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ABSTRACT

When trade is uncertain and sequential, a fractional reserve banking
system nmay give rise to endogenous nmonetary shocks. These endogenous
nonetary shocks lead to fluctuations in capacity utilization and
waste. When fluctuations in the currency/deposit ratio are the
i mportant source of the nonetary shocks, a high reserve requirenent
on checkabl e accounts can mnimze this waste and the central bank
should not pay full interest on reserves. Wen fluctuations in the
fraction of credit-card transactions are inportant then the reserve

requi renent may be |l ow but full interest should be paid on reserves.
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1. I NTRODUCTI ON

There has been an ongoing trend to reduce reserve requirenments
on transaction accounts.l In sone industrial countries they have even
been conpletely elinmnated. This striking policy trend has been the
result of several factors. The devel opment of financial instruments
has vastly increased the nunber of non-bank institutions that provide
very simlar services to those of banks, w thout being subject to
reserve requirenents. Mreover, central banks found it ever harder to
enforce the reserve requirenents on banks, which devised ways to
circumvent these requirenments by transferring funds fromreservabl e
accounts to non-reservable ones.2 As a result, the required reserves
in the US have declined from about $60 billions in 1994 to roughly
$38 billion in md 2000.3

Central banks have been concerned with the declining role of
reserve requirenents, in particular in conjunction with their ability
to stabilize short-terminterest rates. Countries that have reacted

to the aforenmenti oned pressures by elininating the reserve

11nthe US. reserve requirements were reduced from about 20%in the
late "40s to their current |level of less than 10% on average. See
Fei nman (1993) for a history of reserve requirenents.

2 The dramatic growth of the “sweep accounts” has started in mid-
1995. See Sellon and Wi ner (1996).

3 An additional devel opnent was the dramatic decline in the deposits
banks hold with the Fed, from about $25 billion in 1994 to a
current level of $6 billion. The bulk of the required reserves is
now held in the formof vault cash (87% as conpared to about 55%in
1994), which presumably woul d have been hel d al so absent the
reserve requirenents.

Source of the data: Federal Reserve Statistical Release

http://wwv. f ederal reserve. gov/rel eases/ H3/ hi st/



requi renents have devel oped appropriate procedures to conduct
nmonetary policy.4 In the US the reaction to the same pressures seens
to be different. Rather than elimnating the reserve requirenents,
| egi sl ati on has been introduced to pay interest on reserves in order
to elininate the incentive to circunvent the reserve requirenent.?®
Surprisingly enough there is very little discussion of this
policy trend. Text-books try to provide sone explanation. For
exanpl e, Barro (1993, page 478) argues that high reserve requirenents
are associated with a |arge spread between borrow ng and | endi ng
rates and |l ess internediation between borrowers and | enders. As a
result resource allocation becones less efficient.
On the other hand, Friedman (1959) argues that reserve
requi renents do not affect internediation. He envisaged that under
100% reserve requirenent there will be two institutions. One that
stores deposits and provides checking services for a fee and one that

does the internedi ati on between | enders and borrowers.® Fri edman

4 Even where reserve requirenents have been elininated, banks are
still required to hold “settlenent accounts”. This feature all ows
central banks to affect short-terminterest rates (see Sellon and
Wei ner (1997)).

5 See the testinony of Governor Meyer before the conmittee on banking
and financial services on May 3, 2000. See the internet site:
htt p: //ww. f eder al reserve. gov/ boar ddocs/t esti nony/ 2000/ 20000503. ht m

6 I'n describing "how a 100% reserves woul d work", Friedmans says
(page 69-70) "The effect of this proposal would be to require our
present conmercial banks to divide thenselves into two separate
institutions. One would be a pure depository institution, a litera
war ehouse for noney. It would accept deposits payabl e on denmand or
transferable by check. ... The other institution that would be
fornmed would be an investment trust or brokarage firm It would
acquire capital by selling shares or debentures and woul d use the

capital to make | oans or acquire investnents."



recommends 100%reserve requirenent to inprove the control of the
noney supply and reduce fluctuations in real output.

Here we exani ne Friednman's hypot hesis about the relationship
bet ween reserve requirenents and output fluctuations. W focus on the
rol e of banks as creators of noney rather than their role in
expandi ng credit. This nodeling choice reflects our belief that in
the nodern world, the main inpact of reserve requirenents is on noney
creation rather than credit expansion

Thi s enphasis sets our nodel apart from nobst previous
treatments of reserve requirenents. Typically, in the nodel econom es
these requirements are inposed on activities related to intertenporal
deci sions. See for exanple, Sargent and Wallace (1982), Chari et a
(1995) and Haslag and Young (1998). In such environments the
requi renent that banks hold non-interest paying reserves agai nst
| oans (or tinme-deposits) creates a gap between the | ending and
borrowi ng interest rates and affects saving decisions. Alternatively,
banks have been viewed as providing risk-sharing services (Di anond
and Dybvig (1983)). Inposing high reserve requirenents in this case
may destroy this beneficial service. However, as Jacklin (1987) has
argued, other institutions may replace the D anond and Dybvi g banks
as providers of insurance.

To nodel the nonetary role of banks, we inpose a noney-in-
advance constraint on (sone of) the consumers in our nodel econony.
In general, some consuners may be able to use credit in order to buy
goods, but others nust use noney. Money users potentially consist of

two types of people — those who nmay use checks and those who nust use



cash. 7 The various groups of consunmers face different effective
prices on consunption. Credit users face the | owest price since they
incur no interest cost at all. In a fractional reserve system check
users are paid sonme interest on their deposits and face a higher

ef fective consunption price than credit users. Cash users, who
receive no interest face the highest effective price. The different
prices face by the different groups of consuners affect their
respecti ve denmand. Consequently, if the size of the various groups
fluctuates, the demand for consunption will also fluctuate.

These fluctuation in demand nmay have real effects because trade
is uncertain and sequential as in Eden (1994), Lucas and Wodford
(1994), Bental and Eden (1996), WIlianson (1996) and Wodford
(1996). In particular, sellers choose their output before demand
materi ali zes. Moreover, the realization of the demand is revealed to
themin a sequential fashion. They know t he noney base, and can
conpute the mnimal amount of purchasing power that will arrive with
certainty. However, nore purchasing power may arrive if the nunmber of
buyers who are cash constrained is low (a | ow currency/ deposit
ratio), or if the nunber of credit users is high. Accordingly, at the
begi nning of the period, sellers nake a contingent plan which
specifies the amount that will be sold to each batch of purchasing
power that may arrive during the trading period. Since the
probability that all potential batches will arrive is |ow, sequential

trade typically results in waste: Qutput is sold in full only when

7 Notice that while different buyers use different nedia of exchange
t he purchased goods are the same. This is different fromthe cash-
good credit-good environnment in Lucas and Stokey (1987). In their
envi ronment goods are defined by the medi um of exchange which is

used for their purchase.



t he hi ghest possible realization of denmand occurs and all batches
arrive. Therefore, nmeasures that reduces the uncertainty about the
severity of liquidity constraints inprove capacity utilization and
reduce waste.

