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1. I NTRODUCTI ON

The i nmportance of controlling the noney supply has been debated
for a long time. Friednman and Schwartz (1963) argued that noney plays
an inportant role in causing the business cycle and since noney works
with a long and variable lag a k% rule is optimal. This has been
qguestioned first by Tobin (1970) who argued that noney m ght respond
to the business cycle rather than causing it and later by the rea
busi ness cycle literature. Lately there has been a renewed interest
in nonetary policy partly due to enpirical work that finds a
significant effect of nonetary policy on real variables. See for
exanpl e, Christiano, Ei chenbaum and Evans (1999) and darida, Gal
and Gertler (1999) for useful surveys.

The literature thus inplicitly assunes a connection between the
i mportance of noney in explaining the business cycle and the welfare
cost of noney supply shocks. Here | examine this connection using
sticky-prices, cash-in-advance nodels.

| start with a nodel in which sellers choose prices optinmally
whenever these choices are nmade and then satisfy demand at the pre-
announced prices. | then relax the demand-sati sfying assunption.

This is different fromthe standard new Keynesi an econom cs
literature in two respects. | use the cash-in-advance constraint
i nstead of the noney in the utility function approach and all ow
sel |l ers/producers to choose quantities optimally. These two changes
conbi ned make a difference. In a cash-in-advance nodel, noney earned
today is spent in the next period. Therefore when a seller is
conmitted to a price of say Py dollars per unit, an increase in the
noney supply neans that next period price level, Pi+1, Will be high

and therefore the relevant real price Pi/Pt41 is low This works in



the direction of a negative relationship between noney and | abor
supply. In noney in the utility function nodel this effect is mssing
because noney earned today is typically spent today at prices that do
not respond to the current noney shock

Since here sellers choose both prices and quantities optimally,
t he paper nmay be viewed as an attenpt at integrating the
di sequilibriumliterature pioneered by Patinkin (1965), C ower (1965)
and Barro and Grossman (1971) with the new Keynesi an economi cs
literature that began with Svensson (1986) and Bl anchard and Ki yot ak
(1987).

It is shown that the amount of nonopoly power required for
justifying the demand-sati sfying assunption critically depend on the
| abor supply elasticity and that when this elasticity is not high
sati sfying demand may not be optimal even for | ow and noderate
inflation rates. Once we rel ax the demand-satisfying assunption we
may get little or no effect of nobney on output but neverthel ess noney

supply shocks nay inpose a |arge welfare cost.

2. A DEMAND- SATI SFYI NG MODEL

This nodel is based on the work of Blanchard and Kiyotak
(1987) and Wodford (2001). They assune that noney is in the utility
function. Here | use a cash-in-advance nodel.

There are a large nunmber of Ninfinitely lived househol ds,
where a household is a worker/shopper pair. The shopper takes the
avai |l abl e cash and spends all of it. The worker produces and sells
his output for cash. At the end of the period both nenmbers of the

househol d reunite and consune whatever the shopper has bought.



Each househol d produces a different good and consunes al
goods. Normalizing N =1, the single period utility function is of
the Dixit-Stiglitz (1977) type:

(1) 13/ (v)"1Y -

u(L),
where 0<vy <1, o(l) = (YyL® and & > 1.

Househol d i starts the period with m normal i zed dollars and
gets a transfer of x normalized dollars, where a nornalized dollar is
t he begi nning of the period noney supply.2 The amount of transfer x
is an i.i.d randomvariable with a density function ¢(x). It is
assuned that B - 1 < x < g so the noney grow h rate cannot be bel ow
the Friedman rule.3

The buyer takes the nornalized prices (po,..., pl) as given and
spends the entire avail abl e anpbunt of m + X normal i zed dollars on

all goods. Buyer i solves:

(2) max. [ 5

: yp Uy 1 =
yj =0 (yj) ] s.t. 21:0 pjyj m + X.

The first order conditions for the buyer's problem (2) are:

(3) Y

- 6
i = Ya(pp)

2 Thus, we divide all nom nal magnitudes by the pre-transfer noney
supply.

3 Wen x .2 B - 1, the assunption that the buyer spends everything can
be derived as a result. Oherwi se the buyer will not spend and

equi | i brium does not exist.



where 6 = 1/(y - 1) < 0. We now substitute (3) in the budget

constrai nt (Zj pjyj =m + X) to get:
- 0 1+6
(4) yp = (m +x)(p) 7Tz (p)
Using z = 1/Zj (pj)l+e and symetry, household' s i denand for
product j is yj = z(pj)e(n} + X) and his utility fromconsunption is:
— 0:v,1l/y
(5) Fm o+ e py) = {5 1m + x)z(p) 1Y,
wher e p, = (pO""’pi-l'pi+1""’p1) is the prices posted by other

sellers. Since there are nany agents the effect of any single price
on Fis small and will be neglected. W therefore wite F(m + X, pd)
instead of F(m+ x, p_., p;).

Qur normalization inplies Zj n} = 1. Nom nal spending per
househol d is therefore 1 + x and the aggregate denand for product
is:
(6) v = 2% (m o+ 0 = 2(p) %1+ ).

Usi ng the aggregate demand (6), we conpute next period's

bal ances (in ternms of next period's nornalized dollars):

(7) mo= ey /(1 x) = 2(p)

Not e t hat next period's noney does not depend on x. It depends only

on the relative price: (pi)l+e/Zj (pj)1+q



The individual seller takes p_; and z as given and assunes that
the normalized prices charged by others will not change over tinme. He

chooses his price p; by solving the following Bell man's equation
(8) V(m p_) = Ex{F(m+ x, p_;)}

+maxy Ex{- (1 + x)2(p) O} + Bvz(p) 'Y b ),
|

where Ex denotes expectations with respect to x. The first order

condition for this problemis
(9) Ex{u [(1 +x)2(p) % (1 +x)(p) 1 =BV (2(p) .

To provide an intuitive explanation of (9) we consider the
effect of a small increase in the price p; for a given realization of
X. By increasing the price p; the seller reduces demand and
producti on. The change in output (obtained by taking a derivative of
[6]) is: ez(pi)e_l(l + X). The cost reduction benefit is therefore
t he absol ute val ue of: (u‘)ez(pi)e_l(l + X). The increase in the
price p; al so reduces next period's balances. The change in next
peri od bal ances (obtained by taking a derivative of [7]) is:

(1 + O)Z(pi)e. The loss of utility associated with that is the
absol ute value of: (BV')(1 + O)Z(pi)e. Since at the optinum the cost
reduction benefits nust equal the loss of utility due to the |oss of

revenues we get (9).

(pj)1+e = o (1+9)

In eguilibriumpj =p for all j, z = 1/2j and

zpe = p'l. Substituting this in (5 we get the utility from

consunpti on:



(10) 1% (z(m+x)(p) N Y'Y = [(z(m+ 0pHNYY = (m+ x)/p,

0 -1

It follows that V' = 1/p. Substituting zp~ = p and V' = 1/pin (9),

we get the equilibriumcondition

(11) Ex{v'[(1 + x)/p](1 + x)} = Bv.

Since v'' > 0, the left hand side of (11),
a(p) = Ex{u' [(1 + xX)/p](1 + x)}, is decreasing in p and we get a

uni que solution as in Figure 1.4

Py

alp)

B B
Figure 1
To interpret (11) we use M(x) = v [(1 + x)/p] for the margina

cost and MB(x) = BV p/(1 + x) = pB/(1 + x) for the nmargi nal benefit

and wite (11) as:

(12) Ex{MA(x)/MB(x)} = .

