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Abstract

In the paper, we develop a general methodology to estimate and test for a condi-
tional mean model given in continuous time. Our model specifies the conditional
mean of instantaneous change of a given stochastic process as a function of other
covariates. The model yields a continuous time regression for the instantaneous
change of an underlying process on its conditional mean change with the error
process given by a general martingale. We call it a martingale regression, since
the parameter in the model is identified by the residual process being a martin-
gale. Upon an appropriate time change, the martingale regression can always be
transformed into a regression with the error process given by Brownian motion.
We use this property and apply a minimum distance method to estimate the
parameters in the model. More specifically, the samples are collected at random
time intervals so that the errors become independent normals, and the estimates
are defined as the parameter values which make the empirical distribution of the
residuals closest to independent and identically distributed normals. We show
by simulation that our approach yields a reliable method of inference for a broad
class of continuous time models.
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1. Introduction

This paper develops a general methodology for the statistical inference in a conditional mean
model given in continuous time. Our model specifies the instantaneous rate of change in the
conditional mean of a given stochastic process as a parametric function of some covariate
process. As a result, it yields a continuous time regression model with a general martingale
error process. The model is called the martingale regression, since it is identified by the
condition that the error process is a martingale. Our model is quite general. In particular,
it does not impose any restriction on the error process, allowing for a variety of conditional
volatilities that are time-varying and stochastic. Our methodology is therefore applicable
for a wide range of continuous time models that are used in the fields of economics and
finance. General continuous-time asset pricing models given in parametric form may be
well fitted into our framework. Diffusions with a parametric specification of drift function
are also considered as a special case of our model, so all our results can be applied to them
as well. Our approach distinguishes itself from the conventional approach in that it relies
on the martingale condition for identification. The reader is referred to Bergstrom (1984)
for a survey of conventional continuous time models used in econometrics.

It has been the usual practice to analyze continuous time models by applying high
frequency data directly on the discretized versions of the models. However, the direct
use of high frequency data on the discretized models to do inference for the underlying
continuous time models is not desirable for several reasons. First, on the high frequency
domain, the error process generating volatility dominates the conditional mean process of
interest in many economic and financial models. The information in the sample on the
conditional mean is therefore severely contaminated by the volatility component, when the
sampling interval is very small. Second, the distributions of errors in many models are
changing over time especially at high frequencies and very far away from being normal,
due in particular to the presence of time-varying and stochastic volatilities that are often
quite persistent and strongly endogenous. Consequently, the usual statistical theory relying
on asymptotic normality is generally not applicable, which would invalidate the use of
the standard inference in such models. Finally, we cannot generally identify conditional
mean models in continuous time by the usual orthogonality condition between the errors
and covariates. The orthogonality condition exploited in the conventional GMM approach
holds for continuous time models, if approximated by the Euler scheme. However, it may
yield substantial discretization bias.

In this paper, we propose an approach to more effectively deal with the martingale regres-
sion, i.e., the general conditional mean model given in continuous time. Our methodology
is based on the use of a time change, which transforms a given martingale into Brownian
motion. Indeed, it is well known that any continuous martingale becomes Brownian motion,
if its sample path is read using a clock running at the speed inversely proportional to the
rate of increase in the quadratic variation. This is a consequence of the celebrated theorem
by Dambis, Dubins and Schwarz, which is often referred to as the DDS theorem. It has
already been used in various contexts of econometric and statistical researches by several
authors. Yu and Phillips (2001) exploited the DDS theorem to estimate the linear drift
in diffusion models based on the Gaussian likelihood. The martingale and semimartingale



tests by Park and Vasudev (2006) and Peters and de Vilder (2006) also rely on the same
idea. Moreover, Andersen, Bollerslev and Dobrev (2007) used the time change given by the
DDS theorem in testing the adequacy of jump-diffusion models for return distribution, and
Jacewitz and Park (2009) recently employed it to allow for general stochastic volatilities in
their study of the predictive regressions. Chang (2008) also used a closely related approach
to invent a Gaussian panel unit root test.

We use the idea of time change to conveniently identify and estimate the martingale
regression. As we mentioned earlier, the martingale regression is identified by the condi-
tion that the error process is a martingale. Unfortunately, the martingale condition for
identification is very difficult to implement. If the error process is continuous, however, we
may invoke the DDS theorem to identify the model after time change by the condition that
the error process is Brownian motion. Needless to say, the Brownian motion condition for
identification is much easier to invoke, using its Gaussianity and independent increment
properties. Indeed, our estimate of the unknown parameter is defined to be the value that
yields the time changed error process mostly closely follow Brownian motion. More pre-
cisely, we obtain the estimate by minimizing the Cramer-von Mises distance between the
empirical distributions of the increments of error process in the time changed regression
and the corresponding distributions of Brownian increments. It is shown in the paper that
the estimator is consistent and asymptotically normal under suitable regularity conditions.
The asymptotic variance can be estimated by the block bootstrap or sub-sampling.