To sinmplify the discussion, we consider the case in which there
are only two instrunments for buying goods: cash and checks. Denand
fluctuations are nminimzed when the two instrunments inplies the sane
i nterest cost for buying consunption. Since it is not possible to pay
interest on cash, this equality can be achi eved by inposing a 100%
reserve requirenent on checking accounts and paying no interest on
reserves. The nodel is then used to discuss the case in which the two
instruments are checks and credit-cards. The central bank can achieve
an equality between the interest cost of these two instruments by
paying interest on reserves. If all three instrunents are used at the
same tinme, demand uncertainty can be conpletely renoved only under
the Friedman zero interest rule or under regulations which prohibit
the use of "near noneys". In the absence of such neasures, cash
constrai ned consunmers face the highest effective price of
consunption, while credit users face the |Iowest price. The policy
maker thus faces a tradeoff between two types of distortions: One
arising as a result of the difference in the effective consunption
price between cash and checks users and one arising as a result of
the difference between checks and credit users.

In our nodel policy nmakers can affect the effective consunption
price faced by check users. If the amount of cash purchases is
relatively small, it seens likely that output fluctuations will be
reduced if sone reserve requirenent is naintained, and interest is

paid on these reserves. If fluctuations in cash purchases are



i mportant, then the central bank should inpose a 100% reserve

requi renent and pay no interest on reserves.
2. LIQUI DI TY CONSTRAI NTS AND DEMAND UNCERTAI NTY

We introduce first a sinple version of our set-up which
denonstrates that uncertainty about the degree at which agents are
liquidity constrained can lead to waste. W denonstrate this point in
an uncertain and sequential trade (UST) nodel in which interest rates
are exogenously set to zero and agents spending decision is trivial

There are N househol ds consisting of two infinitely lived
i ndi vidual s: a worker and a buyer. To sinplify, we assune that the
single period utility function of the representative household is
given by ¢ - v(L) where c denotes consunption and L denotes | abor
i nput of the worker (which is also equal to output). The cost
function v( ) has the standard properties (v' >0 and v'' >0
everywhere). The househol d's discount factor is given by 0 < < 1.

The anpunt of cash available to household h at the begi nning of
period t is NP dollars. In addition, all households get the sane
perfectly anticipated lunp sumcash transfer of G dollars. The
average post transfer amount of high powered noney is:

M =G + (1/N)22L1N?. The rate of change in high powered noney is
constant over tine and is given by: My1/M =1 + p

At the beginning of the period the worker goes to work. The
buyer takes the cash (initial holdings plus transfer) and goes to the
bank. At the bank, the buyer participates in a lottery that
determi nes whether he gets credit. Buyers who get credit approval can
take a loan of b = 1/rr - 1 dollars for each dollar deposited in a

checki ng account, where O <rr <1 is the reserve requirenment. The



| oan nust be paid at the end of the period. It is assuned that rr is
sufficiently large, so that at the end of the period all borrowers
can pay the loan out of the cash revenues of the worker. The nom na
i nterest on checkabl e deposits and on the |l oan is zero.

Since the interest rate is zero, it is quite obvious that
buyers who get credit open a checking account and use checks to buy
goods, while buyers who do not get credit use cash to buy goods.

The fraction of buyers who get credit and pay in checks is an
i.i.d randomvariable @ which can take S possible realizations:
¢ <@ < ...<@s. Wen @ = ¢ the probability that a buyer wll get
credit is @¢s. W denote the probability that ¢ = @ by Mg and the
probability that ¢ = ¢ by qs.

It is assunmed that all buyers spend as nuch as they can at the
goods market. The buyer spends (NP + G)/rr if he gets credit and
NP + G if he does not get credit.

Using | ower case letters to denote noni nal nagnitudes divided
by M + G (nornmalized nom nal magnitudes) we can wite the average

amount that will be spent per household as:

(1) @rr +(1- 9 =1+ bo

where b = 1/rr - 1 >0, is the amount of |oan per dollar deposited in
t he checking account. Note that the nonminal spending is equal to M
and is nmonotonic in @

It is assuned that buyers arrive at the goods market
sequentially and therefore noney arrives sequentially. Fromthe
sellers' (workers') point of view purchasing power arrives
sequentially in batches. The first batch is the ninimum anount of

spending: 1 + bgp nornmalized dollars. After the first batch was



spent, there can be two possible events: Either an additional batch
of b(¢@ - ¢1) nornalized dollars arrives or trade ends for the
current period. The size of the second batch is conputed as the

di f ference between the second | owest realization of nom nal spending
(1 + bg) and the |owest realization (1 + beg).

In general, after trade in market s has been conpleted there
may be two possibilities. Either an additional batch of b(@s+1 - @)
normal i zed dollars arrives and opens nmarket s+1 or trade ends for the
peri od.

The wor ker produces a total of L units and makes a contingent
plan on how to sell these units to the various batches of purchasing
power that may arrive. This contingent plan is described as an
allocation to the S potential markets: kg units to nmarket s.

The normalized price (the price divided by the post transfer
nmoney supply) in market s is ps. W use w = (1 + p)-1 to convert
current normalized dollars into next period' s normalized dollars.8

G ven that s nmarkets open this period, the expected purchasing
power of a normalized dollar (= M + G regular dollars) held after

the visit to the bank and before entering the goods market is:
_ 55 S,
(2) ZS—ijl(Uj/pj),

wher e Uf is the probability that the dollar will buy in narket j when

s markets open: Ui = (1 + be)/(1 + bgs) and

8 When the noney supply increases at the rate of p the nunber of
regular dollars in a current normalized dollar will be |ess than
the nunber of regular dollars in next period' s nornalized dollars:
It will equal a fraction (1 + p)-1 of the nunber of regular dollars

in the next period' s nornalized dollar.
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s .
o= + @¢-1)/(1 +b f > 1.
U] b(g + @-1)/( @s) for j

The Bel | man equati on whi ch describes the househol d' s deci sion

problemis:

(3) V(m = max ((m+ g)Zo_y Meles(1 + b) + (1 - @)lzs
V(Zo_, Ks)

+ BIosy Ms{@MWZ_y pjkj - ba(m+ g)] + (1 - @)VIwZ _y pikj1}},

The first termin the right hand side of (3) is the expected
consunption from hol ding mnornalized dollars and receiving a
transfer of g normalized dollars. The buyer will spend (m+ g)(1 + b)
normal i zed dollars if his credit is approved and (m+ g) normalized
dol lars otherw se. Since the probability of getting a credit approva
is @5, his expected spending is: (m+ g)Z?zl Ms[@s(1 + b) + (1-¢5)]
normal i zed dollars. The expected purchasi ng power of a normalized
dol lar held prior to |earning about the outcone of the credit
approval lottery is therefore: Z?zl MNg[os(1 + b) + (1 - @s)] zs.

The second termis the cost of supplying L = Z?zl kg units.

The third termis the expected future utility. The revenue of
the worker is Zle pj kj normalized dollars and a househol d which did
not get credit will end the period with this anount. A household
which got credit will end the period (after paying the debt) with
Zle pjkj - b(m+ g) current period normalized dollars.