4 Existence requires v' (0) = 0 and v' (w) = . This is the case for
our assumed functional form vu(L) = (1/& L5



Thus y is the average ratio of marginal cost to marginal benefits
(one over the markup) and |ow y nmeans high nonopoly power.?®

We can use Figure 1 to do conparative static. An increase iny
(and a reduction of nonopoly power) leads to a reduction in the
equilibriumlevel of p and to an increase in average production. An
increase in B also leads to an increase in output because of the
delay in the paynent for the |labor effort assuned in the cash-in-
advance nodel

o—

Substituting v(L) = (1/8L§ and v' (L) =L Lin (11) leads to:

1/ 6-1

p = {Ex(1 + x)5/By} The equilibrium]labor supply is therefore:

(13) L(x) = (1 +x)/p = (B Y21 + x)/{Ex(1 + x) Y%L

The elasticity of labor supply with respect to 1 + x is unity.

Optinal nonetary policy:

A social planner in this environnent will solve:
y1 Uy - (1 ¢
(14) max, (% (v 1TV 5 Tuly) = (Y3 (y))7)

| mposi ng synmetry we can wite (14) as nmax y - (Mapya. The sol ution
to this problemis: yj = 1 for all j.

The optimal choice of a non-random policy x sol vesS:

5 The demand el asticity can be obtained by |ooking at the |og of (4).
It is: |6 =1/(y- 1)|]. Thus lowy inplies | ow demand el asticity.
6 We cannot benefit fromallowi ng a random choice of x because the

cost function is convex.



(15) max, L(x) - (Y3[L(x)]® s.t. (13) and x = B - 1.

The optimal policy is the Friedman rule: x = B - 1. To see this
- . . , _ JA/8-1
claimnote that at the Friedman rule (13) inplies L = y1 < 1.
Therefore the marginal cost is |less than the social benefit and

increasing x is not desirable.

Are the inplied quantities optinmal?

After observing the realization of x and after the conmi t nent
to price was already made, the seller will want to satisfy denand if

the margi nal cost is less than the margi nal benefit:

(16) U I(L + x)/p] < B(L1 + x).

o—

substituting p = {Ex(1 + x)% ey %L and v (L) = L% Tin (16)

| eads to the follow ng claim

Claiml: Satisfying demand is optinmal if:

(17) Ex(1 +x)%(1+x)%>y for all x < g.

Caim1l says that satisfying demand is optinal when the noney
supply increase is largely anticipated. To advance this
interpretation, we | ook at the expression
v(1 + x)6 - Ex(1 + x)5. The first termin this expression depends on
the realization x while the second is an expected average term W

may therefore think of this termas a sonmewhat unconventiona
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definition of noney surprise and read Claim1 as saying that
sati sfying demand is not optinmal whenever a strictly positive
surprise occurs.

Note that when y is close to unity satisfying demand when x = g
is not optimal. In general, we can use the condition in aiml to
see the effect of changes in various paraneters on the desire to

sati sfy demand. This is done in Caim?2

d ain127; The followi ng changes nay cause a departure from denand-
sati sfying behavior: (a) an increase in vy, (b) an increase in 9
(c) replacing x by a randomvariable x' with a |ower & h nonent:
EX,(l + x')5 < Ex(1 + x)6 and B-1 < x' <g; (d) replacing x by a

random variable x' with a higher upper bound:

EX,(l + x')5 = Ex(1 + x)6 and B-1 < x' < g where g > g.

Proof: To show (a) note that an increase in y leads to an increase in
t he maxi mum noney surprise: y(1 + g)6 - Ex(1 + x)6 and a violation of
(17) nay occur.

To show (b) note that Ex(1 + x)5/(1 + g)6 is a decreasing
function of 8. To see this, consider the effect of an increase in o
by 1 on the expression Ex(1 + x)5/(1 + g)é. The nunerator goes up by
a factor less than (1 + g) while the denom nator goes up by the
factor (1 + g).

To show (c) note that

7 Since (1 + x)6 is an increasing function it is well known that (c)
inplies prob(x = z) = prob(y = z) for all z (x dominates y in the

first order sense).
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E.(1+x)%(1+9°%<Ex(1+x)%(1+g)®and therefore violation of
(17) may occur if we replace x by x'. Simlarly, we show (d) by

noting that E,. (1 + x' )% (1 + ¢)% < Ex(1 +x)%(1+ g% [ ]

The intuition for Claim2 is as follows. (a) Wen nonopoly
power is low, marginal cost is larger than margi nal benefits for
large x; (b) Wien & is high | abor supply elasticity (1/(6 - 1)) is
| ow and the seller does not want to acconmbdate demand when the
realization of x is large; (c) Wwen a snmall probability event of high
noney supply realization occurs the surprise is large and the sellers

do not want to acconmopdate. The sane intuition applies also to (d).

A di screte exanpl e:

To get a feeling for the magnitudes we now turn to a nunerica
exanpl e in which x may take two possible realizations:
X =B-1and x = g. | use B = 0.96 and calculate the critical value of
y for which Ex(1 + x)% (1 + g)% =y and (17) holds with equality.
(Thus if the true yis greater than the critical value then
sati sfying demand when x = g is not optinal). Table 1 nakes these
calculations for three alternative values of & and alternative

probability distributions for x.
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*

Table 1°: Critical values of y (demand satisfying is optimal if the
true y is less than the critical value)

g= 0.05 0.1 0.15 0.2
X = B-1with probability = 0.5 and x = g otherwise.

Expected inflation 0.005 0.030 0.055 0.08
standard deviation 0.045 0.07 0.095 0.12

Critical values of y:

Ford =2 0.92 0.88 0.85 0.82
Ford=3: 0.88 0.83 0.79 0.76
For 6 = 11: 0.69 0.61 0.57 0.54

X = B—1with probability = 0.9 and x = g otherwise.

Expected inflation= -0.031 -0.026 -0.021 -0.016
standard deviation 0.027 0.042 0.057 0.072

Critical values of y:

Ford =2 0.85 0.79 0.73 0.68
Ford=3: 0.79 0.70 0.62 0.56
For & = 11: 0.44 0.30 0.22 0.18

* This Table calculates the levels of y for which (17) holds with
equality. The cal cul ations assune B = 0.96. The rate of change in
the nmoney supply is x = -1 or x = g where g = 0.05, 0.1, 0.15 and
0.2. The probability that x = -1 is 0.5 and 0.9. The cal cul ati ons
are made for & = 2,3 and 11 which correspond to |abor supply
elasticities of 1/(&1) =1, 0.5 and 0.1.

The exampl e shows that when |abor elasticity and the
probability that x = B-1 are low, satisfying demand is not optimal if
the true yis say 0.8.

I now use the nunerical exanple to present the equilibrium
magni tudes for the case in which x = -1 occurs with probability 0.5.
To focus on the case in which satisfying demand is not optimal | use
y = 0.95. As can be seen from Table 2, the expected markup as

typically measured (1/marginal cost), EMis in the range
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1.11 - 3.68.8 The expected wel fare cost of deviating fromthe
Friedman rule (x = B - 1 with probability 1) is calculated as a
percentage of the | abor supply (output). It is in the range

0.4%- 5.9%

Table 2": The demand-satisfying model

g= 0.05 0.1 0.15 0.2
Labor supply elasticity =1 (6 = 2)

p= 111 1.17 1.23 1.29
L(B-1) = 0.76 0.82 0.78 0.74
L(g) = 0.95 0.94 0.93 0.93
EM = 111 1.14 1.23 121
Welfare cost = 0.005 0.009 0.015 0.022

Labor supply elasticity = 0.5 (& = 3)

p= 1.06 1.10 1.15 1.20
L(B-1) = 0.91 0.87 0.84 0.80
L(g) = 0.99 1.00 1.00 1.00
EM = 1.12 1.16 121 1.27
Welfare cost = 0.004 0.008 0.015 0.022

Labor supply elasticity = 0.1 (& = 11)

p= 1.03 1.07 111 1.16
L(B-1) = 0.94 0.90 0.86 0.83
L(g) = 1.02 1.03 1.03 1.03
EM = 1.36 1.81 253 3.68
Welfare cost = 0.010 0.023 0.040 0.059

*

X = B-1 or x =g with equal probabilities; y = 0.95 and B = 0. 96.
The variables are nornalized price (p), labor in the | ow noney
supply realization (L[B-1]), labor in the high nmoney supply

realization (L[g]), the expected nmarkup, (EM, the expected welfare

8 The typical neasure of markup assumes that the seller can use his
revenues to buy goods in the sane period. This is not the case in
our cash-in-advance nodel. We use this measure here for the sake of

possi bl e conparison with estimted markups.
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cost of departing fromthe optinmal policy as a percentage of | abor
supply (Wl fare cost). Here are the details of the cal cul ations.
EM= 0.5[L(B-1)]1% + 0.5[L(g)]10%is the expected narkup.
The wel fare under the optinmal policy (x = B-1 with probability 1) is:
Wiy = y1/(6—1) (1/6)y6/(6_1).
fraction of |abor supply is:
VC = 0.5{Wmx - [L(B-1) - (1/8)[L(B-1)]1°1}/L(B-1)
+0.5(Wmx - [L(0) - (1/®)[L(g)]1°1}/L(g).

