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Abstract

We propose a nodel in which an unanticipated reduction in the noney
supply leads to a contenporaneous increase in inventories foll owed by
periods with | ower output. This persistent real effect does not
require price-rigidity or real shocks and confusion. It is obtained
in a nodel in which nmarkets are cleared and agents are price-takers.

Earlier versions were presented at the International Society for

I nventories Research, Boston, January 1994, The University of |owa,
The University of Western Ontari o, NBER econonic fluctuations sumer
neetings, the sunmer conference at North-Western on applied genera
equi l i brium anal ysis, the Federal Reserve Bank of M nneapolis and the
Bank of Israel. W benefited from many conments provided by the
partici pants of these seninars. The coments of V.V.Chari led to a
change in the way we nodel the noney transfer process.



NTRODUCTI ON

Uncertain and sequential trading (UST) nodels are based on
ideas in Prescott (1975), Butters (1977). Prescott considers an
envi ronnent in which sellers set prices before they know how many
buyers will eventually appear. He assunes that | ess expensive goods
will be sold before nore expensive ones. Free entry inplies that in
equilibriumthere will be a distribution of prices rather than a
single price even though the product is honbgeneous. Butters stresses
the trade-of f between the level of prices and the probability that a
sale will be realized. In both nodels sellers conmit to prices before
the realization of demand. In the UST approach taken by Eden (1990)
an equilibriumdistribution of prices is obtained even though sellers
are allowed to change their prices during trade

Recently Eden (1994) and Lucas and Wodford (1994) study noney
non-neutrality in nodels which utilize the above idea. Eden (1994)
consi ders a UST overl appi ng generations nodel, in which buyers (the
ol d) receive nonetary transfers in a sequential manner. They spend
the noney i mredi ately and therefore fromthe point of view of the
sellers (the young) purchasing power arrives sequentially. Sellers
make contingent plans which specify the quantity that they will sel
to each batch of dollars that may arrive. They choose not to sel
everything they produced to the first batch that arrived because they
specul ate on the event that nore batches of dollars will arrive and
will buy at a higher price. Accordingly, when the realized noney
supply is low, sone goods are not sold (and are |ost).

Lucas and Wodford (1994) study an infinite-horizon, cash-in-

advance nodel. In their framework, trade is sequential but the



transfer of noney is not: trade starts only after buyers know the
total anmount of noney transferred. Sellers who do not know that
amount, choose to put different price tags on various units so that
goods offered at |ow prices are rationed if the noney supply is high
As they point out the source of non-neutrality is different fromthe
source in Lucas (1972). In particular, in Lucas (1972) in addition to
the nonetary shocks there are real shocks, so that in contrast to
Lucas and Wodford (1994), producers cannot assess correctly the rea
rate of return on noney.

In the above nodels there are no real shocks and no confusion
Money is non-neutral because prices at the beginning of the trading
process cannot depend on information that becones public only at the
end of the process. Unlike in fixed price nodels, here sellers have
no i ncentive to change prices during trade.

The persistence of the real effect of nonetary shocks is absent
in Lucas (1972). This notivated Blinder and Fischer (1981) to
consi der inventories as a propagation nechanism Building on Lucas
confusi on hypothesis, an unanticipated increase in the noney supply
is interpreted in part as a real demand shock. Firns increase sales
and to restore inventories to their target-level, output increases as
wel | . However, to rationalize the existence of inventories, Blinder
and Fi scher require that firns have nonopoly power.

Thi s paper conbi nes the noney non-neutrality analysis in Eden
(1994) with the Bental and Eden (1993) UST anal ysis of inventories,
to get persistent real effects of unanticipated nonetary shocks.

Fol | owi ng Lucas (1980), we enploy a cash-in-advance econony
popul ated by infinitely Iived househol ds which consist of two people:
a seller (producer) and a buyer. At the beginning of each period the

househol d has noney and i nventories. The seller takes the inventories



and goes to work. The seller produces sone additional output and
tries to sell sone or all of the accunul ated stock. The buyer takes
t he noney and goes shopping. On the way to the shopping l|ocation, the
buyer may receive a nonetary transfer. Once the buyer arrives at the
mar ket pl ace he spends part or all of the nobney he has and returns
home. 1 The househol d consumes what ever the buyer managed to buy. The
only uncertainty in the nodel is about the nunber of buyers that wll
recei ve the transfer paynent.

The seller stays in one |location. He knows that a certain
m ni mal amount of noney will arrive. W say that this mninmal anount
buys in the first narket. Wth sone probability, nore buyers will get
a transfer and nore noney will arrive. The additional noney, if it
arrives opens the second narket and so on. The seller, after having
produced, allocates the avail able supply (output + beginning of
period inventories) anong all potential markets. If a particular
mar ket opens the seller sells the supply allocated to that narket for
cash. If that nmarket does not open, the supply is carried over to the
followi ng period as inventories. Inventories nay also be held for
purely specul ative reasons.

