities: either
no addi tional buyers arrive or, if s > 2, sone additional buyers do

arrive. The probability that s > 2, is a; =1 - M, - n, and this is the

probability that market 3 will open. The m ni mrum resi dual demand i f

s >2is: Ay = nins{hg - h&} =Ny - N, Proceeding in this way we

defi ne d and As for all s =1, ...,S

A UST spot nmarkets equilibriumis a vector (Pl,...,P Xayeoor X

s X s)

such that: (a) P = A/qi = A/Z?ziﬂs and

(b) x, =A =N - N_,if P <v and zero otherw se
Because of constant returns to scale equilibriumprices are
determ ned by supply considerations only. At these prices

(P,

.= Akh) sellers are indifferent about how much they supply to each

market and therefore they are willing to satisfy denand.
To solve for the equilibriumquantities we substitute the

equilibriumcondition (a) in (b) to get: X, = Ai if A< vg; . Thi s says
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that capacity will be created to satisfy the demand of batches that
arrive with a high enough probability so that the cost per unit Ais
| ess than the expected val ue va,

The social planner's problemin this environment is to choose
capacity and allocate it across the potential narkets to maxim ze
expected surplus. That is:

(1) naxXi in q; X; - Azi X; ; s.t.ox < Ai'

An allocation that solves (11) is sequential efficient. The
solution to (11) is: X, = Ai if Vg, 2 A and zero otherw se. This
coincides with the equilibriumoutcone and therefore the UST spot
markets allocation is sequential efficient in our special case.

Note that the solution to (11) is not the sane as the solution to
(3) because in the sequential case the planner cannot nake his choice
contingent on s.

To el aborate on the difference between (3) and (11) and the
di stinction between Walrasi an and sequential efficiency, it nmay be
useful to wite (11) in an alternative way. Let Pis denot es the shadow
price applies to batch i in state of nature s. W can wite the
pl anner's problem (3) as that of choosing P to solve the foll ow ng

probl em

S S S
(12) MBX Vigoy MoZiog A1V > p) - Ay AT(v > p; ).
1S
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In a sequential trade environnent the planner has to choose how
much to supply to each batch before he knows the state. He therefore

solves (12) under the constraint:

(13) Pis = P for all s and i

This constraint will bind in general because when s is small the
solution to the unconstraint problemis Pig = 0. | therefore distinguish
bet ween WAl rasian efficiency (a solution to [12]) and sequentia
efficiency (a solution to [12] subject to the constraint in [13]).

Note that prices may appear rigid in the sequential environnent
because they do not respond to the realization of demand (the state s).
Nevertheless it can be shown that sellers do not have an incentive to
change prices during trade.

I now turn to another special case in which vj may vary across

types but the consunption probabilities do not.

Consunption probabilities are the sane across types:

| assume that s = & for all j and s and

0 =@y <@ <@, <...< @g =1 The reservation price Vj mRy vary across
types. | use
(14) Xij =1 if vi =z p; and zero otherw se,

N J

to denote the demand per type j buyer in market i. It is assuned that
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P; < Ppj4+ and therefore x;; = 0 inplies x = 0. | now calculate the

ji ji+l

demand in each market given the prices p;. To sinplify, | assune that
there exists a type, say type 1, with a sufficiently high reservation
price such that: x4; =1 for all i.

The m ni mum nunber of buyers who want to consune is cplijszl n, and

the demand of this first batch is: A = <plzj]:1 N Xj q- After the first

bat ch have conpleted trade a second batch will arrive if not all buyers
who wanted to buy in narket 1 nade it. That is, if:

(05 - @) ZT]:l N Xj 1 > A;. This event occurs with probability

d, =1 - MNy. The mninmmresidual demand at the price p, is:

Ay = (@ - (pl)ZT]:l N X 2 units and this is the demand in the second

market if it opens. In general, nmarket i opens with probability

d; = 25 MNg and the demand in nmarket i if it opens is:

J
(15) A = (¢ - 9. URSTE

A UST spot narkets equilibriumis a vector {xji, p;, 4;} such
t hat:
(a) pj = May;
(b) Xjj = 1if v, =2 p; and zero otherw se;

J

J
(c) & = (& - &_9)F=g n¥i-

Substituting equilibriumcondition (a) in (b) leads to the

equi librium allocation rule:

(16) X;; =1if vi 2Maq;.
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The planner's problemin this environnent is:

S J S

J
s.t. A = (¢ - 9% n; X -

If the planner chooses Xji = 1 hewll get g,(¢ - cpi_l)njvj at the
cost of A(q - q_])njvj. He will therefore make this choice only if (16)
is satisfied. W have thus shown that the equilibriumallocation (16)

solves the planner's problem (17) and is therefore sequential efficient.

We can now conbine the results of the two special cases as foll ows.

Proposition 3. Wen the reservation price is the sane across types

(vj = v for all j) or the consunption probabilities are the sane across

types ((pjS = @, for all j and s) the UST spot narkets allocation is

efficient in the sequential sense.

I nowturn to the nore general case

The reservation prices and the consunption probabilities vary across

types:

| describe an algorithmfor conputing the nmarket structure
(qi, Ai) for an arbitrarily chosen price vector: Pl < ...< PS' This is
done by computing the residual denand at each stage of trade. The next

batch will arrive if there is strictly positive residual demand (buyers
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who wanted to buy in previous markets but could not). The nunber of
buyers in the next batch is the mininumsize of the residual demand. To
illustrate the working of the algorithm | start with a version of

exanpl e 1.

Exanpl e 2: There are two types of buyers and two states of nature. The
nunber of buyers fromeach type is n. A type 1 buyer demands one unit if
the price is less than 10 (p < 10) and zero otherw se. A type 2 buyer

demands 1 unit if p <7 and s = 2 and dermands zero otherw se. The cost

of production is: A 5.

Total dermand at the price p in state of nature s, hg(p), is:

N (p) = N,(p) =0 if p>10;
(18) Nl(p) = h&(p) =n if 7 <p < 10;
Nl(p) = n and hb(p) = 2n if p<s7.

The mi ni rum denand and hence the nunber of buyers in the first

mar ket is:

(19) Al(Pl) =n for P1 < 10 and zero otherw se.

Market 2 will open if there are buyers who wanted to buy at the
first market but could not. In our exanple this will occur in state 2

when P, =7 The probability that nmarket 2 will open is therefore:
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(20) qz(Pl) =Y, for P1 < 7 and zero ot herw se

VWhen P1 <7 and s = 2, (Y5 n buyers fromeach type make a buy in
market 1 and the nunber of unsatisfied customers is (¥, n of each type.
VWhen P2 < 7, all the unsatisfied buyers want to buy in market 2 and
t herefore:

(21) D, (P Py

=n for P1 < P2 < 7.
VWen 7 < P2 < 10 only type 1 buyers want to buy in market 2 and

t her ef or e:

(22) A (P, P

= (1
2( 1 2) = (Y9n for P, £ 7 and 7 < P2 < 10.

1 S

VWhen P2 > 10 none of the unsatisfied buyers want to buy in market 2 and

t her ef or e:

(23) A(P,, P

Since the second narket opens in this exanple with probability

17,5, equilibriumprices are:

(24) P, = A =5 and P2 = 2\ = 10.

For the prices (24) the nunber of buyers in the second batch is (¥5)n
(according to [22]) and production is therefore (1.5)n units at the cost

of (7.5)n. The surplus in state 1 is: (v1 - 7.5 n = (2.5)n. The surplus
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in state 2 is: (v1 + (1/2)v2 - 7.5 n = 6n. The average surplus over the

two states is (4.25)n.

A nonopoly will choose P, =10 and produce one unit making a

profit of 5n. Thus a nonopoly may inprove matters.