In the actual implementation of our methodology, we of course have to rely on discrete
samples. We assume that the observations are available at relatively high frequencies such
as daily. Our methodology uses the observations at two different levels of frequencies.
First, we use all available observations to estimate the time change required to identify
the martingale regression by the error process being Brownian motion, instead of a general
martingale process. Second, we collect the samples at a constant incremental level of the
estimated quadratic variation of the error process, and use them to estimate the unknown
parameter of the model by the minimum distance method. For instance, we may use the
daily observations to estimate the required time change, and then obtain the samples at
the average monthly increments of the quadratic variation of the error process to estimate
the unknown parameters in the model. Note that we need to collect samples at random
intervals in this step. Our asymptotics require that the sampling frequency is small and
the sampling horizon is large. Provided in our analysis are sufficient conditions we need to
ensure that the errors incurred by using discrete samples become negligible.

We perform a set of simulations to evaluate the performance of our methodology in
finite samples. As is well known, the inference on conditional mean models in continuous
time is mainly affected by the sampling horizon instead of the number of observations in the
sample. The overall performances of our martingale estimator (MGE) and the ¢-ratio based
on our approach are quite good, even when the sampling horizon is only modest. Across
many different data generating processes, the MGE yields negligible biases and the actual
probabilities of the MGE t-test are quite close to its nominal size. In contrast, the OLS
methodology applied to the discretized versions of our simulation models in continuous time
yield nonnegligible biases for the OLS estimators and the rejection probabilities deviating
significantly from the nominal values of the standard t-tests. This is so, except for a few



unrealistic cases that we consider for the purpose of comparison. Even at daily frequencies,
the discretization error can be so big as the actual rejection probabilities are as high as
unity. The distortion becomes worse if we introduce time-varying or stochastic volatilities
in the models.

The rest of the paper is organized as follows. In Section 2, we present the model
and main ideas. The conditional mean model in continuous time is introduced and the
main ideas that are heavily used in the subsequent development of our methodology are
explained in detail. Our martingale estimator is also defined. The inferential problems
in our approach are addressed in Section 3. There we lay out how our continuous-time
methodology may be implemented in practice using discrete-time observations. The feasible
martingale estimator is considered and its asymptotics are developed. In particular, we
show that both the infeasible and feasible martingale estimators have normal asymptotic
distributions under appropriate regularity conditions. The bootstrap methods to estimate
the asymptotic variance of the estimators is also discussed. Section 4 reports our simulation
results. For the models specified with several different types of stochastic volatilities, we
compare our approach with the OLS procedure applied to the models with the conventional
discretization. The simulation results highlight the discretization bias and the distortions
made by the presence of time-varying or stochastic volatilities. We conclude the paper in
Section 5. Mathematical proofs are collected in Mathematical Appendix.

2. The Model and Main Ideas

2.1 Martingale Regression

Many economic and financial models can be specified in continuous time as
E(dYy|Ft) = pn(Xe, 0o)dt, (1)

where (Y;) and (X;) are stochastic processes, (F;) is a filtration to which both (Y;) and (X;)
are adapted, and p is a known function defined on R x © with parameter set © C R™ and
parameter vector 6y € ©. In the paper, we will call y the instantaneous conditional mean
function. Clearly, we may rewrite (1) as a continuous time regression

dY; = u(Xy, 00)dt + dU,, (2)

where (Uy) is a martingale with respect to the filtration (F), so that E(dUy|F;) = 0.
Over an interval [¢,t + J] for any ¢ > 0 and small 6 > 0, we have

E(Yirs — Vil Ft) = 6pu( Xy, 6o)

if (u(X+,00)) is continuous a.s. in time ¢ > 0. Therefore, (u(X¢,60)) generally represents
the rate of instantaneous change in conditional mean of (Y;), given as a function of (X}),
which is assumed to be known up to the unknown parameter 6§y € ©. For a variety of
models that are commonly used in economics and finance, (Y;) is specified as the logs of
asset prices or foreign exchange rates. In this case, Y;15 — Y; denotes the returns from



holding the assets or foreign exchanges over the interval [t,¢ + ¢]. Correspondingly, (dY})
represents their instantaneous returns at time ¢ > 0.

It is important to note that the parameter 6y € © is identified in our model by the
martingale condition. That is, if we set

UL(0) = (Vi — Yo) — /0 w(Xs,0)ds, (3)

then 0y is the value of § € © such that (U;(f)) is a martingale. For this reason, we
call regression (2) the martingale regression. To achieve identification of the martingale
regression, we will assume that

Assumption 2.1 No distinctive values of § € © yield the stochastic processes (u(X¢,0)),
which are the same version.