To state the first order conditions for (3) let us define the

expected utils froma normalized dollar held at the beginning of the

peri od (before taking the credit lottery) by the solution to:

S S
(4) z =35, Ns[@s(1 +b) + (1-¢s)]2s - PbozZ__; Msos.
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The first termis the expected current consunption that a nornalized
dollar will buy. The second termis the expected discounted cost of
the debt: Wien credit is approved, with probability Z?zl Ms@s, the
loan is b nornalized dollars, which will become bw next period
normal i zed dollars, and will buy on average bwz consunption units.
The first order conditions for (3) can now be stated in the

fam liar way:
_ _ .S
(5) gsPpswz = Ppiwz = v (ZS:]_ ks) -

This says that the expected consunption fromsupplying a unit to
market s is the same as the expected consunption from supplying a
unit to market 1 and is equal to the margi nal cost.

Equilibriumrequires (5) and the market clearing conditions:
(6) p1k1 = 1 + b and pgks = b(gs - @s-1) for all s > 1

We can see, therefore, that in equilibriumoutput is allocated
to all S nmarkets that nay potentially open. Accordingly, output
allocated to a narket that is not open will not be sold and will be

| ost.

The case of 100%reserve requirenents:

Wien rr =1, b =0 and only the first market is active. In this
case capacity is fully utilized, there is a single price, p, and the
pur chasi ng power of a normalized dollar is z = 1/p. The first order

condition (5) is now
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(7) v' (k) = Bw.

Equilibriumrequires in addition to (7) the market clearing

condi tion: pk = 1.

First best: Efficiency in this nodel requires full capacity
utilization and v' (k) = 1. This can be achi eved by choosing the two
policy paraneters w and rr.

Full capacity utilization can be achieved by setting rr = 1.
The condition v' (k) = 1 can be achi eved by applying the Friednman rule

and choosing: w = p7L

Second best: Suppose that for a reason exogenous to this nodel wis

set at a level lower than B9 In this case we can still achieve the

condition for full capacity utilization by setting rr = 1.

We now turn to a nodel which endogenizes interest rates and

highlights the role of interest rates in spending choices.

9 When taste shocks are inportant, the Friedman rule may not be
optimal . Suppose that agents who experience a negative taste shock
do not want to consunme in the current period. Under the Friednan
rul e, these agents have no incentive to |l end noney and therefore
taste shocks may affect nom nal spending and may |lead to waste. It
may thus be desirable to have a snmall positive nom nal interest
rate which will provide an incentive for the non-consuners to |end
their noney. This will lead to an equilibriumin which the anpunt
of nmoney spent is non random and capacity is fully utilized. For

rel ated argunents, see Eden (1986) and WIIianmson (1996).
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3. THE MODEL

In the previous section the household nmade | abor supply and
mar ket i ng choi ces but did not make any interesting financial choices.
Here we focus on financial choices and abstract fromthe |abor supply
choice. We focus on the second best problem of maxim zing capacity
utilization when the Friednman rule is not inplenented.

As before, it is assuned that the buyer visits a bank before he
goes to the goods market. At the bank he chooses the anount of
spendabl e funds that he will carry to the goods narket. This choice
may be different across buyer types. Sonme buyers can buy only with
cash and may face a relatively high interest cost. O her buyers can
use checks or credit cards and nay face a lower interest cost. As a
result, the anount of spendable funds that will be taken to the goods
mar ket may be different across types, and uncertainty about the
nunber of buyers of each type may | ead to uncertainty about nonina
spending in the goods narket.

We consider an econony with two assets that can be used to buy
goods: cash and checks. (W then use the nodel to discuss the case in
whi ch sone buyers can buy with credit cards). Buyers who stay in
t heir own nei ghborhood can pay with either cash or checks. Buyers who
travel to other nei ghborhoods nust use cash. The fraction of buyers
who stay in their own nei ghborhood is random Therefore, in a
fractional reserve system there is uncertainty about the
currency/deposit ratio and about ML. As in the previous section, this

uncertainty causes waste.
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3.1 The story

We consider a discrete tinme econony with infinitely lived
househol ds. Each househol d consists of two nenbers: a worker and a
buyer. The househol ds evenly popul ate two identical islands.
Househol ds turn out to be one of three types. Some househol ds will
consunme at the current period and sone will not. This will allow for
the distinction between tinme and denand deposits. W assune that a
constant fraction, a, of the househol ds are non-consumers.

Qut of the households who will consunme in the current period
some Will shop in their honme island and sone will travel to the other
i sl and. As before sone buyers will use credit and sonme will not but
here buyers choose the anmpbunt of credit. Buyers who travel wll
choose not to take credit while buyers who stay in their home island
wi Il choose to get credit.

We use here 6 to denote the random fracti on of the househol ds
whi ch do consunme and shop in their home island.10 This fraction is an
identically and i ndependently distributed random vari abl e, which
takes S possible realizations:

0 < @ < @ < ...< @s. The probability that 6 = ¢, IS denoted by

Mg and the probability that 6 > @s is denoted by qs. The identity of
t he househol ds who belong to each type is determ ned every period by
ani.i.d. lottery.

Al'l agents first trade in a securities market. Then they go to
a bank and learn their type. Finally, they go to the goods nmarket and

learn the price (market) at which they can buy.

10 Here 6 pl ays the sane role as @ in the previous section. O her

synbol s have counterparts in the previous section.
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Travel ers can use only cash to buy goods. Non-travelers can use
checks and cash to buy goods. In equilibrium wth a fractiona
reserve banking system only non-travelers will use checks and
t herefore the amount of inside noney depends on the nunmber of non-
travel ers. Accordingly, total purchasing power (ML) depends on the
realization of 6.

We start fromdescribing the arrival of purchasing power from

the sellers' point of view

3.2 Firns

From the point of view of the representative firm demand
arrives sequentially in batches. The nunber of batches that wll
arrive is denoted by the random vari abl e g, where s takes val ues from
1 to S The anmount of dollars in each batch is determ ned
endogenously. The nunber of batches that will arrive depends on the
real i zation of 6. In particular, the probability that s =sis:

Mg = prob(é = @). The only information that is revealed by the

arrival of batch j is that s 2 j.
The representative firmhires labor, |, and produces according
to a linear production function k =1, where k denotes total

capacity. Units of capacity can be costlessly converted to units of
output at the rate of one to one.

The firmknows that it can sell to batch s at the price P(s),
if batch s arrives. It nakes a contingent plan: k(s) units of output
will be sold to batch s if it arrives. Unsold units are wasted.

W say that the arrival of the first batch opens the first

market. The arrival of each additional batch opens an additiona
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market. Using this |anguage, the firmallocates total supply anong

the S potential markets. Thus,

(8) = Zs k(s).

Units allocated to narket j bring P(j) dollars if market j
opens and zero if it does not. The nominal revenue if exactly s

markets open is:

(9) y(s) = 2j<s P(J)K(j).

At the beginning of the period there are conplete markets for
contingent clains, to be described below The price at the beginning
of the period of a dollar that will be delivered at the end of the
period if exactly s markets open is ng. The nom nal wage is given by
Wand is paid at the begi nning of the period.