The general case:

Market 1 will open when Zj sz >0, with probability
_ S . . _
a, = I I'ISI(Zj @js > 0). To sinplify, | assune q, = 1

The nunber of type j buyers who want to buy in the first narket at

the price P1 in state s is:

(25) hfs(Pl) =@gn if v, 2P and zero otherwise.

Total demand in the first nmarket at the price P is therefore:

(26) Ni(Pﬁ =2 '\'jls<P1>-

The nunber of buyers in the first batch is the mini mrum denmand at the

price P, over all states:

(27) AL(P) = mingNj(P), ... Ng(P)},
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where | use the operator miny to select the smallest strictly positive

nunber if such a nunber exists and zero ot herwise. 3

Market 2 will open in state s if after the conpletion of trade in
the first narket there is residual demand in this state:

h@(Pl) > A, (P;). The probability that market 2 will open is thus:
S 1
(28) q2( Pl) = Zs::]_ |-|S| [ Ns( Pl) > Al( Pl)] '

| f qz(Pl) =0, wesetqg =0 and A =0 for i > 1. If q2(Pl) > 0,
we cal culate the size of the second batch. The fraction of satisfied

buyers out of all buyers who wanted to buy is:

1 _ 1 . .
(29)  we(P,) = A(P)IN(P,) if N(P,) >0 and zero ot herwise.

It is assuned that the fraction of satisfied buyers is the sane for al
types who wanted to buy in market 1. The nunber of unsatisfied type j
buyers is [1 - wi(Pl)]qﬁSnj and t he nunber of unsatisfied type j buyers
who want to buy at the price P2 is:

(30) N°(P,, P

1 . .
(P 2) =[1- Lps(Pl)](ijnj if v. = P2 and zero otherw se.

J
The total residual denmand at the price P, is:

(31) (P, Py =% NP, P

3 For exanple: mny(1,2,0) =1 and ming(0,0,0) = 0.
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We can now conpute the nunber of buyers in batch 2 by taking the m ninmum
resi dual demand at the price P1 over all states:

,(Py, P,) :mn+{|\]21(P1, Pz)""’Né(Pl’ Py)}.

(32) A
Market 3 will open if after conpletion of trade in market 2 there is

strictly positive residual demand. This occurs with probability:

(33) ag(Py. P,) = So g MNP, P,) > A(P,, P)I.

In general, the probability that narket i will open depends only on
prices in narkets with indices less than i and is denoted by:

q; (Py, ..., P ;). The probability g, (P, ..., P is zero if

i-1)
qi-l(P . e Pi-z) is zero. Wen qi(Pl' Ce Pi-l) > 0, the nunber of

buyers in batch i, Ai(P Pi)’ depends on the prices in all the

T
first i markets. If q (P, ..., P,_;,) =0 then A (P, ..., P) = 0.4 For
convenience it is assuned that q, =1

Because of constant returns to scale the supply to nmarket i does

not depend on the supply to other markets: It depends only on the

probability that market i will open and the price in this nmarket. The

firmtakes prices (Pl' ce, Pi) as given and chooses the quantity X, to
sol ve:
4 Note that market i may open and A (P;, ..., Pj) may equal zero because

the price Pj is too high. Note also that by construction, the nunber

of markets that open is less than or equal to the nunber of states

().
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(34) nax [qi(Pl’ Pi-l)]PiXi - )\xi.

The firmw |l choose any interior solution, O <X < o, if:

(35) [a, (P, ... P._)IP =\

G ven the functions qi(Pl, Pi-l) and Ai(Pl, Pi) | define

equi libriumas foll ows.