Assumption 2.1 implies that the processes (u(X¢,#)) with different values of § € © have all
distinctive finite sample distributions, and allows us to identify 6y € € in (2) uniquely by
the martingale condition.

We let the error process (Uy) in (2) be a general martingale process, and do not need
to impose any restrictive conditions. For the expositional convenience, however, we assume
that

Assumption 2.2 The error process (Uy) has a.s. continuous sample path.

Assumption 2.2 is not essential, and can be relaxed. It is introduced here to convey our main
ideas more effectively. In particular, it is possible to allow for the presence of jumps in the
error process, as we will discuss later. For all illustrative examples that we are considering
in the project, we indeed presume that there are jumps in the error process.

Under Assumption 2.2, we may write

dUt = O'tth, (4)

where (o) is adapted to (F;) and (W) is the standard Brownian motion with respect to
(Fi). We leave the specification of (0¢) in (4) totally unrestricted, and therefore, our model
may have an arbitrary type of time-varying and stochastic heterogeneity. Our model for
the instantaneous conditional mean changes is thus truly general.

Within the conventional framework, all parametric asset pricing models derived under no
arbitrage condition in continuous time yield the continuous time regression that we specify
in (2). To see this more clearly, we let (P;) be the price of a financial asset, and let (),
7 = exp(— fot r{ds)Dy, be the state-price deflator, where (7‘{ ) is the risk-free rate and (Dy)
is the Radon-Nykodym derivative of the equivalent martingale measure with respect to the
true probability. Under no arbitrage condition, we have E(dP[|F;) = E(d(mF;)|Ft) = 0,

ie.,
d dP, dmy dP,
E( ™ F)+E( &L E _|_ﬂ_t:0,
T P T P
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and it follows from E((dm,/m)|F;) = —r! dt that E((dP,/P,)|F) = ri dt — (dmi/7)(dP: ) Py).
Consequently, we have

where (U;) is a martingale. Both the asset price and the state-price deflator processes are
conventionally specified as Ito processes, in which case —(dmy/m;)(dP;/P;) reduces to the dt
term in (2) with u(Xy,60) given by the product of the volatility functions of (dP;/P;) and
(dm /), if they are parametrized by #© with the true value 6.
It is easy to see that our model (2) includes as a special case with dY; = dX; the diffusion
model given by
dXt = ,utdt + Utth, (5)

where p; and o; are referred respectively to as drift and diffusion terms. If we set u; =
1(X¢, 0p) using some known function p and unknown parameter 6y € ©, the diffusion model
in (5) clearly reduces to our model in (2). The specification of diffusion term is totally
unrestricted and left to be completely general. The most commonly used specification
of drift term is a linear drift, which is given by u(X,0) = B(a — X;) for @« € R and
B € R,,. Respectively for the specifications of diffusion term as o, = o for ¢ € Ry
and 0, = wy/X; for w € Ry, we have Ornstein-Uhlenbeck process and Feller’s square-
root process. The diffusion term is often specified also as oy = w|X;|? for w € R4 and
p € Ry, which is referred to as the constant elasticity of variance (CEV) diffusion. Our
methodology developed subsequently in the paper allows us to estimate the drift function
without specifying the functional form for the diffusion term.

2.2 Time Change

We define a time change, i.e., a non-decreasing collection of stopping times, (73) by

Ti = inf{[U]s > t},

where ([U];) is the quadratic variation of (U;). Then, as is well known, we have
Un,=V: ot U=V

where (V;) is the standard Brownian motion, which is commonly called the DDS (Dambis,
Dubins-Schwarz) Brownian motion of (U;). This result, which is often referred to as the
DDS theorem, plays the central role in the subsequent development of our methodology
and theory. See Revuz and Yor (1994) for more details.

Roughly put, the DDS theorem implies that all continuous martingales are essentially
Brownian motion with differences only in their quadratic variations, and all continuous
martingales become Brownian motion if their sample paths are read using a clock running
at the speed set inversely to the rate of increase in their quadratic variations. This idea was
explored earlier by Park and Vasudev (2006) to develop a test for martingale in continuous
time. In Figure 1 below, we will present two illustrative examples to show how we may
define the time change (7}) to convert general continuous martingales to Brownian motion.
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Figure 1: Sample Paths and Quadratic Variations with Time Changes

There we consider two continuous martingales, the compensated squared Brownian motion
given by U; = W2 — t and the exponential Brownian motion given by U; = exp(W; — t/2),
where (W}) is the standard Brownian motion.