The firm chooses k(s) to naxim ze the present value of profits.

It sol ves:
(10) max Y = Zgng[y(s)] - W
S.t
y(s) = Zj<s P(J)K(j);
I = Zg K(s);
k(s) = 0.
3.3 Banks

The representative bank faces three interest rates: ip for

checkabl e deposits, iT for tine deposits and i for |oans.
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Let DD(s), TD(s) and LL(s) denote the anpunts of checkabl e
(demand) deposits, tinme deposits and | oans that the bank has in state

s. The bank's profits in state s are given by:

(11) z(s) = iLLL(s) - ipDDX(s) - iTTD(s).

Let,

(12) Z = Zs ngz(s); D = ZgngD(s); T = ZgngTD(s); L = ZgnsLL(s),

denote the expected val ue of the correspondi ng quantities when using
"risk neutral probabilities". (W later show that in equilibriumng =
Mg and these are standard nat hemati cal expectations).

Wi | e banks cannot observe the state s at the tinme they
operate, they can still control the expected values D, T and L. This
assunption is notivated by the followi ng Bertrand type argument. W
assume that if the bank sets the market interest rates it will get
the market average quantities. By deviating slightly fromthe market
rates and setting appropriate quantity limts, a bank can attract any
amount it wants.

There is a regulator who can infer fromthe operating
procedures of the bank the expected values (12). It is assuned that
the regul ator inposes an "average" reserve requirenent on denmand

deposi t s11:

11 |n practice, central banks control reserve requirement by
conmputing periodic averages. Qur formulation allows for excess
reserves. In our formul ation excess reserves are zero on average,

but a different regul ati on which i npose heavy penalties on ex-post
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(13) (D+T-L)J/D= rr,

where O <rr <1 is the average reserve requirenent. There is no
reserve requirenent on time deposits. The bank chooses D, T and L to

sol ve:

(14) max Z =i L - ipD- iTT; s.t. (13) and non-negativity

constraints.

In equilibrium i = ipand therefore (13) will hold with

equality. Substituting (13) into (14) allows us to wite the profit

of the bank as:

(15) [(L-rr)ip-ipD+ (iL- 17T

In equilibriumbD and T nust be finite and positive and therefore:

(16) (1 -rr)ip=ipandi| =1iT.

3.4 Househol ds

The objective function of the household is given by

(17) %t B6ru(ct),

reserves which are below the required |l evel may lead to positive

excess reserves on average.
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where ct is consunption at tinet, 6 is an i.i.d. randomvariable
that may take the value of 1 (if the household wants to consune) and
O (otherwise) and 0 < B < 1 is a discount factor. The single period
utility function u( ) is differentiable and strictly concave with

u' (0) = . The anount of consunption depends on the realizations of
t hree shocks: the aggregate shock, (é}), the (idiosyncratic) market
at whi ch the buyer participates (ft < 51) and the (idiosyncratic)
type of the household (¥t)- The type of the household is deterni ned
both by its desire to consune and the traveling status of the buyer
The buyer is of type O if he wants to consune (6 = 1) and he is non-
traveler, he is of type 1 if he wants to consunme and he travels and
of type 2 if he does not want to consune (6 = 0).

The househol d starts the period with A dollars. It owns a firm
and a bank which are valued at Y; and Z; dollars, respectively. It
sells (inellastically) a unit of labor for W dollars. It first goes
to the securities market and buys or sells (fromand to the "market")
contingent dollars that will be delivered at the end of the period.
The contingencies are on the realizations of the aggregate shock
(51), the (idiosyncratic) market at which the buyer participates (ft)
and the (idiosyncratic) type of the buyer (¥t)-

The price of a dollar that will be delivered if the realization
of (é},f},ﬁ) is (s,j,T) is denoted by n{(s,j, 1) and the nunber of
dollars that will be delivered in this case is (;(s,j,T). Note that
¢t (s,j,1) is defined only for s = j. For notational conveni ence we
set (i(s,j,1) =0 for s <j. The total cost of these contingent
claims is thus,
2s2j Zy ng(s,j, )¢ (s,j,1). The amount of noney that the household

carries after the end of transactions at the securities nmarket is:
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(18) BD: = A + Yy + Zt + W - ZsZZp n(s,),0&&(s, ], 1.

After the end of trade in the securities narket, one menber of the
househol d goes to work (the worker) and the other nenber goes to the
bank (the buyer). At the bank, the buyer learns his type, 1, and
chooses the anount of spendable dollars, SDi (7).

After the end of bank transactions buyers go to their shopping
i sland (non-travelers stay in their island of origin and travelers go
to the other island). In each island, buyers forma line. The place
of an individual buyer in the line is exogenously deternined by an
i.i.d. lottery. Buyers arrive at the goods market sequentially
according to their place in line. Buyers cannot resell goods.

Upon arrival at the nmarket-place, buyers find out the | owest
price, Pi(j), at which goods are still available. They thus learn
that they participate in market j. A buyer of type t who participates

in market j, chooses to spend E(j,1) dollars which buy:

(19) ct(J.10 = E (., D/P(]),

units of consunption. The noney in advance constraint is:

(20) Ece(j.10) < Shx (7).

The asset transition equation for the household is:

(21) At+1(S,j,T) =

(1+ipgp) BDy - ispt(T)SDi(Tt) - E(j. 1) + ((s.j,1),
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where ipgp and i gy are shadow interest rates: iy is the interest
applicable to BDy and igy(Tt) is the interest cost of a spendable
dollar, which is type dependent.

The househol d chooses ¢ (s,j, 1), SDi(1) and E(j,1) to naximze
t he expected value of (17) with respect to (18) - (21). A dynanic
progranmm ng fornul ati on of the househol d' s maxim zation problemis in
Appendi x A. W now turn to specify the shadow interest rates as a

function of the bank's rates: i, iT and ip

The shadow i nterest rates:

The shadow i nterest rate on BD can be conputed by hol ding SD
constant and adding a dollar to BD. If the buyer borrows fromthe
bank (SD > BD), a dollar added to BD will reduce the anpbunt of |oans
by one dollar and will cut the interest cost by i_. If he does not
borrow, a dollar added to BD will sinply be deposited at the interest
iT =1L Thus, the shadow interest rate applicable to BDis: igp = iL.

We now turn to specify the interest cost of a spendable dollar.
For type 2 consuners, SD = 0 and the specification of the interest
cost is superfluous. For types 1 and O the interest cost depends on
t he exact specification of the noney in advance constraint for
travel ers and non-travel ers.

The (generic) buyer chooses the anmount of |oans, Il, and
all ocates the total of BD + Il between cash, cu, denand deposits, dd,

and tinme deposits, td. Thus,

(22) cu +dd +td =BD + I|I.

A buyer who travels nust satisfy the cash-in-advance

constraint:
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(23) E<cu,

where E is the nominal expenditures on goods. A buyer who does not

travel, nust satisfy the less stringent constraint:

(24) E < cu + dd.

The noney in advance constraint (20) takes the formin (23) for
a traveler and (24) for a non-traveler. Accordingly, the anount of
spendabl e dollars, SD, is the right hand side of (23) for a traveler
and of (24) for a non-traveler.