A low realization of the noney supply at tinme t, will cause an
increase intimet + 1 inventories and a reduction in output. As in
Bental and Eden (1993), the reduction of output is smaller in
absol ute value than the increase in inventories. Therefore, tota
supply rises and inventories at t + 2 will be higher on average.

Thus, a nonetary shock may have long lasting effects, and a causality

test will reveal that noney "causes" output. However, this

1 Like Eden (1990) and Bental and Eden (1993) and unlike Eden (1994)

we do not allow here nore than one trip per period to the market.



"causation" cannot be used by a policy nmaker, since agents use the

correct probabilities that markets will open.
2. THE MODEL

There are N househol ds. Each househol d consists of two people:
a seller and buyer. The typical household is sinmilar to the one
described in Lucas and Stokey (1983). It engages in production and
shoppi ng for consunption goods. Labor (Lt{) is the only input and
out put equal s | abor input.

The amount of noney avail able to household h at the begi nning
of period t (NF) equal s the proceeds of period t-1 sales and any
amount carried over fromthat period. At the beginning of periodt
t he buyer takes the NP dol l ars and goes shopping. On the way to the
mar ket the buyer may receive a transfer of Ty dollars. |In general
not all buyers will receive a transfer paynent.

Buyers arrive in the market sequentially in an order that is
randonmly determined. At the beginning of the period, a buyer does not
know t he order at which he will arrive at the narket-place. The order
of arrival is identically and independently distributed across
peri ods. The anount of nobney that a buyer can spend is NF if he did
not get a transfer and NP + Tt if he did. Upon arrival, each buyer
sees all the available selling offers. He chooses whether to spend,
on the basis of the Iowest price offer. Cheaper goods are bought
first and therefore buyers that arrive late nmay face a higher price.

We assume that utility is linear in consunption and therefore
t he deci sion whether or not to buy does not depend on the household' s
weal th. Furthernmore, in equilibrium if a buyer chooses to spend he

spends the entire anount avail abl e.



The nunber of buyers that will get a transfer is Ngt where the
i ndex Et is an identically and independently distributed (i.i.d.)
random variabl e that can take the realizations: 1,...,S. It is
assuned that 0 < N < Np <...< Ng = N The probability that

st = s is denoted by g and the probability that gt > s is denoted
by gs.

The total anpunt of dollars at the beginning of period t
(before the beginning of the transfer process) is: M = ZELlwp. We
assune that the transfer paynent that a buyer nay get is proportiona
to the current noney supply: Tt = AM. The total anount available for
spendi ng depends on the realization of gt. It is:

M + NsTt = (1 + ANg)M if Ng buyers got the transfer. Information
about the realization of Et becones public in a sequential nanner.
Everyone knows that at least A1t = M + NiT; dollars will be
avai |l abl e for spending. So the first real news cone when additiona
Dot = (Np - N9)Ty dollars arrive (with probability g2). At this stage
everyone knows t hat Et > 2. Then, if additional Azt = (N3 - No) T
dollars arrive everyone | earns that gt > 3 and so on

Fromthe sellers' point of view purchasing power arrives in
batches. The first batch of Ay = M + NiTy dollars arrives with
certainty. Buyers who own the dollars in the first batch spend

Dit < A1t and return hone. Since there is no wealth effect, the
choi ce of Diy does not depend on the identity of the owners of the
first batch of dollars.

The second batch of purchasi ng power consists of
Dot = (Np - N9)Ty dollars and will arrive with probability qp. The
buyers who own the dollars in the second batch spend Dyt < Ayt and go

hone. In general, for s > 1, the purchasi ng power of



Dst = (Ng - Ng-1)Tt, will arrive with probability gs and the owners of
dollars in this batch will spend Dst < Agt dollars out of it and then
go hone.

It is assuned that each buyer can nake only one trip to the
mar ket and does not hang around: He finishes shoppi ng and goes hone.

The probability that the dollars of buyer h are in batch j is
equal to the fraction of dollars in batch j out of the post-transfer
noney supply. The probability that a dollar is in batch 1, given that
exactly 1 batch of dollars arrives is: Ui = 1. The probability that a
dollar is in batch j, given that exactly s > 1 batches of dollars
arrive (j £5s) is: ujS =40t/ (M + NsTy) =
= (N - N-2)AM/((1 + ANs)M) = (N - N-1)M (1 + ANs). Note that
gi ven our assunption about the transfer paynent these probabilities
do not depend on the begi nning of period noney supply.

G ven that s batches arrive, the probability that buyer h will
get a transfer is: @ = Ng/N. This probability does not depend on the
buyer's place in the Iine (the order at which the buyer arrives). In
every batch of dollars that arrives there are typically buyers who

have received a transfer and others who have not.

A buyer in batch j spends:
hi .
(1) thsl\/{]+|Tt,

dollars, where i = 1 if the buyer got a transfer and zero ot herwi se.
The amount of consunption and noni nal bal ances that the buyer brings
home in this case are:

hi _ _hi, o . hi _ . hi
(2) Cjt_xjt/PJt’yjt_’v{]+'Tt'th'



G ven that s batches arrive, the expected consunption for a
buyer in batch j is thus: [¢&Cr3 + (1-¢g)c??].