The expected wel fare cost as a

3. STICKY PRICES WTH OPTI MAL CHO CE OF QUANTI TI ES: THE PRODUCTI ON TO

ORDER CASE

I now exani ne the robustness of the above nodel to the
rel axati on of the demand-satisfying assunption. | start by focusing
on the choice of quantities and assune that the nornalized price, p
i s exogenously given and constant over tinme (this neans that the
regular dollar price P, = pM responds with a one period lag to
changes in the noney supply). Since we do not allow for a choice of
price we do not need the differentiated comodities structure. |
therefore assune at this stage a single consunption good and a risk
neutral utility function: ¢ - v(L), where c is the quantity consuned.

Figure 2 describes the sequence of events. The noney supply
transfer is realized after the price (P, = pM) is exogenously set.
Then sellers receive orders and choose production to satisfy sone or

all of the orders.

sellers
receiwve
x
P orders

production
choice

Figure 2
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As before the typical buyer receives a transfer paynent of x
nornalized dollars, where - 1 <x <gis ani.i.d randomvariable
with a density function @(x).

In equilibrium the typical seller receives an order of 1 + x
normal i zed dollars. The revenue of the representative seller is
therefore mn(pL, 1 + x) if he chooses to produce L units.

Buyers arrive sequentially in an order that is determ ned
randomy by an i.i.d lottery. Buyers who arrive late may not be able
to buy. The probability that the buyer will nmake a buy depends on the
realization x and is denoted by M(x). The household takes p and the
probability M(x) as given and solves the followi ng Bellman's

equati on:

g

(17) v(m p) =Ig NO) LM+ x)/plelx) dx + f5 o

61 {max, - o(L)

+ N(x)BV[mn(pL, 1 + x)/(1 + x); p]

+[1 - N)]IBVI(m+ x + mn(pL, 1+ x))/(1 + x); p]}e(x)dx.

The first rowis the expected consunption for a househol d that
starts with mnormalized dollars. Then we have the expected val ue of
the | abor choices that are nade after observing the realization of x.

The constant marginal utility of noney, V', is:

(18) V. = Iz_l {nx)/p+[1- N(x)]IBV /(1 + x)}e(x)dx = Wp(l - off),
Mwman:Jil WXMKdeamiozjilﬂl- M(x)]/(1 + x)}oe(x)dx. To

derive (18) note that an additional unit of noney will yield 1/p
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utils if it buys in the current period. If it does not buy it will be
carried to the next period yielding BV /(1 + x) utils.

Since the utility function is linear in consunption and V' is a
constant we can wite the | abor supply choice problem (for a given x)
as: max = - o(L) + BV[mn(pL, 1 + x)/(1 + x)]. The first order

conditions for this problemare:

(19) pL € 1 + X ;

(20) v'(L) <pBV /(1 +x) = A(1 +x) with equality when pL <1 + X,

where A = B (1 - o) and (18) is used to substitute for V

Condition (19) says that it is not optinmal to produce nore than
the quantity demanded. Condition (20) says that the marginal cost
nmust be | ess than the marginal benefit fromselling the good and nust

equal to it when there is excess denmand

Equilibriumfor a given nornmalized price pis a pair of
functions [L(x), M(x)] and a scalar V' such that
(a) Gven M(x), the first order conditions (18) - (20) are
satisfied;

(b) nN(x) =mn{l, pL(x)/(1 + x)}.

The requirenent (b) says that in case of excess denand, the
probability of nmaking a buy is equal to the ratio of nonminal supply
to nom nal demand.

To solve for equilibriumwe guess a cut-off point { such that

M(x) =1if x < and MN(x) = pL(x)/(1 + x) otherwise. To solve for ¢
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we start by treating A as a constant and define S(x; A) by the
solution to
' . , o-1
v' (L) = A/(1 + x). Using v' (L) =1L | eads to
S(x; A) = [A(1+ ] O
The notional supply S(x; A) is a decreasing function of x as in
Figure 3. The intuition is that when x increases, the relevant rea

price Pe/Pr+1 = pM/pM (1 + x) = 1/(1 + x), decreases. The demand is

the upward sloping line (1 + x)/p in Figure 3. Supply equals dermand

when x = (.
. ) 1+
P
- -
., -

-
Six)

L x

Figure 3

The actual ampunt traded is the mi ni nrum between supply and

demand:

(21) L(x; A =mn{S(x; A, (1 + x)/p}.

Note that L(x; A = (1 + xX)/p when x < { and L(x; A = S(x; A when
X >C It therefore has a "tent |ike shape" as the solid line in
Fi gure 3.

The cutoff point { is given by the solution to:
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1+ =pL(Y. Uing S(x, A =[A (1 + X)]1/(5—1)

_ p(6—1)/ 8,8

and (21) leads to:

Up 1. The probability of making a buy is given by:

(22) A p) =1

&1IKXMKde:

g

_ 8 (1-3)
Prob[x < AP + Iy Al (D1 + x) ] @ x) dx.

where for x = {(p) we use (20) to get:

nx) = pLx)/ (1 + %) = pa 1+ 0% This s also used to
conput e:
(23) O(A B) = fy, {11~ N)T/(1+ X)) e(x) dx

- I?(p) [L-pat N1+ X)él(l_é)](1+X)'1<p(X) dx.

We | ook for a solution (fixed point) to the follow ng equation

(24) A=Br(A p)/[1- oA p)pl =p%p"°

The inequality is required to insure that

_ p(a—ly 8,5

(p) 1>2p- 1.

I nowturn to a discrete exanple and add the choice of price.

Endogenous price in a discrete exanple:

W& now use the discrete exanple in which x can take two
possi ble realizations x = B-1and x = g with equal probabilities of

occurrence. W use the differentiated commodity structure of section
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2 and formulate the price choice problemin the above discrete
exanpl e under the assunption that satisfying demand is optimal when
X = B-1but is not optinal when x = g. For a nore general treatnent
see Appendi x A

Using equation (4) we derive the demand for product i when
X =pB-1.This is: Bz(pi)e where z is an appropriate average of al
other prices and 6 = 1/(y - 1) < 0. The revenues when x = B-1 and

1+6

demand is satisfied are: pi[Bz(pi)e]/B = z(pi) The utility

derived when x = B - 1 is thus: - U[Bz(pi)e] + BV[z(pi)1+%.
When x = g there is excess denand and the individual seller can

find a buyer who could not buy any other product. This buyer will

spend his noney only if:

(25) 1/p, = b,

where b = BV /(1 + g) is the value of a dollar carried to the next
peri od. When (25) is satisfied, household' s i revenues are given by
piL/(l + g) next period's nornalized dollars if buyer i nmakes a buy
and by (m+ x + piL)/(l + g) otherw se.