A travel er who wants to add a dollar to the spendabl e anount
and has no tinme deposits (SD = BD) will have to borrow the additiona
dollar and add it to cash. The interest cost is i . If he has tinme
deposits (SD < BD), he will withdraw the dollar fromtinme deposits
and loose i. Thus, igp(l) =iL. A non-traveler who wants to add a
dol lar to his spendable anmount, will take a |oan and deposit the

dollar in a checkable account if SD = BD. The net interest cost for

doing that is i - ip If SD<BD he will transfer the dollar from
tinme to denmand deposits and the interest cost is also i - ip Thus,
(25) isp(0) =iL- ip isp(1) =g,

This difference in the shadow price of a spendable dollar turns out

to be crucial for generating endogenous fluctuations in M.

3.5 Equilibrium
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We assune that when 6 = @5 the first s markets open. The anount
of nmoney that will be spent in each market is deternined endogenously
in the followi ng way.

Assuming that the fraction of travelers and non-travelers is

the sanme in all narkets, total anpbunt of expenditures per seller if @

= @5 is given by:

(26) TE(s) = (1 - o)[@sZ<sE(j,0) + (1 - @)3j<sE(j,D)].

Wthout |oss of generality, we assume E(j,0) = E(j,1). (O herw se we
redefine indices). This inplies: TE(s) < TE(s+1).

We say that the ninimum anount of dollars that will arrive,
TE(1), are spent in market 1. If nore than TE(1l) dollars arrive, then
market 2 opens. If nore than TE(2) dollars arrive, then market 3

opens and so on. The nom nal demand per seller in market s is:

(27) A(s) = TE(s) - TE(s-1),

where we set: TE(O0) = O.

Note that the anount of dollars that will be spent in each
market i s endogenous and depends on the choices of E(s,T). In the
special case in which E(j,0) = E(j,1) for all j, TE(s) = TE(1) for
all s and
A(s) = 0 for all s > 1. This case of full capacity utilization occurs
when the average reserve ratio, rr, is unity, because in this case
(16) inplies that ip =0 and (25) inplies igp(0) =igp(l) =iL.
However, if E(j,0) > E(j,1) for all j, then A(s) > 0 for all s.

The probability that a dollar will be spent at market j when

exactly s markets open is:
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(28) ujs = A(j)/ TE(s).

Mar ket clearing requires:

(29) A(s) = P(s)k(s), for all s.

We assume that the representative household starts with a
nom nal wealth A = H where His outside noney and define equilibrium
as follows.

A stationary symetric equilibriumfor the reserve requirenent

rr (0O <rr <1) and A=H, is a vector [W ng, P(s), k(s), y(s), ir,
ip i1, igp(T), LL(S), TD(s), DD(s), z(s), L, T, D Y, Z n(s,j,T1),
S

¢s,j,1), BD, SD(1), E(j,1T, A(S), Uj, A(s,j,D; s,j =1,...,S;, and 1

= 0,1,2] such that:

(a) A(s) and UjS satisfy (30) - (32), y(s), z(s) are defined by (13)
and (15); Y is defined by (10); L, T, D, Z are defined by (16),
i sp(1) satisfy (29) and A (s,j,T) = (1+i | )BD - igp(t)SD(1) - E(j,1) +

«s.j. 1.

(b) Maxim zi ng behavi or

Gven (W n(s,j,0, i, ip P(s), Y, 2 the quantities {(s,j,1), BD
SD(1), E(j,T1) solve the household' s maxim zation probl em (rmexinizing
t he expected value of (21) subject to (18)-(25): see Appendix A for a
conpl ete dynani ¢ programm ng fornulation);

Gven (W ng, P(s)), the quantities | and k(s) solve the firms

probl em (14);
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Gven (i, ip iT) the expected quantities (L, D, T) solve the bank's

probl em (18).
(c) Market clearing

Securities:

2 <s Ujs [A-0)@s¢(s,j,0) + (1-0)(1-g5)l(s,j,1)+ al(s,],2)]

= z(s) + y(s), for all s;

The left hand side is the total anpbunt of dollars claimed when s
markets open and the right hand side is the supply of dollars in this

case.

2 <s Ujs [(1-a) @sA (s,],0 + (1-0)(1-@s)A (s,j,1) + oA (s,j,2)] =H

for all s;

This says that Hwill always be willingly held. The first requirenent
insures that His willingly held after the end of transactions in the
securities market. The second requirenent insures that outside noney
iswillingly held by the household at the end of the period. (The
first order conditions for the banks and the travelers insure that

noney is willingly held during the period).

Banks:

LL(s) = (1 - o)[esmax{0, SX0) - H + (1 - ¢)max{0, SD(1) - H];
DD(s) = ¢s(1 - a)SD(0);

TX(s) =aH + (1 - o){gsmax(0, H- SX0)) + (1 - @)max(0, H- SD(1))}



26

On the left hand side are banks' supplies. On the right hand side are

aggr egat e denands. Since non-consuners do not take | oans we aggregate

the denmand for | oans of types 0 and 1 only (first condition). Since

iT= ip travelers use tinme deposits rather than demand deposits, in

case they choose SD < BD. Therefore, only non-travel ers use checkabl e

deposits (second condition). The last condition aggregates demand for

time deposits over all types.

CGoods: A(s) = P(s)k(s), for all s;

Mar ket s which are opened are cl eared.

Labor: | = 1.

Stationarity of wealth distribution

A(s,j,T) =Hfor all s, j, T

I n Appendi x B we show the following main results.

Proposition 1: There exists a unique stationary symetric

equi librium
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Proposition 2: The allocation obtained when rr = 1 is Pareto

efficient.12

The intuition for the second result is that setting rr =1
el i mi nates the endogenous fluctuations in ML and | eads to ful
capacity utilization. In detail, when rr =1, ip=0 and igp(0) =
isp(l) =iL. Therefore, E(j,0) = E(j,1) for all j, TE(s) = TE(1) for
all s and
A(s) =0 for all s > 1. Market clearing inplies that all the capacity
is supplied to the first market and since this nmarket always open
capacity is fully utilized. Wien rr <1, ip> 0 and
isp(0) =i - ip#igp(l) =iL. In this case, E(j,0) > E(j,1) for all
j, and A(s) > 0 for all s. Strictly positive capacity will be
supplied to all markets and capacity in narkets which do not open is

wast ed.

4. CONCLUSI ONS

We have shown that endogenous fluctuations in ML lead to
fluctuations in output, as argued by Friedman. In our UST nodel
fluctuations in the currency/deposit ratio create endogenous nonetary
shocks. These fluctuations are non-neutral here for the sane reason
that fluctuations in the noney supply are non-neutral in other UST
nodel s: actual trade occurs before all the information about the

current nmoney supply and demand is revealed. To insure full capacity

12 This result uses the assunption that |abor supply is inelastic.
O herwi se, the Friedman zero nominal interest rate rule is required

to achieve efficiency.
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utilization, sellers nmust know the current demand. In our nodel, this
is achieved by inposing a 100% reserve requirenent wthout paying
i nterest on reserves.

