




and

tSVi (b) =

Z d(p∗∗i )

d(p∗∗i )−di(p∗∗i )
c (z) dz. (13)

Observe from equation (13) that in some sense each player pays the production costs for

the quantity he wins. The proof of our next proposition uses this feature to show that the

subsidized Vickrey auction is indeed feasible.

Proposition 8 In the case of decreasing marginal values, the subsidized Vickrey auction:

(i) is feasible, (ii) is weakly dominant for every player to bid truthfully, and (iii) in the

truthful bidding equilibrium, Pareto dominates the conventional Vickrey auction.

Proof. Without loss of generality, assume p∗∗1 ≥ . . . ≥ p∗∗n . In the subsidized Vickrey

auction, the total payment is

nX
i=1

tSVi (b) =
n−2X
i=1

Z d(p∗∗i )

d(p∗∗i )−di(p∗∗i )
c (q) dq +

Z d(p∗∗n−1)

d(p∗∗n−1)−qSVn−1
c (q) dq +

Z d(p∗∗n )

d(p∗∗n )−qSVn
c (q) dq (14)

≥
n−2X
i=1

Z d(p∗∗i )

d(p∗∗i )−di(p∗∗i )
c (q) dq +

Z d(p∗∗n )−qSVn

d(p∗∗n )−qSVn −qSVn−1
c (q) dq +

Z d(p∗∗n )

d(p∗∗n )−qSVn
c (q) dq

...

≥
Z d(p∗∗n )−Q+qSV1

d(p∗∗n )−Q
c (q) dq + · · ·+

Z d(p∗∗n )−qSVn

d(p∗∗n )−qSVn −qSVn−1
c (q) dq +

Z d(p∗∗n )

d(p∗∗n )−qSVn
c (q) dq

=

Z d(p∗∗n )

d(p∗∗n )−Q
c (q) dq

≥
Z Q

0

c (q) dq = C(Q).

where Q =
Pn

i=1 q
SV
i is the total amount awarded in the auction. The first equality is due to

(13). The next inequality is the only subtle part of the proof. Observe that for each player

i, by construction, d(p∗∗i ) − qSVi ≤ d(p∗) ≤ d(p∗∗i ) , where p
∗ is the market clearing price in

the conventional Vickrey auction. From this it follows that d(p∗∗n )− qSVn ≤ d(p∗) ≤ d(p∗∗n−1),

showing that the first inequality above results by calculating the second to last integral of
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the strictly increasing marginal costs over a quantity interval of the same width qSVn−1, but

for an interval closer to the origin (zero quantity). This process is repeated for each integral,

and then the integrals are summed up to get the equality above. The last inequality results

by again evaluating an integral of the same width, but closer to the origin, noting that

d(p∗∗n ) ≡
P

i di(p
∗∗
n ) ≥

P
i di(p

∗∗
i ) ≡ Q. Since the total payment is at least the total cost, the

conventional Vickrey auction is feasible. (ii) By construction, the subsidized Vickrey auction

is a PPD mechanism where every player’s ask function is independent of this player’s bid,

so that Proposition 1 applies. (iii) No player is worse off in the subsidized Vickrey auction

because the ask curve he faces in the subsidized Vickrey auction lies below the ask curve he

faces in the conventional Vickrey auction. Indeed, any player that wins positive quantity in

the Vickrey auction will be made strictly better off in the subsidized Vickrey auction because

of the lower ask curve he faces.

Unlike the case of constant marginal values, in the case of diminishing marginal values the

subsidized Vickrey auction is generally not budget-balanced. The inequalities in equation

(14) are generally strict. In the event that one player, say 1, pushes the price p∗∗1 up so

high that p∗∗1 ≥ bj(0) for players j > 1, similar to what the left panel of Figure 5 shows for

the cases of constant marginal values, the outcome will be budget balanced and allocatively

efficient, and yet still Pareto dominate the outcome of the conventional Vickrey auction since

the winning player will pay only the production costs and no more.

6 Conclusion

In many games of incomplete information, it is generally not possible to simultaneously

achieve truthful bidding as a dominant strategy, budget balance, and allocative efficiency.

Thus, choosing a mechanism to solve an allocation problem will involve tradeoffs. The

Vickrey auction and Vickrey-Clarke-Groves mechanisms achieve allocative efficiency and

dominant strategies, but are often plagued by budget imbalance. In this paper, we have

shown that the budget surplus need not rule out altogether the Vickrey auction from use
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as a cost sharing mechanism. With some modifications, the Vickrey auction can be made

to redistribute back the surplus to players, not in direct monetary rebates, but rather in

terms of additional subsidized production. Although this subsidized Vickrey auction sac-

rifices some allocative efficiency, it still easily Pareto dominates the conventional Vickrey

auction. We have shown in an example in a noncooperative game where players have uni-

formly distributed values, that our subsidized Vickrey auction also outperforms other cost

sharing mechanisms, like the average and serial mechanisms. We do not believe that this

ranking between our subsidized Vickrey auction and the average and serial cost sharing

mechanisms holds universally in noncooperative games with incomplete information because

by construction the subsidized Vickrey auction will grossly overproduce when players’ values

are close together with high probability. Looking at the performance of these cost sharing

mechanisms in noncooperative games of incomplete information is a logical next step.

In the perfect price discriminating mechanisms introduced in this paper, we isolated the

key feature in the conventional Vickrey auction that ensures truthful beating as a dominant

strategy. Efficiency plays no role in whatsoever. Thus, efficiency can be sacrificed to alleviate

budget imbalance while maintaining truthful bidding. In future research, we will explore

whether this idea can help resurrect the Vickrey auction in other situations–like public

goods, bidding rings (McAfee and McMillan, 1992), and partnership dissolutions (Cramton,

Gibbons, and Klemperer, 1987)–where budget imbalance prevents its use.

Although we have limited discussion to environments with independent private values,

it would not be difficult to adapt the subsidized Vickrey auction to the affiliated values of

Milgrom and Weber (1982). Indeed in this setting, our subsidized Vickrey auction could

be implemented with an ascending auction, similar to the Ausubel (2004) auction. Our

subsidized Vickrey auction suffers the same drawbacks as conventional Vickrey auctions:

players may want to merge, or a player may want to submit multiple bids under multiple

identifies. Such behavior can compromise efficiency as described by Milgrom (2004) and

Ausubel and Milgrom (2002).
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