The househol d takes z and b as given and solves the follow ng

Bel | man' s equati on:

(26) V(M = (YF(m+ B - 1) + (Y2)N(g)F(m + g)

+maxy {(Y2){- o[B2(p) 8 + BV z(p) )

l
+ (Y2 1(1p, 2 b){max, - u(L) + N(g)PV[p; L/ (1 + g)] +

+[1- NIV (m+ x + p, L)/ (1 + g)]}},
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wher e I(1/pi 2b) =1if 1/pi > b and zero otherwise and F( ) is the
expected utility nade by the buyer, defined by (5).

The first expression, (Y2)F(m+ B - 1) + (Y)N(g)F(m+ g), is
the expected current utility fromconsunption. Wen x = 3 - 1 denand
is satisfied and the buyer spends the avail able cash with certainty.
When x = g the buyer spend his cash with probability M(g).

The first nmaxinization problemis with respect to the price p; -
When x = g denmand is not satisfied and the choice of L is described
by the second maxinmi zation probl em

The first order condition for the | abor choice problemin (26)
is: (L) =¥t =pvp/(1+g o L=[pvp/(1+ gl CV. using
this and risk neutrality we may wite the price choice problemin

(26) as:

(27) max, - u[Pz(p) ] + B z(p) )
|

-o{[BV p; /(1 + )] Y6y 4 BV{ p; 8I(B-D (1 4 )31 gy )G,

It is useful to wite the first order condition to the problem
(27) as the sumof two terns. Wien the household increases its price
it will typically experience a loss of utility when x =3 - 1 and a
gain in utility when x = g. The intuition is that when x is |low the
price is ex-post "too high" and the opposite is true when x is high
Following this intuition we take the derivative of the utility
conditional on x = - 1, —U[Bz(pi)e] + BV[z(pi)1+e], with respect to

p;

(28) C=- o[pz(p;) 1% Bz(p, ) 7t + (1 + @) (BV)z(p))°.
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W al so take the derivative of the utility conditional on x = g,
So{[BV /(1 + @) 1YC Yy 4 pvp, G (1 4 g)¥ gy ) VB yith

respect to p;:

(29) B=- (1/(51)[BVp/(1 + g)]2*0D

+(8(51)p, YC®Vpvr(1 + g1,

Typically C< 0 and B >0 and at the optinumthe first order
condition C+ B =0 is satisfied. W now turn to define equilibrium

for this exanple.

Equilibriumfor the discrete exanple is a vector
[A(g), b, z, p, L(g), V] such that:
(a) Gven MN(g), b and z, the price p and the labor supply in the
hi gh demand state L(g) solve the household's problem (26) and V' is
the resulting constant marginal utility of noney;

(b) z=p 8 b=Bv/(1+g) and N(g) = pL(g)/(1 + g) < 1.

Table 3 calculates the optinal price using the first order
condition C+ B =0.92 It turns out that the constraint: 1/pi 2bis
not binding. The optimal price is | ower than the denmand-satisfying
price. At the demand-satisfying price, C+ B < 0. Since Cis the sane
in both nodels it follows that the benefit fromincreasing price that

occurs when x = g is larger in the demand-satisfying nodel. This

9 W substitute z = p_l_q z(pi)9 = p_l and Z(pi)e_l = p

get: C=- 6% 1%+ (1 + @ (pv)pt.

“2in (28) to
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benefit is the reduction in "unwanted production" that occurs when

the seller must satisfy demand.

Table 3": The production to order model

g= 0.05 0.1 0.15 0.2
Labor supply easticity =1 (6 = 2)

p= 1.05 1.05 1.05 1.06
= 0.96 0.91 0.87 0.84
A= 0.956 0.948 0.937 0.925
L(B-1 = 0.91 0.91 0.91 0.91
L(g) = 0.91 0.86 0.82 0.77
EM = 1.10 1.13 1.16 1.20
Elasticity = -0.03 -0.39 -0.54 -0.61
Welfare cost= 0.0029 0.0061 0.01 0.018

Labor supply elasticity = 0.5 (& = 3)

p= 1.01 1.01 1.01 1.02
n= 0.96 0.93 0.90 0.87
A= 0.957 0.950 0.942 0.933
L(B-1) = 0.95 0.95 0.95 0.94
L(g) = 0.95 0.93 0.90 0.88
EM = 1.10 1.13 1.17 1.20
Elasticity = 0.05 -0.15 -0.23 -0.27
Welfare cost= 0.002 0.003 0.006 0.009

Labor supply elasticity = 0.1 (& = 11)

p= 0.97 0.97 0.97 0.97
n= 0.96 0.93 0.91 0.89
A= 0.956 0.951 0.945 0.938
L(B-1) = 0.99 0.99 0.99 0.99
L(g) = 0.99 0.99 0.98 0.98
EM = 1.10 1.13 1.17 1.20
Elasticity = 0.01 -0.03 -0.04 -0.05
Welfare cost= 0.0003 0.0007 0.001 0.002

* This Table assunes that x = -1 with probability 0.5 and x = g
otherwise; y=0.95 and B = 0.96. It calculates the normalized price
(p) the unconditional probability of nmaking a buy (m)the
equilibriumlevel of A = pBV, labor supply for the two possible
realizations (L[B-1], L[g]), the elasticity of |abor supply with
respect to x and the welfare cost of departing fromthe Friedman

rule. The fornmul as used are:
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p = {Ex(1 + )% By ° = {10.58° + 0.5(1+9) %/ g3V °7F

A p) = 0.5 + 0.5p(A) 1 + ¥ 170
oA p) =051-pAYN1+ ¥ Y/(1 + g

A= Br(A p)/[1 - o(A p)f]
L(B-1) = PB/p; L(9) =[A(1 + 9]
Elasticity = [(L(g)/L(B-1)) - 1]1/[((2 + g /B) - 1].
Wel fare cost is calculated by the fornula in Table 2.

1/ 5-1

The elasticity of output with respect to x tends to be negative
and is in the range -0.61 to 0.05. The welfare cost is in the range
0.03%- 1.8% 10 This is lower than the wel fare cost under the demand-
sati sfying nodel which was in the range 0.4%- 5.9% The hi ghest
wel fare cost in the production to order nodel occurs when | abor
supply elasticity is high while in the demand-satisfying nodel it

occurs when the | abor supply elasticity is |ow

4. THE PRCDUCTI ON TO MARKET CASE

I now consider the case in which producers do not receive
orders and the amount produced is sinply put on the market. In this
case sone of the output produced nay not be sold and noney surprises
af fect capacity utilization. It is shown that the change in the
assunption about selling leads to a qualitatively different

equi libriumlabor supply function

10 | also made the calculations in Table 3 using the demand
satisfying prices in Table 2. The wel fare cost when using the
demand satisfying prices is in the range 0.5%- 5.7% This is nore
than twice the welfare cost when using the optinmal prices
suggesting that the denmand satisfying prices are poor

approxi mations for the optimal prices.
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As in the previous section | start by assuning that the
normal i zed price, p, is exogenously given. After observing the
realization of the noney supply (x) the seller chooses how nuch to
produce and put his output on the market for sale. Buyers arrive and
buy part or all of the available supply. Figure 4 describes the

sequence of events.

production
P X choice

Trade

Fi gure 4

As in the previous section buyers who arrive |ate may not make
a buy and TM(x) denotes the probability of making a buy. It is
assuned that all sellers sell the same fraction, 0 < Q(x) < 1, of
their output. The average revenue received by the seller for a unit
produced is therefore: Wx) = pQ(x). The anount of noney that the
household wi |l have at the beginning of next period is: LWX)/(1 + x)
if the buyer made a buy and [LWXx) + m+ x]/(1 + x) if the buyer did
not make a buy.