At the beginning of the period the seller (producer) chooses
t he amount of [ abor which given the beginning of period inventories

(I't) determ nes total supply (kt):
(3) ki = Lt + I¢.

The sell er nmakes a contingent plan on how to sell the avail able
supply, which specifies the anpbunt that the seller will sell to batch
j if it arrives.

We assune that the anpunt of dollars that arrive at the narket
pl ace i s observed by everyone, and say that the arrival of a batch of
dol l ars opens a new narket. W describe the contingent plan of the
seller by the quantities that the seller chooses to sell in each
mar ket that opens. |f batch j of dollars arrives but is not used for
spendi ng, we say that narket j is open but not active. W |ater show
that this does not occur: In equilibriumall narkets which open are
active.

The seller allocates the available supply to the S markets. In
additi on some of the supply may be carried to the next period for
purely specul ative reasons. W say that this anpbunt is allocated to
mar ket S+1 which opens, this period, with probability zero. Thus, the

sel l er chooses the supply to market i (Kkjt) subject to:

S+1
(4) Yi=1 kit = kt.

It is assuned that inventories depreciate at the rate

0<d6=<1 |If j markets open, the next-period inventories are:



(5) TN 5)ziS:j1+1 Kit.

In addition, the seller will contribute to the begi nning of next

peri od's nmoney bal ances the sum of:
(6) M, = 5o, Pitkit

It is assuned that the household is risk neutral and its single
period utility is ct- v(Lt) where v( ) nmeasures the disutility of
work in terns of current consunption. W assunme that the nargi na
cost schedule starts at zero and is strictly increasing: v'( ) > 0O,
v'(0) =0, v'( ) > 0. Furthernore, we assune that sup[v"( )] is
finite.

The househol d has a di scount factor of (. Taking prices, the
conditional probabilities of buying in nmarket j, and the probability
of a transfer paynent as given, the household chooses 0 < Lt <1, Kjt

and xri to maxim ze
(7) EStB{ct- v(Lt)}, s.t. (1) - (6).

We assune that given the infornmation available at tine t, the
househol d can form point estinmates of the prices in all markets at

any period t + 1 as a function of the sequence of realizations of

St, §t+1;..,§t+p In particular, its point estimate of the prices

next period given that s markets were opened this period is:

S S
(Plt+10 -+ Pgr41)-

Let V(I¢,M; Pit,...,Pst) denote the expected utility of a

househol d that starts period t with I{ units of inventories and M



dollars given that prices in the S markets are (P1t,...,Pst). The

Bel | man equati on which defines V( ) is:

(8) V(|t,’\/[]; Plti---vPSt) =
S S S hl hO
max ZS:]_HSZJ' :1th[(PSCjt + (1'@5)Cjt] - v(Lt)
S S S s hl _s S
+ BYozgMsT) g0y {asVI L yg, |\/f+1 F VL Plian o P
S hO _s S .
# (1 @V Mag * Y0 Plier o Pean)ds

s.t. (1) - (6).
We now turn to the first order conditions associated with (8),
under the assunption that the seller be ready to sell in each of the

S markets and produce a strictly positive anpunt.?

Arbitrage conditions: It is assuned that the household can forma

poi nt estinate about the maxi mum expected amount of consunpti on,

di scounted to t+1, that a dollar held by the buyer at t + 1 in market

j'" will buy, if exactly s narkets are opened at t. These expectations

. S S
are denoted by: (th+1, ""RSt+1)'
G ven these expectations the maxi num expected present val ue of

consunption (expected di scounted consunption) that a dollar can buy

if its owner is currently in market j is Rt which satisfies:

1 Thus we derive the first order condition for a solution kg > 0 for
all s <S, but allow kg =0 in case there is no demand. If sellers
were allowed to set prices, like in Lucas and Wodford (1994), this
restriction on pricing strategies means that a seller nust be
willing to sell a strictly positive amount at each price he
advertises. In equilibrium the seller's supply to any particul ar

market is perfectly elastic.

10



(9) Rt = mx{U Pt BYos (Ns/6))Tg oMs' 55e 2 0f Rr 4}

= rTB.X{l/Pjt ) Bth}.

To understand the second termin the nax expression, note that
the probability that the buyer will find hinself in market j' at tine
t+1 depends on the nunber of nmarkets opened at t+1 (s'). Therefore we
t ake expectations over j' and s' to get the nmaxi num expected
consunption, discounted to t+1, given that s nmarkets are opened at t:
XS = Bzf':lns'z?::1U?:Rf't+l' Since Ms/q; is the probability that
exactly s =2 j markets open at t given that nmarket j has al ready
opened, the expected di scounted consunption that a dollar wll buy,
if it is not spent at tinet in market j, is:

BZjt = zfzj(nslqj)xs. If the dollar is spent at timet in market j it
yields 1/Pjt units of consunption. And therefore Rt is the maximum
di scounted consunption that a dollar can buy if at tine t the buyer
is in market j.