A UST spot markets equilibriumis a vector of prices and quantities

(Pl,..., PS; Xl""'XS) that satisfy:

(a) P, =P, s...2Pg

(b) [qi(Pl, Pi-l)]Pi = A if qi(Pl, Pi-l) > 0;
(c) X; :Ai(Pl, Pi)'

Since the probability that market i opens depends only on prices
in |ower indexed markets, we can solve for the unique UST equilibriumin

the followi ng way. Since a, = 1, we set P1 = A and conpute Ni()\) and

Al()\). We then conmpute the probability that market 2 will open:

ay(N) = To_; MIIN(A) > A (N]. If a,(A) =0 then g =4 =0 for al

i >1 and we are done. O herw se, we choose: P2 = )\/qz()\) and conpute

Nﬁ[)\, AMa(A)], AZ[)\, Mq(A)]. We then conpute the probability that

market 3 will open:

S
s=1

az[ A Ma(N] =2 ”sl{hi[A, Ma(A)] > A, [N Ma(A)]}. If

az[ A AMa(N)]

P3 = A q3[)\, AMqg(A)] and so on. Thus,

0, we are done. O herw se, we choose:
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Proposition 4. There exists a unique UST spot markets equilibrium

I now use the functions qi(Pl,...,P

I_1) and Ai(Pl, ""Pi) to

di scuss the choice of a nonopoly and the choice of a social planner

Monopol y: A nonopol i st who nust satisfy demand sequentially, wll choose

the prices (P1 sk, ... sPS) to maxinize the expected profits

(36) I [G (P ... P DIIA (P ..., P)IP - AZT_ A (P, ....P).

Social planner: W start by conputing the average val uati ons of buyers

in batch i.
The fraction of type j buyers in all the buyers who want to buy in

mar ket i is:
(37) o (P P) = Ng(P oo P)INS(P, ... P,

i f hg(Pl,...,Pi) > 0 and zero ot herw se.

It is assunmed that this is also the fraction of type j buyers who
actually buy in market i. The average valuation of the buyers in batch i

is therefore:

(38) V. (P

_ i
(P P =N T vaig(PL L P,

i i

The soci al planner chooses prices (P1 sk, ... < PS) to maxim ze the

expected consumer surpl us:
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(39) ) [q (Pp..-- P DI[A (P, ..., P)I[V. (P, ....P)]

S
A5y A (P ..., P).

An allocation is sequential efficient if it solves (39). W
al ready showed by exanple 2 that the UST allocation may not be efficient
in the sequential sense and a nonopoly nay inprove matters. In exanple 2
the UST conpetitive firm produces nore than the nonopoly. | now show by
exanpl e that excess production is not the only reason for the

i nefficiency.

Exanple 3: As in exanple 2 there are two types and two states. But
unli ke exanple 2, type 1 buyers want to consune a unit if p < vy = 9.
Type 2 buyers want to consunme a unit if p < v, = 7 and s = 2.

The cost of production is 5 and therefore the UST prices remain
the sane as in the previous exanple: P1 = 5 and P2 = 10. As in the
previous exanple, market 2 will open in state 2 but since A2(5, 10) =0
it will not be active. In a UST equilibriumonly n units are produced
and allocated to narket 1. The surplus is: (9 - 5n =4n in state 1 and
[(Y2)(9 +7) - 5]n = 3n in state 2. The average surplus is: (3.5)n.

A monopoly will choose P1 = 9 guaranteeing a profit (surplus) of
4n.

In exanple 3 the nonopoly and the conpetitive firm produce the

same anount but the nonopoly does a better job in allocating capacity to

t he buyers who value it the nost.
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Exanmple 4. | now add to exanple 2, n type 3 agents who want to consume
aunit if p<4ands = 1.

Addi ng the type 3 buyers will not change the UST equilibrium and
t he nonopoly choice: production in the UST equilibriumis (1.5)n units
and the nmonopoly will produce n units. But it will change the planner's
choi ce. Now t he planner can do better by producing two units and pricing
themat p < 4.

Wen s = 1, type 1 and type 3 buyers will buy the good and the
surplus will be (10 + 4 - 10)n = 4n. VWen s = 2, type 1 and type 2 wll
buy the good and the surplus will be (10 + 7 - 10)n = 7n. The average
surplus is (5.5)n which is higher than the nonopoly's profits.