G ven the functions M(x), Wx) the Bell man equati on whi ch

descri bes the househol d's choice problemis:

(31) vm ) =y,

[(m+ x)N(x)/p] e x)dx

+I§_1 {max; - u(L) + [N()IBVILWX)/ (1 + x); p]

+[1 - N)IBVI(m+ x + LWX))/ (1 + x); p]}e(x)dx.
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Since the utility function is linear in consunption and V' is a

constant, we can wite the maxim zation problemin (31) as:

max, - o(L) + BV[LWX)/ (1 + x)]. The first order condition for this

problemis:

(32) v (L) = [WX)/ (1 +x)]BV = AQ(x)/(1 + x),

where the second equality uses BV = Brwp(l - o) = Ap and

Wx) = pQ(x).

Equi libriumfor a given normalized price p is a vector of
functions [L(x), M(x), Q(x)] and a tripl et

(= o MO0 dx, 0 = J 41 - NIT/(1 + X) e dx,

A = Bif (1-oP)] such that:

(a) v (L) = AQ(x)/(1 + Xx)

(b)  M(x) = min{1, pL(x)/(1 + x)} = probability of making a buy;

(c) Q(x) = mn{l, (1 + x)/pL(x)} = fraction of output sold.

Solving for equilibrium As in the previous production to order case,

the |l abor supply in the excess demand region x = { is given by the
solution, L(x), to v (L) = Lé_l = A(1 + x). The cutoff point Cis
given by the solution to: 1 + ¢ = pL({) which is:

Wp) = p(6—1)/6A1/6 ]

1. In the excess denmand range Q(x) = 1. Wen
X £ { there is excess supply, Q(x) = (1 + x)/pL(x) <1 and we can

wite (32) as:

(33) v' (L) = AlpL for x < C

The solution to (33) does not depend on x and is given by:
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1/6. The intuition is as follows. An increase in x has two

L= (Ap
effects on the wage in terns of next period' s normalized dollars: The
increase in the fraction of output sold, Q(x) = (1 + x)/pL, and the
reduction in the value of a current nornalized dollar. These two
effects exactly offset each other and therefore the effective wage in
ternms of next period' s normalized dollars, Wx)/(1 + x) = 1/L does
not depend on Xx.

The equilibriumlabor supply function L(x) is therefore flat

for x < C and then declines as in Figure 5.

Lix)

T3

Figure 5

Endogenous price in a discrete exanple:

We use the above discrete exanple to endogeni ze the price. For
a nore general treatnent see Appendices A and B
We start by specifying the fraction of output sold by an
i ndi vidual seller as a function of his relative price. For this
pur pose we define average capacity utilization by:
CU(x) = mn{(1 + x)/pL(x), 1}, where p and L(x) are average (across

sellers) price and | abor supply.
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In the |l ow demand state there is excess supply and average
capacity utilization is: CYUB-1) = B/pL <1 It is assuned that if

seller i post the price p; he will sell a fraction
(34) Q(p/p;, B-1) = mn{[exp(ap/p;)/exp(a)] CUPL-D, 1},

of his output in the | ow demand state, where a > 0 is a given
paranmeter. The specification (34) assunmes that when P, =P sell er
i's capacity utilization is equal to the average, CU |In this case
the paraneter a is the elasticity of Q with respect to the relative
price p/pi. This elasticity should vary with CU. Wen CUis
relatively high, a one percent increase in the relative price p/m
shoul d have a relatively small effect on the percentage of output

sold. | therefore all ow

(35) a = a(Cy, p).

The househol d takes CU, p and a(CU, p) as given paraneters.
The effective wage in the | ow demand state in terns of next

period's normalized dollars is:
(36) Wp/p,, B-D/B = p,Q(p/p;. B-1/B = [exp(ap/p,)/exp(a)]p, /pL.

In the high demand state there is excess demand and average
capacity utilization is: CUg) = 1. In this case it does not natter
whet her production is made to order or to market. In both cases a
seller can find a buyer who could not find any other product and wll
buy fromthe seller if 1/pi > b, where b = BV /(1 + g) is the value

of a dollar carried to the next period. It is therefore assuned that
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when constraint (25) is satisfied the fraction of output sold in the
hi gh denand state is: Q(p/pi, g) = 1. The effective wage in the high
demand state is therefore:

Wp/p;, 9)/(1+g) = p, Q(g, p/p,)/(1+g) = p,/(1+g).

Househol d i takes the average price posted by others, p, the
val ue of a nornalized dollar that is not spent in the high denand
state, b, the effective wage function, Wp/ p; B-1) and the
probability of nmaking a buy in the high demand state, M(g) as given.

It solves the follow ng Bell nman equation:

(37) V(M = (YF(m+ B - 1) + (Y2)N(g)F(m + g)

+max,  {(Y2{max - (L) + BV[Wp/p,, B-DL/Bl s.t. (36))

l
+ (Y2 1(1p, 2 b){max, - u(L) + N(g)PV[p; L/ (1 + g)] +

+[1- NIV (m+ x + p, L)/ (1 + g)]}},

where as before I(statenent) = 1 if the statenent is true and
| (statement) = 0 otherwi se. The function F( ) is the expected utility
that the buyer namkes defined by (5).

Equilibriumfor the discrete exanple is a vector
[p. N(g). Q(p/p;. B-D, Wp/p;,, B-1), b, L(B-D, L(g), V] such that:
(a) Gven [p, N(9), Q(p/pi, -1, V\(p/pi, -1, b], the price p and
the | abor supplies L(B-1) and L(g) solve the household' s problem (37)
and V' is the resulting constant narginal utility of noney;
(b) Q(p/pi, B-1) satisfies (34), V\(p/pi, B-1) satisfies (36),

b =pv/(1+g) and N(g) = pL(g)/(1 +g9) <1
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The choice of labor in the high demand state is the sane as in
the production to order case. W focus here on the choice of labor in
the | ow demand state. The first order condition that L(p-1) nust

satisfy is:

(38) v (L) = L% = pv [Wplp, B-D/Bl = Alexp(ap/p;)/ exp(a)]p; /pL.

This leads to L = {A[exp(ap/pi)/exp(a)]pi/pzlA_}l/(Gl). The utility
when demand is | ow can therefore be witten as:
(39) Up/p;, B-) =- u(L) + BV(LWp/p;, B-1)/PB) =

3 (& 1)

= - (1/6){A[exp(ap/pi)/exp(a)]pi/pzf-}

+ BV({Alexp(ap/p, )/ exp(a)]p, /p°L} Y (* D exp(ap/p, )/ exp(a)]p, /pl).

In equilibrium P, =P and, using (33), the derivative of (39)

51 & (8-1)

(40) C= (1(5- 1))(L- )p XL Y- L+l +(1- o)L

where C = aU/api. Note that when L < 1, and a > 1, C< 0.
The first order condition that governs the choice of price is

gi ven by:

(41) C+ B =0,
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where B is the derivative of welfare in the high demand state with
respect to price. Bis the same as in the production to order case
and is given by (29).

To solve the nodel we nust assune a specific functional form
a(CU). Rather than doing that | treat a as an endogenous vari abl e
and ask what is the value of a required to get the production to
order prices in Table 3. Using (29) for B, (40) for C and (33) we

get:

(42) a=1+B{(UG-))p LY L+ ul + (LYEDY

Since CU = B/pL we can wite (42) as a function of CU and p

Tabl e 4 uses the production to order prices in Table 3 and
treat a as an endogenous variable, using (29) and (42) to conpute it.

Note that the resulting a is a decreasing function of CU Note
al so that prices do not react to changes in g (regine changes) but
neverthel ess capacity utilization is an increasing function of g. The
reason is that an increase in g lowers the probability of naking a
buy (m and therefore it lowers the marginal utility of noney V. As
a result the benefits fromworking go down and | ess excess capacity
i s produced.