Fromthe seller's point of view, the expected purchasi ng power
of a dollar earned at tinme t, given that narket j opened at tine t

is:

S S s' s' s
(10) Zit = Seg (sl 0j) 550 ogMs 5+ 230+ Ry 4g-

Note that Zjt was inplicitly defined in (9) as the expected
pur chasi ng power of a dollar held by the buyer in market j at tinme t,
if the buyer chooses not to spend it.

The expected consunption froma unit of output supplied to
market 1 is: P1tZ1t. In equilibriummarginal cost nust equal the

present val ue of the ensuing expected future consunption:

11
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(11) v' (Lt) = BP1tZat-

Let 15 denote the probability that market s will open, given

that market s-1 opens. The expected pay-off fromnot selling one unit

S

S.D. The first

when market s-1 opens is: TgPstZst + (1-15)(1 - o) v' (L
el ement represents the present val ue of expected purchasing power
which results froma sale in narket s if it opens. The second el enent
reflects the substitution between inventories and next period
production: An addition of a unit to inventories can be used to cut
production by (1 - 8) units. The second elenent is therefore the

present value of inventories if market s does not open. The arbitrage

condition is:

v S-1
(12)  Ps.1tZs-1t = TePstZst + (1-Tg)(1 - v’ (L, ,7) ; for all s > 1,

wher e Lf;i is the amount of |abor that the household plans to supply
at time t+1, if exactly s-1 narkets open this period.
An alternative to selling one unit in market S when it opens is

to hold it as inventories and use it next period to reduce

S

producti on. The value of inventories is (1 - 6)v'(Lt+1

) and the

arbitrage condition is:

(13)  PsiZst = (1 - V' (L>,,) with strict equality if kse > 0.

The buyer chooses to spend the entire amount in narket s if
t he purchasing power of a dollar is higher than the expected

pur chasi ng power of this dollar in the next period. To sinplify, we



al so assune that he spends the entire anount in case of indifference.

Thus,

(14) Dst =0, if BZst > 1/ Pst and Dst = Agt if BZst < 1/ Pgt

The market clearing conditions are:

(15) Dst/Pst = kst ; for all s.

Equilibriumrequires (11) - (15).

W will show that there exists an equilibriumin which the

begi nni ng of period inventories and noney supply are sufficient

statistics for infornmation available at tine t. Wthin this class, we

restrict our attention to prices that can be multiplicatively
deconposed into two elenments: a nornalized price pg(lt) and the

begi nni ng of period noney M:

(16) Pst = ps(lt)M.

It is useful to think of the whole noney supply (M) as a
normal i zed dollar. The price in terms of a nornalized dollar in
market s is pg(lt) = Pst/M. Ve use 65 =1 + (N/NA to denote the
gross rate of change in the noney supply. Thus, M+1 = 6 M, when N

buyers got a transfer at tinme t. For notational convenience we set

6y = 0.
We define the expected purchasi ng power of a nornalized dollar
(held by a buyer) at time t in market j, rj(lt), and the expected

pur chasi ng power of a nornmalized dollar earned (by a seller) in

market j at time t, zj(l¢), by:

13



(17) r(ly) =

= max{ 1/ pj (1) . BSem (Ms/ 0) Ser —yMs* 530 g0

S
[ it (174q) 1 8s}

= max{1/pj (1¢) . Bzj(l¢)}.

Note that rj(l¢)/M = @ t and zj(1¢)/M = th. This can be shown
by dividing (17) by M and conparing with (9).
Expressing conditions (11) to (14) in terns of nornmalized

dol lars | eads to:

(11') v (L(11)) = Bpa(l 1) za(l o)
(12')  ps-1(11)2s-1(1¢) = Teps(1t)Zs(1¢) *+ (1-T6) (1 - V' (L(1557)) :

(13') ps(1)zs(11) = (1 - Vv (L(15,,))

with strict equality if kgyp > O.

(14") dst = 0 if PBzg(lt) > 1/ps(lt) and

dst = Dst/M = (6s - 8s.1) if Bzs(lt) < Lps(ly).

W now turn to define a tenporary equilibriumthat takes
expectati ons about future nmagnitudes as given, in a particular form
We assume that next period' s |abor supply can be specified as a
strictly decreasing function of the begi nning of next period's
i nventories, L(I), and define next period s narginal cost by:

o(l) = v (L(l1)), where w(l) is strictly decreasing in |I. Likew se,
we assume that the expected purchasi ng power of a nornalized dollar
(held by a buyer) next period in market j is a function of the

begi nning of next period' s inventories, aj(l). W assune that the

14



aj (1) functions are strictly increasing and define a tenporary
equilibriumas foll ows.