However, when the nominal interest rate is positive, there are
i ncentives to circunvent the noney-in-advance constraint. The use of
credit cards is a good exanple.13 In terns of the nodel we may view
credit cards as a way of using tine deposits to buy goods. In
general, there will be three types of buyers: cash users, check users
and credit-card users. And the difference in the interest cost of
consunption cannot be entirely elinnated. If we adopt the 100%
reserve requirenent and pay no interest on reserves, we elimnate the
cost difference between cash users and check users but maxim ze the
cost difference between these two types and credit users. Paying
interest on reserves will elinmnate the difference in cost between

credit-card users and check users but cash users will pay nore. 14

13 I'n our nodel, prohibiting the use of credit cards conbined with
the 100% reserve requirenent, will ensure full capacity
utilization. But it is not clear whether such regulations can be
enf or ced.

14 Zero reserve requirenents, if possible, may achieve a sinilar

out cone.
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APPENDI X A

Dynam ¢ progranm ng fornul ation

Here we specify the dynami c progranmi ng problemfaced by the
househol d.

There are three sessions of trade. At the first session there
is trade in securities and | abor. The household brings fromthe
previous period a nom nal wealth A and after conpletion of
transacti ons (choosing ¢, receiving profits fromthe firmand the
bank, and selling labor) its wealth at the end of the period is: A
dol lars. The buyer then goes to the bank and chooses SD, which
changes his wealth to A>. Finally, the buyer goes to the goods market
and chooses E, changing the wealth to Az which is carried over to the
next period as A . Thus, Aj.1 denotes the (random end of period)
weal th at the beginning of session i. W use vj to denote the maxi num
expected utility in session i, which depends on A .j.

Using the logic of dynanic programr ng we start fromthe | ast

sessi on.

At the goods market:

W use Aq(g,j,r) to denote the end of period wealth of the
househol d at the beginning of trade in the goods market j. This
val ue depends on the yet unknown realization of s and the i ndi ces |
and T (which are known at this stage) because contracts signed at
previ ous stages are contingent on these variables. Note that
AQ(E,j,r) is defined only for realizations s = j. For notationa
conveni ence we set Ax(s,j,T) =0 for s < j. The same convention is

adopt ed bel ow for sinilar cases.
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W use the vector:

Ao(e,j,T) ={A(1,j,D, A(2,j,T), ..., A(S,j, 1)}, to denote all
possi bl e realizations of Az(g,j ,T). The buyer faces the price P(j)
and chooses to spend E(j,1) dollars subject to the constraint:
E(j,T) < SD(t). The end of period nonminal wealth after spending is
gi ven by A'(g,j,T) = Az(g,j,r) - E(j,Tt). This amount vyields next
peri od the expected utility EV(A'(g,j,T)). W require that
bankruptci es do not occur so that A'(g,j,'[) is positive.

The buyer who found out his type in the previous stage, has
used Bayes |law to update the probability of state s in a way which
wi Il be described below. As a result, buyer of type 1 assigns the
probability 1mg(1) to the event: :p: @s. Wien the buyer finds that he
participates in market j and that s > j, he updates the probability
agai n: Prob(g = slg 2j, 1) = (m(1)/0qj). Taking SD(1) and Ax(e,j,T)

as given the buyer chooses E(j,T1) to solve:

(A1) va(Az(e.j. 1), S(1),]) =
max {Bu(E(j,T)/P(j)) + BZsy (Ms(D)/aj)V(A (s,j,.1))}
s. t
0 <Ej,1) < SX1 ;

A(s,j, 1) = Ax(s,j,T) - E(j, 1) =20.

At the bank:

When the buyer learns his type, he uses Bayes rule to update

the probability that ?p: @s. This probability conditional on 1, is:

(A2) ns(0) = {[(Nsgs)/ Y],

Ts(1) = [(Ns(1-¢5))/(1-W)] and ms(2) = Mg,



31

where @ = 35Ms@s is the probability of being a non-traveler given
o =11

Bef ore transacting at the bank, the end of period wealth is
Aq(g,f,r). After the conpletion of transactions at the bank, the end

of period wealth is:

(A3) Ax(s,i,T) = A(S,j,T) - isp(T)SD(T).

At the goods narket, the expected utility of the household which
participates in market j is: v3(Ax(*,j,1),SD(1),j). However, at the
banki ng st age, f is still a randomvariable. To conpute expectations,
we use Uf to denote the probability that the buyer will participate
in market j given that s = narkets open. Using this notation the
probability that a buyer of type 1 assigns to the event that he will
participate in market j is given by fj(1) = [Zsy UfT@(T)]. (Note that
the index j is not relevant for type 2 but we include it for

not ati onal conveni ence). Therefore the maxi mum expected utility at

t he beginning of the third session is:

Bva(A(+, ], 0, S0, i) = 3 fj()va(Aa(.i,1),SX1),}).

At the bank, the buyer chooses SD = 0 to sol ve:

(A4) Va(Ai(e,+, 1), 1) = maxsp 2j fj(D)va(Ax(e,j,1),SX1),])

s.t. (A3),

where Aj(e,e,T) is the matrix of all possible realizations of

15 For exanpl e,
prob(@ = gs| T =0) = prob({¢ = gs}n{t = 0})/prob(t = 0) = (Ms@s)/ .
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A]_(g, j~, 7).

At the securities narket:

The househol d starts with A dollars and after receiving the
profits fromthe firmand the bank and selling |abor it has
A+ Y+ Z+ Wdollars. It then chooses BD and ¢ out of the budget
constraint (22) in the text to maximnize the expected val ue of
V2(Aq(',',¥), ¥). The shadow interest rate for BDis i and therefore

the asset transition equation is:

( A5) Ai(s,j,T) = (1 +i)BD+ I(s,j,1).

Before learning its type, the household chooses Z(g,f,¥) to naximze

Evz(Aq(-,-,¥), ¥)]. The househol d t hus sol ves:

(A6) V(A) = max (1 - a)[yvo(Ar(*,+,0), 0) + (1-Y)va(Ai(e,*,1), 1)]
+ ava(A1(e,*,2), 2)

s.t. (18) in the text and (A5),

where as before Y denotes the probability that a buyer will not

travel given that he wants to consune.

Exi stence and Characterization of equilibrium

We start by valuing an additional dollar at the begi nning of

t he period under the assunption that an equilibriumexists. This is:
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(A7) V(A =
2sMs2j <s Ujs{(l - ) gs{BipV (A (s,j,0)) + u (E(j,0)/P(j))IP(j)}
+ (1 - a)(Ll-g)u (E(j,1)/P())/P())

+oBL+i)V (A (s, j,2))}

This follows fromthe envel ope argunent applied to (A6). The
intuition is as foll ows.