The expected welfare cost is nuch larger than in the production
to order case (Table 3). It is nowin the range of 0.5 - 3.1 percent

of labor supply.
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Table 4": The production to market model

g= 0.05 0.1 0.15 0.2
Labor supply elasticity =1 (6 = 2)

p= 1.05 1.05 1.05 1.06
Cu= 0.957 0.962 0.967 0.971
a= 1.61 1.42 1.27 1.24
EM = 1.07 1.11 1.14 1.18
Elasticity = -0.49 -0.64 -0.69 -0.70
Welfare cost= 0.023 0.024 0.027 0.031

Labor supply elasticity = 0.5 (& = 3)

p= 101 101 101 1.02
CU= 0.968 0.969 0.971 0.972
a= 1.82 1.74 1.65 1.58
EM = 1.07 1.10 1.13 1.17
Elasticity = -0.30 -0.35 -0.37 -0.37
Welfare cost= 0.017 0.017 0.019 0.021

Labor supply elasticity = 0.1 (6 = 11)

p= 0.97 0.97 0.97 0.97
CU = 0.9909 0.9911 0.9913 0.9915
a= 1.93 1.88 1.83 1.79
EM = 1.06 1.09 112 1.16
Elasticity = -0.09 -0.09 -0.09 -0.08
Welfare cost= 0.005 0.005 0.005 0.006

* This exanple assunes x = B with probability 0.5 and x = g
otherwise. B = 0.96. It uses the conputation of A and p from Tabl e
3. Labor supply when x =g, L(g) is the same as in Table 3 but
| abor supply when x = B-1 is larger and is given by:

L(B-1) = (A/p)llé. The elasticity is the percentage change in | abor
devi ded by the percentage change in x:

[(L(g)/L(B-1))-1]1/[(1+g)/B)-1]. Capacity utilization is the
percent age of output sold when x = 32 CU = B/pL(B-1). Welfare cost
is calculated as a percentage of |abor supply according to the

formula in Table 2.

It was shown that if we relax the demand-sati sfying assunption

we nay get a negative rather than a positive relationship between
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noney and output. This should reduce our confidence in the sticky
price nodel as a possible explanation for the observed positive
noney/ out put rel ati onshi p.

Al ternatively we may consider a nodel in which it is optimal to
sati sfy demand for some goods but not for other goods. Sone goods are
produced to order and sone are produced to market. In such a conbined
nodel , we nay get a positive relationship between noney and
enpl oyment but the welfare cost of deviating fromthe Friednan rule
does not depend on the elasticity of labor with respect to x. W may
get a low elasticity and a relatively high welfare cost if production
to market is relatively inportant. For a formul ati on of the conbined

nodel see Appendix A

The welfare cost of departing fromthe Friedman rul e:

In his presidential address (January 2003) and in his 1987 book
Lucas has argued that nmonetary policy cannot change trend output and
that the possible gains fromelininating deviations fromtrend out put
is tiny. Lucas focus on the gain in expected utility from
consunption. Here we have risk neutrality so this gainis literally
zero. But there are substantial costs of departing fromthe Friednman
rule.

Perfectly anticipated inflation is costly and affect |abor
supply, because househol ds spend the noney they earn with a lag and

as a result inflation affect the real wage.
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Random fl uctuations in x (holding the nean of x constant) cause
fluctuations in |abor supply.ll The fluctuations in x may therefore
cause additional harm because snmooth production is cheaper than non-
snooth production with the sane nean. (It is cheaper to equate the
mar gi nal cost over tine). This is especially true for the denmand-
sati sfying nodel because in this nodel the elasticity of labor with
respect to x is large and fluctuations in x cause large fluctuations
in L.

In the third, production to narket nodel, the welfare cost of
random fluctuations in x is large. This is because of the waste that
occurs in the excess supply state. To understand why this cost is
large relative to the cost of non-snooth production it is useful to
t hi nk about the case in which the markup is close to unity. In this
case snmall fluctuations in L are costless: The representative agent
iswilling to add (or subtract) a unit of |abor in exchange for a
unit of consunption. This is very different fromthe production to
mar ket case in which the seller supplies additional |abor and gets
nothing for it.

The cost of not naking a sale in the production to market nodel
is sinmlar to the cost of involuntary unenploynent in the old
Keynesian literature. The old literature assunmed that the |eisure
gai ned by unenpl oyed workers is valueless. Here leisure is val ued but
out put which is not sold is in a sense a waste of tine.

Table 5 illustrates the welfare calcul ations for the regine
(policy) inwhich x =B - 1 =- 0.04 with probability 0.5 and x = 0.1

ot herwi se. The expected inflation in this regine is 3%

11 They mmy al so change the mean | abor supply but this effect is very

small in the first two nodel s.
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Table 5": The welfare cost of 3% average inflation rate
(x = B-1 with probability 0.5 and x = 0.1 otherwise)

0= 2 3 11
Labor supply elasticity 1 0.5 0.1
Second best L = 0.95 0.97 0.99
Expected inflation L = 0.89 0.94 0.99
Welfare cost of expected inflation = 0.6% 0.3% 0.1%

Demad satisfying model

Elasticity = 1 1 1
Welfare cost = 0.9% 0.8% 2.3%
Production to order

Elasticity = -0.39 -0.15 -0.03
Welfare cost= 0.61% 0.3% 0.07%

Production to market with production to order prices

Elasticity = -0.64 -0.35 -0.09
Welfare cost= 2.4% 1.7% 0.5%

Production to market with demand-satisfying prices

Elasticity = -0.27 -0.15 -0.03
Welfare cost= 5.2% 4.6% 4.6%

*

This Table uses the elasticity and wel fare cost cal cul ati ons from
previous Tables for the case g = 0.1. It also add sonme cal cul ations
about expected inflation. The second best L is the quantity that
will be produced when the Friednan rule is inplenmented. Expected
inflation L is the |abor supply when the expected inflation of 3%

occurs with probability 1.

The wel fare cost of expected inflation is the cost of

ncreasi ng the noney supply at the rate of 3% w th probability 1
relative to the Friedman rule alternative. It is in the range of 0.1%
to 0.6% and its inportance declines with 8. In the extrene case when

| abor is inelastically supplied this cost is zero. The welfare cost
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in the demand-satisfying nodel are in the range of 0.8%- 2.3% The
wel fare cost in the production to order case are sinmilar to the

wel fare cost of expected inflation suggesting that random
fluctuations in x do not cause significant additional harmin this
nodel . The welfare cost in the production to nmarket case is in the
range of 0.5%to 2.4%if we choose o that will lead to the production
to order prices and in the range of 4.6%to 5.2%if the denand-
satisfying prices (from Table 2) are used.

The expected cost of inflation in the conbined nodel of the
Appendi x is some wei ghted average of the nunbers in Table 5 where the
average is across nodels. It seens like a formidable task to estimate
this cost. The point | want to make here is that this may potentially
be a large nunber. |If for exanple, the average rate of unenpl oynent
is 2% above the efficient (natural) rate and capital utilization is
on average 2% less than its efficient level, then we have a | oss of
2% of output. If half of this loss is due to policy "m stakes" than

there is a potential gain of 1% of output which is a big nunber.

5. CONCLUSI ONS

Sati sfying demand is not optimal when the nonopoly power and
the | abor supply elasticity are not large and there is a large
el ement of surprise in the noney supply increase.

When sellers are allowed to choose quantities optinmally, nore
noney |leads to a |lower real wage and |l ess output in the region of
excess denmand. In the region of excess supply, nore noney |leads to
nore output of goods produced to order but may have no effect on the

out put of goods produced to market.
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The wel fare cost of randomvariations in x may be large in the
production to nmarket case because of the waste that occurs in | ow
demand states. But there is no positive relationship between noney
and the output of goods produced to market.

In the conbi ned nodel discussed in the Appendix the
representative househol d produces three goods: One to order, one to
mar ket and one to satisfy denmand. (W choose the paraneters in a way
that it is always optinal to satisfy the denand for the third good).
When production to market is relatively inportant, we may get a weak
positive relationship between noney and output in this nodel and a
|arge welfare cost. This may occur when production to market is
relatively inportant.