The vector
(P1, -+ Ps L, ki, -+ ks, Ksi1, d1, -ee ds, 11, e rs Z1, e Zg) iS @

tenporary equilibriumfor given I, strictly increasing

01,...,0s, and strictly decreasing w if it satisfies identities (3)-
(5); the arbitrage conditions (11') - (14'); the nmarket-clearing

condi ti ons,

(18) dJ/ps = kg ,
And
(17") rj =

S S s' s' S
= mex{1/pj . Bros (Ms/6)) S5 ogMs 57 =g 0+ (1¢49)/ Bs)

= nax{l/pj , Bzj}.

We show later that a tenporary equilibrium exists when the functions

aj(.) and w belong to a set that will be specified soon

Lemma 1: At a tenporary equilibriumwe nust have p; < p2 £ ...< psg

Z1 =222 2 ...2 Zs, pP121 £ p2z2 £ .S psZs, and rq =2 rp = ...2rs.
Proof: Ormitting tine index we see that (5) inplies
11 >12 > ...21S Since wis strictly decreasing, it follows that

(I < (12 < ...< (15 and condition (12') inplies:

(19) Ps-1Zs-1 < Tispszs + (1-Te) (1 - d) w(19);
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Using (13'), (19) leads to:

(20) Ps-1Zs 1 < pPsZs.

Since (12') inmplies that ps.1zs.1 is a weighted average of pszg and

(1 - d)w(1S1), condition (20) inplies

(21) Ps-1zs1 2 (1 - (151,

We can now proceed by induction, replacing S by s and showing that if

(21) holds for s, then

(22) Ps-1Zs-1 = PsZs

and (21) holds for s - 1.

S s' s' s .
Let xS = BES.:lﬂs-zj.:1Uj.uj-(lt+1)/93 . Since 1l >12>...21S
it follows that x1 2 x2 > ... xS Since z; = Zglj(ﬂslqj)xs, it
follows that z1 =2z ..., =2 zs. This and (22) inplies ps-1 < ps.

Finally since ps.1 < ps and x5°1 > xS it follows that rs.q1 = rg. [:]

We now show that if w < 1, then in a tenporary equilibrium al

mar ket s which open are active. W |l ater show that, once expectations
are endogenous, there exists a stationary equilibriumwth the
property w < 1. The intuition is that in a stationary equilibrium

i ncreasing output by one unit will lead to an increase in consunption
by at nost one unit in the future. Therefore, the present val ue of

the addition to consunption is less than a unit. Since the margina
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cost is equal to the expected present value of the additiona

consunption, it rmust be |less than unity.

Lemma 2: If w <1, then in a tenporary equilibrium1/pj =2 Bz; for

all j £ S and all narkets which open are active.

Proof : Suppose first that nmarket s-1 is not active. Then it nust be
the case that market s is not active. To show this claim note that
by Lenma 1, pszs increases with s and since the buyer will spend only
if Bpszg <1, it follows that if buyers do not spend in market s-1
they do not spend in market s.

Next, we show that if markets j > s are not active, then
pjzj = (1 - d)w(1S) is a constant for all j =s. To show this claim
note that if markets j > s are not active, then IS = S+l = = =S
Condition (12') can therefore be witten as:
[pj-1zj-1 - (1-m)(L - 6)u(|5)]qu = pjzj. A solution to these

equations is:

(23) Pj-12Zj-1 = (1 - dw(IS), for all j >s.

Wthout limting generality, we assune that there exists an
index s £ S such that all narkets j < s are active if they open
(dj > 0) and all markets j > s are not active even when they open
For all j <s, (14') inplies that 1/pj > sz.

For j >s, (23) and w < 1 inply
Up; =zj/(1 - o) w(ls) > zj. Thus 1/pj = Bzj, and condition (14")

inplies that dj >0, for all 1<j <s [ |



The inmplication of Lemma 2 is that if the household wants to
save it uses purely speculative inventories (supply to market S+1)

and not noney. Thus, inventories weakly dom nate noney.

W& now endogeni ze the functions ag and w. W | ook for a vector
of functions (p1(1), -+ pg(1). L(1), kg(1), - ks(1), kss1(1),
do(1), - dg(1), ag(l), - ag(l), (1), zq(l), -+ zg(l)) that
satisfies identities (3)-(5), arbitrage conditions (11')-(14"),

mar ket - cl eari ng conditions:
(15") ds(1¢)/ps(lt) = kg(lt) for all s £ S

And for all 1y

(24) aj (1) =
g

= max{1/p (1), BSgs (Ms/ ) Ser gMs' 35+ 20 @+ (1749)/ B}

(25) V(L) = (1)
And
(26) 2j(11) = Sau (Msl 6) Ser qMs' 377 2q0 0+ (17,7)/6s.

We call such a vector a stationary equilibrium Note that

oj (1) = max{1/p;(It) . Bz (11)}.