In this exanple the UST firmis producing too little relative to
the sequential efficient level: (1.5 n instead of 2n

Examples 2 - 4 show:

Proposition 5: (a) The UST output nay be either too high or too | ow

relative to the sequential efficient |evel of output (b) The UST
allocation nmay be inefficient in the sequential sense even if the amount
produced coincide with the social optimmand (c) A nmonopoly may inprove

matters.

As was said before, Dana (1998) showed that the allocation in a
Prescott type nodel may not be Walrasian efficient and attributes this
result to the presence of price rigidity. Here there is no price
rigidity. Furthernmore, here | show that the allocation obtained in the

UST nodel is not sequential efficient. Thus | apply a weaker efficiency
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criterion that takes into account the constraints that arise from

sequenti al delivery.

4. SEQUENTI AL DELI VERY CONTRACTS

To better understand the reason for the market failure in the UST
nodel | now allow for ex-ante contracts contingent on the type and the
order of arrival.

As before, agents |learn about their type at t =0 and at t =1
they learn about their desire to consune. But unlike the previous
section, here buyers who want to consune formJ separate lines: One |line
per type.

Contracts contingent on the type and the order of arrival are
signed at t = 0 and are executed at t = 1. Atype j buyer can enter a
contract with the firmto buy a unit at the price p; if he arrives in
batch i. This contract is a commitment on both sides: The firmis
conmitted to sell and the buyer is committed to buy if the buyer arrives
in the specified batch

To sinplify, | assunme: 0 = ®o < @1 < ? 2 <...<5 ?s for all j.
The @ sN; type j buyers who want to consune forma line and arrive at
the market-place according to their place in the line. Atype j buyer

will enter a contract to buy at the price p; if Vi 2 p;. As before,

use: x;; = 1if Vi 2 p; and zero otherw se, to denote the demand per
type j buyer in market i. It is assunmed that p; < p;,; and therefore
Xji = Oinplies Xjj+1 = 0. | also assunme that there exists a type, say
type 1, with a sufficiently high reservation price such that: x;; =1
for all i. Furthernore, it is assumed that for type 1 the nunber of

buyers who want to consune is strictly increasing in the state:



31

0 < @13 <9 <...< 05

The m ni mum nunber of type j buyers who are committed to buy in
market 1 is Ajl = QN X g After contracts in nmarket 1 are executed
there are ((pJS - cpjl)njle type j buyers who wanted to buy in market 1
but did not make it. A second batch of type j will arrive if
(cpjS - ‘le)”jle > Ajl- The mini mum residual type j demand at the price
p, is: Ajz = ((p12 - (le)”jsz units and this is the size of the second
batch of type j buyers. In general, narket 2 opens with probability

S

q; = 25 MNg and the demand of type j buyers in market i if it opens is:

(40) A = (05 - @i Dnyx-

A firmthat supplies a unit to market i will get the expected
revenue q;p; at the cost of A. The firmw Il therefore supply any anount

to market i if: p; = Maq;.

A sequential delivery contracts equilibriumis a vector

{xji, P, Aji} such that:
(a) pj = May;

(b) Xjj = 1if Vi = p; and zero otherwi se;

(c) Aji = ((pji - (pji-l)njxji'

Substituting equilibriumcondition (a) in (b) leads to the

equi librium allocation rule:

(41) X;; =1if vi 2Maq;.
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The planner's problemin this environnent is:

J S S J
(42) X, 0po 1) 221 = G (9 - @)V - AZ o 4
s.t. Aji = (%i - (pji_l)njxji
If the planner chooses Xji = 1 he will get qi((pji - (in_l)njvj at
t he cost of A(%i - qi_l)njvj. He will therefore make this choice only

if (43) is satisfied. W have thus shown that:

Proposition 6: The sequential delivery contracts equilibriumallocation

(41) solves the planner's problem (42).