It may be useful to extend this nodel to an environment in
whi ch a feedback rule is optinal and exanine the effect of relaxing
t he denmand-sati sfying assunption on the optimal feedback rule. | plan

to address this issue in another paper
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APPENDI X A1 A COvVBI NED MODEL

In the real world sonme sellers satisfy demand, sone goods are
produced to order and sonme are produced to market. | now conbi ne the
three nodels in the text to get a unified general franmework.

| use the Dixit-Stiglitz differentiated goods framework in
section 2 and assune a large nunber of Ninfinitely |lived househol ds
each producing three types of differentiated goods and consuning al

3N goods. The utility function of the representative household is:

(A1) (5% (MY - 2 ey

wher e yj is the quantity consunmed of good j, 0 <y <1 is the denand
el asticity paraneter, LT is the anount of |abor used to produce type
T good and UT( ) is the utility cost of doing it. The transfer
paynment can take values in the range: B-1 < x < g, where g i s not
| ar ge.

| use a dual indices system Wen adopting the sellers' point
of viewit is useful to talk about type 1 good produced by seller j

and wite the utility function (Al) as:

. 3 N vy 1y 3
(A1) [Z%or (1Y - 2 oLy,
| start fromthe buyer's point of view using the single index
system of (Al).
CGoods of type 1 are produced to order and goods of type 2 are

produced to market. The denmand of type 3 goods is always satisfied.

To justify this last assunpti on we choose the cost functions UT(LT)
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appropriately. For exanple we may choose U3(L = 0 and in this case

3
it is always optimal to satisfy the demand for good 3.12

Buyers and orders arrive sequentially. Buyers who arrive late
may not find all goods. Buyers index goods by availability. They
expect that good j is rationed when x > Zj, wher e Zj < Zj+r

Buyers find all goods when x < {;. Wen {; < X < ZZ buyers who
arrive early find all goods but buyers who arrive late find only
3N - 1 goods (they do not find good 1). Wen {, < x < {3 buyers who
arrive early find all 3N goods. Those who arrive second find 3N - 1
goods and those who arrive last find only 3N - 2 goods.

Fromthe buyer's point of viewthere are 2N + 1 possible
characterizations of the availability of goods. When the availability
index is 1 all goods are avail able. Wen the availability index is 2
only goods indexed j = 2 are available. And in general, \Wen the
availability index is 1 <s < 2N+ 1 only goods indexed j = s are
avai l abl e. (Wen the availability index is 2N + 1 only type 3 goods
are avail able).

A buyer who chooses to spend d nornalized dollars in market
condition s sol ves:

3N vy Uy 3N

(A2) F(d, s) = rraxyJ [szS (y]) S.t. Zj:S prJ = d.

12 |'n the context of the numerical exanple of Table 1 we may assume
that the | abor supply elasticity for type 3 good is 1 (& = 2) and
the | abor supply elasticities of type 1 and 2 goods is 0.1 (& = 11).
If y=0.8 thenit is optimal to satisfy the denmand of type 3
goods but it is not always optimal to satisfy the denmand of types T
< 3 goods. Alternatively, we may allow for differences in nonopoly
power across the three types of goods but this seens nore

conpl i cat ed.
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Here F(d, s) is the expected current utility when the buyer finds,
upon arrival, market condition s. Let z, = 1/[Zj3';|s (pj)1+% where as
before 8 = 1/(y - 1) < 0. The buyer's demand for good j in market
condition s can be derived in a way that is simlar to (6) in the

text and is given by:

(A3) (p) %d(x, s)zg,

where d(x, s) is the anmount that the buyer will spend in narket
condition s.

Let m(x, s) denote the fraction of the buyers who upon arriva
find market condition s. These functions will be specified in detai
later. W now use themto aggregate the demands (A3) for good j. This

| eads to:
0
(A4) (p;)°z(x),
2N+1 . .
where z(x) = NX ;" m(x, s)d(x, s)zs. Since Nis large, we may negl ect
the individual seller's effect on z(x).
We now turn to the seller's problemusing a pair of indices
(i, 1) for the good fromthe seller's point of view 13 Seller i takes

z(x) as given and choose type 1 | abor Lil(x) under the constraint

that he does not produce nore than the quantity denanded:

13 Since the same good is indexed in two ways we can match indices
and use j = j(i,t) to denote the index of type 1 good produced by

seller i fromthe buyers' point of view
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(A5) L () < (p; 1) %2(%).

The fraction of type 2 output that will be sold on the market
depends on the price and the state and is denoted by Q(p;, x). This
function will be specified shortly.

The househol d takes the probability that its buyer will find
mar ket condition s, 1(x, s), the demand factor, z(x), and the
fraction of type 2 output that will be sold, Q(p;j, X), as given.
Thi s assunption shoul d be regarded as an approxi nation that is good
when N is large. Gven these functions the household sol ves the

foll owi ng Bell nan's equati on:

_ g
(A6) V(m = matxpiT IB_l {rmXLil L, I, (X, S)

{malxOI F(d, s) - Zle U(Li_[)

FRVIIM+ x - d + pialiq + P oQ(Pig NLis + (pig) 20017 (1 + %)

s.t. d £<m+ x, (A2) and (A5)}}q@(x)dx

Thi s says that the household chooses the prices P, before it
observes x. Then the worker observes x and chooses | abor supplies LT.
Finally, the buyer chooses the anount of spending, d, after observing
x and his market condition. The termF(d, s) - 23:1 UT(LT) is the
current utility. The anpbunt saved by the buyer is m+ x - d current
normal i zed dollars. The type 1 good is produced subject to the

constraint (A5). The revenues fromselling the type 1 goods are p1L1'

Since only a fraction Q(p,, x) of the type 2 good is sold, the
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revenues fromselling it are p,Q(p, X)L, The quantity demanded from
the type 3 good is (pg)ez(x) and since the demand for type 3 good is
al ways satisfied the revenues fromselling the type 3 good are
(pg)eﬁE(x). The househol d' s next period balances (in ternms of next
period's nornalized dollars) are thus:
M o= [m+x - d+piqlig+ PoQPig XLy + (p;g) ™ 2(x)]1/(1 + x). The
expression BV(m ) is the future utility term

We now adopt the availability indices fromthe buyer's point of
view and turn to the specification of the functions mx, s). The
demand for good 1 when all goods are available is:
Nd( X, 1)zl(p1)e. Wen x < {; all buyers find all goods and
m(x, 1) =1. (nfx, s] =0 for s >1). Wen x >, only a fraction

piLy(X)/ Nd(x, 1)zl(pl)e of the buyers find all goods. Thus,

(A7) mx, 1) =1if x <y ;

mx, 1) = pyly(x)/Nd(x, Dzy(pp)? if x > ¢y

Simlarly, let
Dy(x) = N(T(x, 1)d(x, 1)zy(p)% + [1 - mx, DId(x, 2)z,(py) %} denotes
t he denmand for good 2 when goods indexed j = 2 are not rationed. The

fraction of buyers in nmarket condition 2 is:

(A8) n(x, 2) =1- n(x, 1) if x < {y;

(X, 2) = poLy(X)/Dy(x) - m(x, 1) if x > .