We use the follow ng notation

Pnin = the |l owest possible price in the first market;
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Zmax = hi ghest expected purchasing power of a dollar earned in the
first market;

| rax = the maxi mum anount of inventories;

p' = a cutoff price: if the price in the first market is below p' the

entire new output is sold in the first market.

Since M/M+1 = 1/6, the noney supply this period wll
constitute on average E(1/6) of the next period noney supply, a
normal i zed dollar earned in the first market will becone on average
E(1/6) nornalized dollars next period.

If the | owest possible price in the first market is ppin the
expect ed purchasi ng power of E(1/6) normalized dollars nust be
smal ler than: zpax = E(1/08)/ pnin, because the probability that the
dollars will be spent in the first market is less than unity and
prices in other markets are hi gher. Suppose that inventories cannot

exceed | yax, then we can define py,, and zmax as the sol ution to:

(27) V' (Y)/ BZrax = Prnin s 01/Pnin =Y + Inaxs  Zmax = E(1/6)/ pnin.

Note that 64/p is the |owest total demand, Vv'(y)/PBzmax is the
| owest marginal cost schedule. Gven zpgx and I ygx, a solution to the
first two equations in (27) is a |lower bound on the price in the
first market. This is because not all the supply goes to the first
mar ket .

We now define the cutoff price p_ by the solution to:

(28) V' (X)/Bzmax = p'; (b) 6,/p" = x.



Note that when the price in the first narket is p < p' the
amount produced is always sold and therefore inventories do not grow

We define the maxi num anount of inventories by:

(29) O/ p" = I max-
We can now defi ne: Enin, 57, rnax, Enax as a solution to (27) - (29).
These definitions are illustrated by Figure 1

price v ’;ﬁzmax

P i\ 847D

_ Lo

min

L=
[

1 quantity
max

Figure 1

VWen w < 1, the following condition insures that inventories

do not exceed | ppx:

(30) P Znin > (1 - J).

This condition inplies that there is no supply to market S+1 when the
price in the first market is above 67. To show this we use the
assunption that the highest marginal cost is unity. Therefore, the

| argest possible benefit froma unit in market S+1 (specul ative
inventories) is: (1 - 0). Wwen the price in the current period's
first market is 67 prices in other current markets are higher (see

Lemma 1) and the benefit fromselling a unit in any current market is
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hi gher than the | eft hand side of (30). This neans that when the
first market price is higher than 67, ks+1 = 0.

Thus, whenever specul ation occurs, p < 67 and Figure 1 inplies
that demand in the first nmarket exceeds the entire current output and
therefore, I;41 < Il{. Wen the price in the first market is p > p'
there is no speculation and therefore Lenma 1 and the nmarket clearing
conditions inply that the total supply over all narkets nust be
smal l er than 6g/p and, using (29), this is less than | pgx.

To prove existence of a stationary equilibrium we consider the
foll owi ng set of functions:

A={A=(aq, v 0g W : as (s =1,...,9 from[O, ﬂmﬂ to
[O, 1/Enin], wfrom[O, Tnax] to [0, 1] all are continuous and
di fferentiabl e al nost everywhere with 0 < a; < [mnj (6-6-1)]

and -sup(v") < w < 0}.

Theorem There exists a stationary equilibriumwth

[ag(1), - ag(l), w(1)] OA

The outline of the proof is as follows: W choose functions fromA
and Iy O[O0, Iqpx]l. V& then solve for a tenporary equilibrium In
particular, we relate rg and v'( ) to I{. W show that these

rel ati onshi ps define functions which are in A. Thus we create a
mapping fromA into itself. Since A is conpact (by Ascoli’s theorem
and convex, we can use Schauder’'s fixed point theoremto argue that
t he mappi ng has a fixed point, A Thus there exists a stationary

equilibriumwith [ag(1), - ag(l), w(1)] = A(l).
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Proof: W pick A O A and choose the price in the |ast market, pg,
arbitrarily. We conpute prices and the demand in all S + 1 narkets as
a function of pg and A under the assunption that the arbitrage
conditions are satisfied. In particular, arbitrage condition (11')
allows us to conpute pizq1 and therefore the supply decision (10').
This leads to supply and denmand schedul es as a function of pg and
their intersection is a tenporary equilibrium

We start with an algorithmto conpute demand and prices. The
first step is to deal with speculative inventories. Then we enter a

recursi on which at each stage s, starts with pj, dj, B

t+1 and z; for

i >s, and conputes ps, ds, 13

t+1 and zs.

Specul ative inventories nmust satisfy the Kuhn-Tucker condition
(13'"). Wt use (26) to wite
31 = 30 eSS 0 g ((1-8)Kaey))/ B
(31) Zs = ZS' =1'ls Zj-:]_Uj-GJ ((1-9) kgt1) )/ Bs,
and we use the function w( ) for the next period's narginal cost, to

rewite (13') as:

(32)  PsYg oqMs' 57 gV 0 ((1-8)ksn))/ Bs = (1 - &) &((1-8)Ksr1)

with equality if kgyp > 0.