To illustrate I now reconsider exanple 2. In this exanple, there

are two states of nature. Type 1 buyers always want to consune:

®11 @, = 1. Type 2 buyers want to consunme only in state 2: ¢,; = 0 and

90 1. Equilibriumprices are given by:

py =A=5and p, = Mg, = 2\ = 10. Since v; =10 and v, = 7, at these
prices: xq4 =1 and x,, = 0. W can now apply (42) and calculate the
demand per type in each market. This leads to: Ay = nxqq =n; A, =0
A,y = 0; A,y = nNX,, = 0. Thus, when ex-ante contracts are allowed and it
is possible to distinguish anbng types only type 1 buyers will enter
into a coomitnent to buy. The anount produced is n and the total surplus
is 5n.

In the absence of ex-ante contracts there is only one line and

some type 2 buyers get serviced in state 2. W nay therefore think of
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the inefficiency as the result of inconplete narkets: We need SJ narkets
and in the UST spot market nodel there are only S narkets.
| now turn to discuss the special case in which the consunption

probabilities are the same across types (<pJS = ¢, for all j).

Consunption probabilities are the sane across types:

When ex-ante contracts are allowed we have J lines. In state s,

line j consists of @ sn buyers. Wien x.. = 1, the percentage of line j

i Ji

buyers who neke a buy in narket i is: (‘p]i - (pji_l)/cqs. To check this
note that: ((pjsnj)((pj - cpji_l)/(pJS = ((pJ - cpji_l)nj.
Now i n the UST spot narkets nechanismthere is one line with
ijlzl @ sNj buyers. Wen Xji = 1, the fraction of buyers that nmake a buy
in market i is:
(ZT]:1 @i - ijlzl (pji_lnj)/Z‘-]:l Qs = Zijzl (qﬁi - (pji_l)nj/Z?]:1 UFUE Thi s
is a weighted average of the type specific fractions (‘p]i - (pji_l)/cqs.
In the special case ®s = & for all j the fraction of type j
buyers that execute its contract in narket i is
(¢ - (pl_l)zflzl nj/(pSZJT]:l n = (¢ - ®_1)/9s and this is exactly the

fraction of type j agents which buy in market i when spot nmarkets trade

is done according to the UST nodel. Thus,

Proposition 7. Wen the consunption probabilities are the sane across

types ((pJS = ¢, for all j), the UST spot markets trade can be viewed as

t he execution of sequential delivery contracts signed at t = 0.
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This Proposition generalizes the claimin Eden (1990) to the case

in which the reservation prices differ across types.

CONCLUDI NG REMARKS

Prices that do not behave according to the standard Wl rasi an
nodel can arise even in the absence of costs for changing prices and do
not always inply market failure.

In our airline exanple, delivery occurs sinultaneously to all
buyers. The airline can conduct an auction at the gate just before
departure but it nay be better to conduct a del egated auction in which
the airlines collect information through travel agents that sell tickets
to potential passengers. This del egated auction nay achi eve the sane
outcome as an auction at the gate but |eads to observations about prices
(paid at the execution stage of the contract) that were interpreted as
evidence for price rigidity.

In a sequential delivery environnent buyers get delivery when they
arrive and do not wait until the uncertainty about demand is resolved.
This may occur when it is too costly to gather all buyers at the same
tinme and place. Since delivery occurs before the state is known we
shoul d apply a weaker |ess denanding efficiency criterion for this case.

It was shown that (a) the UST spot nmarkets allocation is
sequential efficient if the reservation prices or (and) the consunption
probabilities are the same across types; (b) the amount produced by UST
sellers may be either too low or too high relative to the social

efficient level; (c) a nonopoly may inprove matters.
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| also studied the relationship between the UST spot markets nodel
and the Arrow Debreu nodel. It was shown that in a sequential delivery
envi ronnent ex-ante trade in contracts contingent on the type and the
order of arrival (SJ commpdities) leads to an efficient outcone. Since
in the UST spot market nodel there are only S comodities, this suggests
that the reason for the inefficiency in the UST spot narkets nodel is in
t he i nconpl eteness of narkets. It is also shown that when the
consunption probabilities are the sane across types, it is enough to
allow for contracts which are contingent only on the order of arrival (S
commodi ties) and the UST spot narkets allocation may be viewed as the

execution of ex-ante contingent contracts.
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