A type 0 buyer cannot do better than deposit the dollar in a
checkabl e account and spend it. This follows fromthe fact that we
have an interior solution. In detail, spending the dollar on
consunption will be the strictly preferred option in case the noney-

i n-advance constraint is binding. Since the buyer always buys a
strictly positive amount of consunption, when the noney-in-advance
constraint is not binding the buyer is indifferent between spending
the dollar on consunption and carrying it over to the next period. So
in either case we nay assune that the dollar is spent on consunption.
Since the dollar is deposited, the end of period wealth increases by
ip dollars due to the interest on demand deposits and this is val ued
by: BipvV (A (s,j,0)). Since the event {6 = 1, s markets open, and the
buyer is a non-traveler who participates in market j < s} occurs with
probability Hsuf(l - 0)@s, the second line in (A7) is the total value
of the additional dollar to a non-traveler

A type 1 buyer will take the dollar as cash and spend it. Since
the event {6 = 1, s markets open and the buyer is a travel er who
participates in market j < s} occurs with probability
ﬂsuf(l - a)(1 - @), the value fromdoing it is the third line of
(A7) .

A type 2 buyer will deposit the dollar in a tinme deposit at an

interest rate i. His end of period wealth increases by (1 + i)
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dollars and his expected utility by B(1 + i)V (A (s,j,2). Since the
event {6 = 0, s markets open, and the buyer (fictitiously)
participates in market j < s} occurs with probability orl'lsujs, t he
| ast expression under the sunmation on the right hand side of (A7) is
the value of an additional dollar to a type 2 buyer.

Since u is concave, it can be shown (follow ng Stokey and Lucas
[1989]) that V(A) is concave. Concavity and the market clearing
condi tion:
ZjUjS [(1-0) @A (s,j,0) + (1-0) (1-@s)A (s,j,1) + oA (s,j,2)] = H
for all s,
| eads to stationarity: A (s,j,7) = Hfor all s, j, 1. This follows
fromthe fact that the sumof the weights in the above market
clearing condition is unity: Zjujs (-0 + A-0d)(1l-¢5) + a] = 1,
for all s.

Stationarity and (A7) inply:

(A8) Vi(H = ZsMs2; ssUjS{tpsU' (EG,0)/P(I))TLP()]

+ (@) (E(j, 1)/P(j))[L/P)TT,

where ' = [1 - of(l+ip) - (1 - a)ipBYl/(1 - a).
Next we use the first order conditions that govern the choice

of SD(1) to show that in equilibrium
(A9)  ZsTis(T1) 3 <s Ujs u (E(j,D/P(j))I/P()] = Bl1 +is(D]V (H.

Condition (A9) uses the follow ng reasoning. At the optinumthe buyer
is indifferent between taking an additional spendable dollar and
actually spending it to not doing so (this is true even when he is

not constrai ned by the noney in advance constraint, see the reasoning
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for (A7)). If he spends an additional dollar he will get the
addi ti onal expected utility from consunption calculated by the left
hand side of (A9). The cost of doing so, which is on the right hand
side of (A9), arises because he will have 1 + igp(t) dollars |ess at
the end of the period. Consistency of conditions (A9) and (A8)
requires (1 + i) = 1/B. W will argue soon that this nust hold in
equi i brium

The first order conditions that govern the choice of Ein the

goods narket (invoking stationarity) inply:

(A10) u (E(J.O/P(j))IP() =2 BV (H);

with equality if E(j,1) < SD(1).

Stationarity and the concavity of V( ) inply nominal prices

whi ch are actuarially fair

(AL1) n(s,},0) = B(1 - o) @sMsvy; n(s.j. 1) = B(1 - @)(1-¢)Msv);

BMs; Zs ns = B

n(s,j,2) = Bal‘lsujs; ns = 5% n(s,j, 1)

The absence of arbitrage opportunities inplies,

(A12) (1+i) = UB.

To see why (1 + i) = 1/, note that the price of a dollar in
the next period is 25 ng = B and the inplied gross interest rate in
the securities market is 1/pB. Suppose now that (1 + i) > 1/B. Then a
househol d can choose large BD by selling clains on dollars in the
securities market and deposit (BD - SD) at the bank as tinme deposits,

maki ng an unbounded anount of noney with certainty. If (1 + i) <



36

1/B, it will choose |arge negative BD by buying clainms on dollars and
take loans fromthe bank to get the desired | evel of SD.

From (13) in the text and (Al2) it follows inmediately that:

( A13) iL-ip=rr(pl- 1.

Thus, the interest spread is increasing in the reserve requirenent,

rr.

The first order condition for an interior solution to the

firms problem (14), inplies:

(Al4) gsP(s) = P(1) = WB.

I n Appendi x B we use the above result to show that:

Proposition 1: There exists a unique stationary symetric

equilibrium

We now turn to discuss the optinal choice of reserve

requi renents. We first show,

Caiml: If SD(t) =2 SD(t'), then E(j,1) =2 E(j,T) and vice versa.

This follows from (A10).

Claim2: Wen rr <1, SD(1) < SD(0).

To show this Claim suppose SD(1) = SD(0). Then E(j,1) = E(j,0) by

Caiml. It follows that travelers spend nore both on consunpti on and
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on interest than non-travelers. Since prices are actuarially fair
(see, [All]) the strategy of consumi ng nore when traveling is worse
than a strategy of consum ng an anount that does not depend on the
traveling status. To see this point, note that if the nean is the
same, concavity of u( ) works in favor of the alternative. Moreover,
average consunption is higher under the alternative because interest
costs, igp, are lower. Thus, by contradiction, SD(1) < SD(O0).

When rr =1, (16) inplies ip= 0 and (25) inplies that both
types face the same shadow interest rate for SD: igp(0) = igp(l) =iL.

Ther ef or e,

Caim3: Wen rr =1, SD(1) = SD(0) and E(s, 0) E(s,1) for all s.

This | eads to:

1is Pareto

Proposition 2: The allocation obtained when rr

efficient.

When rr = 1, Caim3 and the definitions of Ain (31) inply
that only the first market is active. Therefore, in equilibriumk(1)
=1, k(s) =0 for all s > 1. Consunption per household is unity and

does not depend on the traveling status.



38

APPENDI X B

We conpute a stationary and symmetric equilibriumin the
following way. We first arbitrarily choose a vector
SD = [SDX0), SD(1)] and conpute prices, consunption and the margina
utility of a dollar as functions of SD. W then use these functions
to solve for a vector SD that satisfies the first order conditions at
t he banking session. It turns out that if SDis a solution then ASD
is also a solution for al
A > 0. W use the reserve requirenent and BD = H, to scale the SD
vector and to show the existence of a unique stationary and synmetric

equi librium

Proof of Proposition 1

We first define equilibriumin the goods narket for a given

vector SD = [SD(0), SD(1)].

The vector [(P(1),...,P(S), k(1),...,k(S), E0,1),...,EO0,S),
E(1,1),...,E1,9), ujs, V'] is an equilibriumin the goods market if:
(B1) asP(s) = P(1)

(B2) Zs k(s) =1
(B3) A(s)/P(s) = k(s), where A(s) is from(31) in the text;
(B4) E(j. 1) = SIX71)

(B5) u' (E(j,0)/P(j))/P(j) =BV with equality if E(j,1) < SD(1).
(B6) Vo= EsMsZj<s Ujs{(l-fps)u'(E(i,1)/P(J'))/P(J') +aqsu' (E(J,0)/P(j))/IP(j)}

where (after substituting [A12]) T =1 - ipBy, and Uf is given by

(28) in the text.
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CaimBl: For any SD > 0, there exists a unique equilibriumin the
goods market: [(P(1;SD),...,P(S;SD), k(1;SD),...,k(S;sSD),

E(0,1;SD),...,E0,S;SD), E(1,1;SD),...,E(1,S: SD), UjS(SD), V (SD)].