We denote the solution to (32) by kgi1(ps A . Wenever

(1-8) kse1(Ps A > Imax, We set: kegui(Ps A = Inmax/ (1-8). W use

25(Ps A = Tg oqMs 55 g0 6+ ((1-Oksa(Ps A))/6s

We now use (14'), ps and zg(pg; A) to conpute the denmand for

market S. This is denoted by dg(pg A). The level of inventories if

exactly S - 1 markets are opened is:
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(33) 15 pg A =nin{(1-9[(ds(ps A/ps) + ksi1(Ps AT, Imaxl-

Thus, ignoring depreciation, inventories equal to the demand in the
markets that are not opened unless they are larger than | pgx. Using

(33), we conpute:

S s' s'
(34)  zsa(pss A = (Ms1/as1) 3 —qMs 30 105 05 (I Slps A)/6s1

+ (Ngas1) To qMs 377 2107 6+ ((1- 9 ksyp))/ B,

We can now conmpute ps-1, fromthe arbitrage condition (12'):

(35) ps-12s-1(Ps A = Tepszs(ps A + (1-1e) (1-) w( S 1(pg A).

We denote the solution to (35) by ps 1(ps; A . By reapplying, (14")
and (33) - (35) we conpute ps 2(ps A).

In general, given ps(pg A) and zg(ps; A we use (14') to
conpute ds(psg, A). W then use pj(ps A and dij(pg A for all

i >s-1, to conpute:

(33") 15-1(pg A =

min{(1-8[Zss1 (di(ps A/Pi(Ps A) + ksra(Ps AT, Traxd-

Usi ng the computation of IS(pS; A for s =2j-1 we get:

, . S S s' s’ S .
(34') zj.1(ps A=Tgs 1(Ms/0j-1) Tg =4Ns 370 q07 o5 (17(psi A))) /6.
We can now conpute ps.1(ps; A by:

(35") Ps-1Zs-1(Ps A = Tsps(pPs A zs(ps A
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+ (1-15) (1-d) w( 5" L(pg A)).

Lemma 3. ps(ps A and ps(ps A zs(psy A) are both strictly

i ncreasing functions.

Proof: Let pg increase. Since the ag are increasing and wis
decreasing, the solution to (32), kgy1(ps A, is (weakly) decreasing
in pg If ksy1 strictly decreases, then (32) holds with equality and
since w( ) is strictly decreasing the value of pgzg (the left hand
side of (32)) nmust strictly increase. |If kgy1 does not change, then
zg does not change and therefore pgzg must strictly increase.

From (14') we know that dg cannot increase. Using (33) we
conclude that 1S 1( ) decreases and therefore w(l1>1) increases.
Using (35) we obtain that ps 1zs. 1 increases. From (34) we infer that
zg. 1 decreases so that pg. 1 must increase. The argunent is then

repeated for S-2, S-3,...,1 [:]

The aggregate demand is given by:

(36) d(ps: A) = kssa(ps A + 5> (ds/ps).

When pg increases, all pgzg increase (Lemma 3) and therefore (14')
inplies that dg cannot increase. Since Lenma 3 also inplies that al
prices increase, it follows that the right hand side of (36) cannot

increase. This inplies that d( ) is a decreasing function

The optimal |abor supply is determ ned by:

(37) vi (L) = Bpi(pss A zi(ps A.



Fromthis we get:

(38) L(ps A).

Since Lemma 3 inplies that pqzq strictly increases as a function of
ps, the solution to (38) increases. This inplies that L( ) is a
strictly increasing function.

The total supply is:

(39) k(ps, ¢ A = L(ps A + Iy.

Mar ket clearing conditions require:

(40) d(ps A = k(ps ¢ A

Because Ermx is finite, (14') inplies that the nom nal demand
inthe first market is strictly positive for sufficiently small
val ues of pjp. Thus d ( ) does not intersect the quantity axis. Since
the supply is strictly increasing and d( ) is decreasing, this
guarantees a unique solution to (40), which is denoted by bs(lti A .

This is illustrated by Figure 2.
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We now sol ve for the expected purchasing power of a nornalized
dol lar held by buyers in narket j, and the expected purchasi ng power
of a nornalized dollar earned by a seller in market j. These are:

(41) I’j =
s’

- S S s' S
= max{1/p; , B (Ms/0j) Tg oMs' 5 =07 @ (1744)/ B}
where X = x(Ps(1¢; A, A.
We now dermonstrate that if 0 <1, < Tnax, t hen

0 <liyq < Tnax. Lemma 2 inplies that narket 1 is always active and

t her ef ore:
(42) lysg € Iy + L - 6y/py,

(Wth depreciation the inequality is strict.) It follows fromthe

definition of p' that if p; < p then
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L - 91/51 < 0 and therefore (42) inplies
li4q S 1¢. I bl > p' there is no speculation and therefore Lemm 1

i mplies:

(43) d(ps; A) < 89 p1 < B8P = I .