This says that when x < {, a fraction m(x, 1) of the buyers finds al
goods and the rest finds N - 1 goods, because at this range of x at
nmost good 1 is rationed. Wen x > {, only a fraction p,yLy(x)/Dy(x) of

the denmand for good 2 is satisfied and therefore a fraction
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PoLo(X)/ Dy(x) of the buyers finds either all N goods or N-1 goods. Ve
subtract the fraction that finds all N goods (m{x, 1]) to arrive at
the fraction that finds N - 1 goods.
In general, the denand for good s < N when goods indexed j = s
are not rationed is: Dg(x) =
s ! i)d(x, | N1 - St i)1d ®  And
N mOx ) d(x, §)25(pg)” + NI - Zg m(x, [)]1d(x, 8)zg(pg) -

the fraction of buyers in market condition s < 2N is:

( A9) nx, ) =1- 5 nx §)  if x <

s-1 . .
T[(X, S) = psLs(X)/Ds(X) - zJ:]_ T[(X1 J) if x> ZS'
The fraction of buyers who are in market condition s = 2N + 1 is:

(A10) n(x, 2M1) =1 - ZN n(x, ).

| nowturn to the specification of the fraction of the type 2
good that will be sold, Q(p;, x). Here | use the pair of indices
fromthe seller's point of viewto nane a good. Let |(statement) =1
when the statement is true and zero ot herwi se. The average capacity
utilization (the fraction of output sold) of goods which are supplied
in excess of denmand (all goods with Ziz > x) is the ratio of the

noni nal demand for these goods to the noninal supply:

(ALl) CUx) = Z'oq I(x < 8 ) (py2) 200 1 2Ly 1(x < T ) pj ol o(%) .

The average price of these units is:

(A12) P(X) = Sy 1(x < G )Pk () 1 Ey 1(x < T )L (%)
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We assume that the quantity sold is determined by a function
Q[pijo pP(x), CUx), x] which is decreasing in p;,, increasing in p(x)
and in CUx). Furthernmore we require that a seller that set his price
equal to the average price will sell the average fraction:

Q(p, p, CU, x) = CU
I use Q(p;, X) = Q[pjo P(X), CYX), x] for short and define

equi libriumas foll ows.

Equilibriumis a vector of functions

{d(x, s), mx, s), L, (x), z(x), p(x), CUX), Q[p;j, p(x), QAx), x]}
and a vector of scalars (pi 1 Piy Pig Zi 1 Zi 2) such t hat

(8) Pl 2 (pir)eﬂz(x) for x < ¢ _ and p. L _ < (pir)eﬂz(x) ot herwi se

it Tt
(t =1,2);
(b) Gven m(x, s), z(x) and Q(p,, X) = Q[p;, p(x), CUAx), x], the

magni t udes [piT, 4 LiT(x), d(x, s)] solve (A6) for m= 1;

i
(c) m(x, s) is calculated by (A7) - (A10),
z(x) = Nxg m(x, s)d(x, s)zs, CY(x) is calculated by (All) and p(x) by

(A12).

A symetric equilibriumis an equilibriumw th the added
property: Lir(x) = Lr(x), Pir = P; and Zir = ZT for all i.

We have assuned that the individual seller ignores his effect
on average per househol d nagnitudes and on the market condition that
his buyer will face. We now fornulate the sellers' problemas a
symmetric ganme. This fornulation does not require the above
approxi mati on and i s useful because we can apply a general existence

proof of Nash equilibrium
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A synmetric gane:

There are N sellers. Seller i has a non-enpty set A, of actions
with a typical elenment: a; = [pil’ Piy Py Lil(x)’ Liz(x)’ Li3(x)].

There is a set of action profiles or outcone A with a typica
element a = (ay,..., ay).

We assume d(x, s) =1 + x and conpute for each elenent in A the
functions: z(x), m(x, s), and Q(p;j,, X). We then solve the problem
(AB) assuming d = m+ X.

It is assuned that 0 < p._ < 1/V, where V' is obtained from

it
the solution to (A6). (Since we assune risk neutrality, V is a
constant). Under this assunption, l/piT 2BV /(1 + x), the cash-in-
advance constraint is always binding and d(x, s) =1 + x. The | abor
supplies are restricted by:

0 <L 4(x) <(p)%(x); 0<Liy(x) €1; 0<L4x) <1 Thus the sets
A are conpact and convex.

Using the solution V( ) for the problemin (A6) we can define

the follow ng preference relations on A

(AL6) G () = Qa ., a) = fyy (- T UL (0]

+ BVILPj gL 1(X) + pj 2Q(Pj o X)Ljo(x) + (pi3)9+JZ(X)]/(1 + x)]}a(x) dx

The preference rel ations CXa;i, a;) is quasi concave in a; and
continuous. Thus our symretric gane satisfies the conditions of
Proposition 20.3 in Osborne and Rubinstein's (1994, page 20) and
therefore there exists a Nash equilibriumfor this gane. Since our
gane is symretric we can apply exercise 20.4 in (GCsborne and

Rubi nstein) to show exi stence of a symretric Nash equilibriumin
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whi ch all sellers choose the same strategy: [pl, Py Py Ll(x), L2(x),

Ly()].

APPENDI X B: MONOPCLI STI C COVPETI TI ON W TH RANDOM UTI LI TY MAXI M ZI NG

CONSUMERS

In the text and in Appendix A the fraction of goods sold was
determi ned by an ad-hock function of the relative price and x. Here
use McFadden's randomutility maxim zation franework to construct a
nodel that determines the probability that a unit produced to narket
will be sold.14 For the purpose of this Appendix and to sinplify
notation | assune that there is a single good that is produced to
mar ket (type 2) and the buyer spends his entire hol ding of noney
(1 +x). | also assune that all prices satisfy condition (25) in the
text: 1/pi 2BV /(1 +x) for all i.

Buyers come to the narket observe all remaining price offers
and choose a single offer. They may choose a relatively expensive
of fer by "mistake". These "nistakes" may reflect unobserved
attributes of the goods such as location. As a result of these
m stakes a unit nmay be sold even if its price is higher than the
price of other units.

When s units are available, the probability of choosing unit

S

is: Prob(i) = m4/2j21m6, wher e

(B1) w = exp[a(P/p;)],

14 For a survey of this approach see MFadden (2000).
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a >0 is a paraneter, P is the price of unit i and P is the average
price of all offers (units).
Units are sold sequentially. The first unit is sold in the
first round or market. Then a second unit is sold in the second
mar ket and so on. W now conpute the probability of selling unit i at
the price P; when there are s-1 other units offered at the price p
The average price when there are s - 1 units offered at the

price p and one unit offered at the price P; is:
(B2) P(p;, p. s) =1[(s- 1)p +pl/s.

To sinmplify notation, I wite P(s) = P(pi, p, s) to denote this

average. The probability of selling unit i in the first market is:
S

(B3) @ (P, P, S) = w/I_; w = exp[aP(s)/p;]/D(s),

where D(s) = {(s-1)exp[aP(s)/p] + exp[aP(s)/pi]}. If the unit was

not sold in the first market it nmay be sold in the second market.

Since s - 1 units are offered in the second nmarket, the probability

that the unit will be sold in the second market is

1 W= (1 - op)explaP(s-1)/p;]/D(s-1).

- S-
(B4) W, = (1 - wl)Mﬁ/Zj:
Using wp = 0, we can wite the probability that the unit will be

sold in the jth market as:

(B5) mj = HL;é(l-wk)exp[aP(s-j+1)/pi]/EXs—j+1).
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In equilibrium the nunber of units on the market is s(x) = L(x). The
nunber of units denmanded is: (1 + x)/p. The nunber of rounds is:
S=Mn{(1 + x)/p, s(x)}. The probability of selling a unit in excess

supply situations, when S = (1 + x)/p < s(x), is:

(B6) (o(pi, p, S) :Zj:1 W .

In excess demand situations when S = s(x), the probability of
selling the unit is 1 because if the unit was not sold in the first
s-1 rounds it will be sold in round s when it is the only unit on the

market. The probability of making a sale is therefore:

(B7) Q[p,, p, s(x), xI = wlp,, P S(X)]

when s(x) > (1 + x)/p and 1 otherw se

To use (B7) as a possible story for the allocation rule Q
assuned in Appendix A we need to nake two assunptions: (a) the
i ndi vidual seller ignores any effect it nmay have on the average
supply per household s(x) and (b) we nmay treat the probability of
selling a unit as the fraction of output sold. The first assunption
may be justified if the supply of each individual seller is small
relative to the aggregate. The second assunption nay be justified by

risk neutrality.
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