Proof: Let p denote the expected revenue per unit in the goods

market. We choose p > 0 arbitrarily and set:

(B7) P(s;p) = p/Qs.

Lemma Bl: Gven SD and p, there exists a solution, E(j, 1, SD, p) to:

(B8) u (EGLO/PGP)) PG5 p) 2
BEsMsZi<s UT{(1-@s)u’ (E(i, 1)/ P(i;p))/P(i;p)

+@su (E(i,0)/P(i;p))/P(i;p)}/T

with equality if E(j,17) < SD(1).

Note that to get (B8) we substitute (B6) into (B5) and therefore (B8)
i nsures that both conditions are satisfied. To show exi stence of a

solution to (B8), we choose k as our guess for V' and define:

(B9) K = 2slls2j<s Ujs{(l-fps)mn[u'(SD(l)/P(j;IO))/P(];IO), Bx] +

@sm n[u* (SD(0)/P(j;p))/P(j;p), B}/ (Br).

If kis small then k' = k/F > kK since ' < 1. If Kis sufficiently
large, then k' = ZsMsZj<s U{(1-gs)u (S /P(j:p))/P(jip) +

gsu’ (SD(O)/P(j;p))/P(j;p)} (BM) < k.

By continuity, there exists a fixed point k(SD, p) of (B9). Since the

mappi ng i s nmonotone, k(SD, p) is unique.
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We now set E(j, 1; SD, p) = SD(1) for all j and t such that:
u' (SXT)/P(j;p))/P(j;p) = Bk(SD, p). Otherwise, E(j, 1, SD, p) is
given by the solution to: u (E(j,T)/P(j;p))/P(j;p) = Bk(SD, p). Thus

we have shown Lenmma Bl.

Let TE(s; SD, p) and A(s; SD, p) be defined by (30) and (31) when

using E(j, 1) = E(j, 1, SD, p). Then,

Lemma B2: X5 gsA(s; SD,p)/p is decreasing in p.

To show this claimnote that:

(a) E(s, 1, ASD, Ap) = AE(s, 1; SD, p);
(b) E(s, 1, SD, p) is increasing in SD.

Fromthe definition of Ain the text (27) and (a) and (b) it

follows that:

(a') A(s;ASD, Ap) = MAA(s; SD, p);

(b') Zs gsA(s;SD,p) is increasing in SD.

From (a') and (b') we get for A > 1.

>s gsA(S; SD,Ap)/ Ap <Zs qsA(S; ASD, Ap)/ Ap = Zg gsA(s; SD, p)/ p.
This conpl etes the proof of Lemma B2.

To continue with the construction of equilibriumin the goods
market, we note that the real demand in nmarket s at the prices
P(s;p), is: kd(s;p) = A(s;SD p)/P(s;p) = qsA(s; SD, p)/p. The total real
demand i s:

Kd(p) = =g kd(s;p) = =5 qsA(s;SD, p)/p. Since total supply is unity,

mar ket clearing requires:

(B10) Kd(p) = 1.
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By Lemma B2, Kd(p) is continuously decreasing. Wien p is arbitrarily
large, Kd is arbitrarily snmall and vice versa. This |leads to a unique
solution of the expected revenue per unit: p(SD). W can now conpute

equi l i brium magni tudes. This conpl etes the proof of d aim Bl.

To conmpute a stationary symetric equilibriumwe use the
foll owi ng goods mar ket equilibrium magnitudes:
P(s; SD) = P(s;p(SD));
E(j, wSD) = E(j, 1,SD p(SD);

V' (SD)

K(SD, p(SD));

UjS(SD) A(j : SD, p(SD))/ TE(s; SD, p(SD))

We now | ook for a vector SD that will satisfy the first order
condi tion at the banking session, given P(s;SD), E(j, T1;SD) and

V' (SD). W denote the expected marginal utility of a dollar to a type

T buyer, given that s markets open and the dollar is actually spent,

by:

(B11) X(s,1,SD) = %j<s UjS(SD) u' (E(j, 7 SD)/P(j;SD))/P(j;SD).
The first order conditions at the banking session (A6) are:
(Bl12a) Ss[ (Ms@s)/ W] X(s,0,SD) = B(1 + i sp(0))V (SD)
(B12b) Zs[(Ns(1-9s5))/ (1-Y) 1 X(s, 1,SD) = B(1 + isp(1))V (SD)

Lemma B3: There exists a vector SD that solves (B12).
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Note that if SD solves (B12) then ASD is also a solution for
any A > 0. Note also that (B6) is a |linear conbination of (Bl2a) and
(B12b). To see this multiply (Bl2a) by ¢ and (B12b) by (1-¢) and add
the two while using (1 + i) = 1/B, to get (B6), which holds by
construction. W can therefore | ook at a single equation, say (Bl2a),

normalize SD(1) = 1 and solve for SD(0). Let us rewite (Bl2a) as:

(B13) Zs[(Msgs)/ W X(s,0,[SD(0), 1]) = B(1 + isp(0))V ([SD(0O), 1]).

Not e that when SD(0) is large, the consunption of type 1 goes to zero
and X(s,0,[SD(0), 1]) is large because we assune: u' (0) = o. Since V
is a linear conbination of X(s,0,[SD(0), 1]) and X(s,1,[SD(0), 1]),

it follows that V' is large. In particular it is larger than the LHS
of (B13). The opposite holds when SD(0) is small. Thus there exists a

N N
solution: SD = [SD(0), 1]. This conpletes the proof of Lemma A3.

W& now scal e SAD to satisfy the reserve requirenents. For this
pur pose, we characterize all conbinations of SD = [SD(0), SD(1)] that
satisfy the reserve requirenent. In equilibriumwhen BD = H, the non-
consuners (a fraction a of the popul ation) deposit BDin tine
deposits. In addition, consunmers deposit any anount beyond SD in tine

deposits. Thus,

(B14) T=oH+ (1 - a){ymax(0, H- SDO0))

+ (1 - Y)ymax(0, H- SD(1))}.

Consuners who choose SIXt1) > H, take |oans and therefore:

(B15) L = (1 - a)ymax(0, SD(0) - H)



43

+ (1 - a)(l - gnmax(0, SD(1) - H.
Only non-travel ers use denand deposits and therefore:
(B16) D=(1- a)ysSD0).

In equilibriumthere will be no excess reserves (on average) and

therefore (using [17] in the text):

(B17) (1 -rr)D+ T = L.

Substituting (B14)-(B16) into (B17) yields:

(B18) WoSD(0) + WiSD(1) = 1.

where, Wog=(1- a)rrg/H; W1 = (1 - a)(1 - Y)/H Thus we can scale
t he sol ution SAD by 1/(WOS/\D(0) + Wq) to get a stationary synmmetric

equilibrium Wth this we have shown, existence and uni queness of a

stationary symetric equilibrium
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