This and (40) leads to k(bs, l¢; A < I_nax, whi ch inplies
lt4q < I_max-

Thus, we solved for a tenporary equilibriumfor each choice of
A 0O A and for given |y and showed that at the solution of the
tenporary equilibrium the end-of-period inventories (l;41) cannot
exceed I_nax.

We now turn to show t hat [Fl,...,;s, v'(L)] 0 A. Since Lemma 2
says that all narkets which open are active d( ) is continuous and
differetiable al nost everywhere. The sane is true for the supply k( )
and therefore bs(lt;A) is continuous and differetiable al nost
everywhere. This inplies that FS = 1/ps(bs(lt;A); A) is continuous
and differetiabl e al nost everywhere.

We now show that 0 < FS < 1/Em- n- The lower bound is obvious.
For the upper bound notice that from (27) and froml; < I_nax it
follows that P; = ppip. By Lemma 2, rg = 1/Pg. Using Lenma 1 and P >
Prin leads to: 1/Pg < 1/P < 1/ ppip-

We now show t hat v’ (L) < 1. Since Lemma 2 says that in a
tenmporary equilibriumall markets which open are active, it follows
that Bp421 < 1. Since v' = BPy21 it follows that v' < 1.

We now show that the derivatives of ;S and V' (L) wi th respect
to | have the sane bounds as the derivatives of ag and w. For this
pur pose | et Ii(l) = L(bs[I;A];A) denote the level of tenporary

equi | i brium output when inventories are |I. Note that an increase in
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i nventories by dl units will nmove the supply schedule k( ) to the
right by exactly dl units (see Figure 5). Since d( ) is decreasing,
L(I+d|) < L(I) + dl, and the increase in the tenporary equilibrium

| evel of supply, dL = L(I+d|) - L(I), is smaller than dl. Thus

dL dk
(44) -1 < dl < 0 and 0 < dl < 1.

Since we showed that all prices are nonotonically related to

ps, the supply to all markets must increase and therefore

(45) 0 < s g

Using Lemma 2, we can wite the nmarket clearing condition as:

(46) (Bs - 6s5-1)rs = Ks.
Differentiating (46) with respect to | |eads to:
~ dks .
(47) 0 < (drg/dl) = ?ﬂ41(es - 0s-1) < U{nminj(6 - §-1)}.
L dL . .
The condition -1 < ar'< 0, inmplies that
dv'

-sup[v''] < =v"(|”_(|))g—|" < 0.

dl
W have shown that Ais in A and that It is in the domain of A. Thus
we have mapped A into itself. Since A is convex and, by Ascoli’s

t heorem conpact, we can use Schauder’s fixed-point theoremto argue

that the napping has a fixed point. Thus there exists a stationary

equilibriumwith [rq(1), . rg(l), v\ (L(1))] OA [ |
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CONCLUDI NG REMARKS

The data generated by our nodel nay look as if prices are
initially rigid and then overshoot. A low realization of 6 does not
affect prices initially (in the period it occurs). But prices decline
nore than predicted by the naive quantity theory in the follow ng
peri od because the accunul ated i nventories reduce nornalized prices.

It is natural to define real balances in our nodel as the nobney
supply divided by an index of qouted prices in all markets, including
prices in markets which do not open.1l A lowrealization of 8 is first
assoi cated with a decline in real bal ances because the ex-transfer
noney supply is relatively low. At the begi nning of next period,

i nventories rise and nornalized prices decline. This neans that rea
bal ances go up. Thus, a nonetary contraction is associated with a
decline in real balances which is followed by an increase in rea

bal ances. Simlarly, the initial reduction in consunption which
occurs when the realization of 6 is low, is followed, on average, by
an increase in consunption.

Gertler and Glchrist (1994), in an extensive study, observed
that inventories tend to rise after a nonetary contraction (a "Romer
date") before returning to a steady-state |level. The buil dup of
i nventories which follows a nonetary contraction tends to be |arger
and the adjustnent seens to last longer in large firns than in

smal | er ones.

1 The consumer price index attenpts to measure actual price offers

and does not restrict attention to goods that were actually sold.
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In our nodel, the behavior of inventories in response to an
unantici pated nonetary contraction (low realization of 8) is sinilar
to that described in general terns by Gertler and G lchrist (1994).
Their main enphasis is on the different behavior of snall and |arge
firme with the latter having bigger and | onger |asting deviations of
inventories fromtheir course. W believe that our nodel, with the
proper extension, nay also acconodate this difference. For if

househol ds have different tine preference paraneters, one would

expect that the |less patient households will supply nmarkets which are

nmore likely to open.l The missing link will then be to show that
large firms are nore likely to be the nore patient ones. But this is

plausible if large firms have easier access to credit narkets.

1 A high discount rate makes inventories |ess valuable and therefore
hi gh-i ndexed markets relatively less attractive. The same holds for
carrying costs. Eden and Horowitz (1994) show that in equilibrium
goods with higher carrying costs are supplied to | ower indexed

mar ket s.
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