The time change (7}) is very useful for the estimation of and testing on the martingale
regression (2). With the time change (7};), we have

dYT, = ,u(XTt, HQ)th +dUr, = /L(XTt,HQ)th + dV;. (6)

Note that the error process (V;) in the model with time change (7}) is the standard Brownian
motion. This is in contrast with our original model, where the error process (U;) is a general
martingale process. The parameter 6y € © is identified in the time-changed martingale
regression (6) by the condition

T:
Vi(6) = (Y, — Yo) - /0 §(Xs,0)ds (7)

is the standard Brownian motion if and only if § = 0 € ©. Recall that § = 0y € ©
is assumed to be the only parameter value for which (U;()), defined in (3), becomes a
martingale.



2.3 Martingale Estimator

Now we introduce our estimator, which will be called the martingale estimator (MGE), for
the unknown parameter 6 € © in (2). We fix A > 0 and define

T;
Z:(0) = A-1/? (ym Vs - /T (X, H)dt) (8)
(i—1)A

for i = 1,...,N. Note that (Z;(¢)) are the normalized increments of the error process
(V¢(0)) from the time-changed martingale regression defined in (7), which are collected at
time intervals of length A, where A > 0 is some constant. Or equivalently, we may see
that (Z;(6)) are defined to be the normalized increments of the error process (U;(6)) of our
model in (3), collected at random time intervals given by (T;a). The choice of A will be
discussed below.

To introduce our estimator, we let iy denote the d-dimensional vector index running
from 4, and define Z;,(0) = (Z;(0),...,Zi—at+1(0))’. Moreover, assuming that (Z;(0)) is
strictly stationary, we signify for each § € © by II(-,0) and IIx(-,0) respectively the joint
distribution function and empirical distribution function of (Z;,). Consequently, we have

N N
My (2,0) = v > HZ,(6) < 2} = & S UZ(6) < 21} UZian (@) <20} (9)
i=1 =1

for z = (z;) € RY. Here and elsewhere indicator functions with vector arguments are defined
as the product of indicators with their scalar components. Note that II(-, 0y), which we will
also write as Ily(-), reduces to the d-dimensional multivariate standard normal distribution
function. Therefore, we have

(2, 00) = o(2) = (21) - - P(za),

where ®(-) is the standard normal distribution function.
Our estimator 6y, the d-dimensional MGE, of the parameter 8 € © is defined as

i = argmin Qu (0),
0cO

where

@Nw>=3/uhmae>—IHaewPaxda (10)

with any bounded measure w(-) on R% This type of minimum distance estimator was
defined earlier by Manski (1983). The objective function Qn () in (10) becomes

mmz/M@m—n@%me>

in the limit as N — oc.
The natural choice of w is the measure given by the distribution function II(-,6p). In
this case, we do not need any numerical integration to obtain the MGE 0y. Indeed, the



objective function Qun(#) can be readily evaluated using simple algebraic computational
procedures for each § € ©. To show this more explicitly, fix § € © and let (2(;) be the
observed values of (Z;()) arranged in the ascending order, i.e., z1) < --- < z(), and define
w; = ®(2(;)), where ® is the standard normal distribution function as defined earlier. Then
the value of the objective function Q) is given by

e R
Ov=75 Z < > T e
for the 1-dimensional MGE, and

N

1 1
QN = N2Z —w; Vw;j) (1 —wi—1 Vwj_1) ——N21—wk 1—w,%_1)—|—§
i,j=2 k

for the 2-dimensional MGE, where p V ¢ = max(p, q).
We may check the adequacy of specification for our model using

v = NQn(0n)

as a test statistic. Under the correct specification, it follows that 0 N ~ 6y and T (-, éN) ~
II(-,6p), and therefore, @ N(éN) ~ 0 for large N. Indeed, as we show later in the paper,
we have Q(Ay) = O,(N~1!) and the statistic 7 has a proper limit distribution as N — oo
under the correct specification. Of course, this would not be so, if the underlying model is
misspecified. If there is no value of § € © for which the error process (Uy(#)) in (3) is a
martingale, then the time changed error process (V;()) in (7) does not become a Brownian
motion for any value of § € O. It therefore follows that the limit of @ (f) does not vanish
for any value of § € ©, so we would have in particular that @ N(éN) -+p 0. Consequently, we
would have 7y —, 0o under misspecification, and the test becomes consistent if we reject
the null of correct specification when 7 takes large values.

Both the finite sample performance and the limit distribution of the MGE depend on
the choice of A. Note that both IIy(+,0) and II(+,0) depend on A though we suppress it for
the sake of notational brevity. Moreover, for a given T, the choice of A determines the size
N of the normalized increments of the error process (Z;(#)), which affects the behavior of
the MGE directly. In general, we may expect that the distribution II(-,0) of (Z;(0)) departs
more sharply from standard normal as 6 takes values away from 6y for larger values of A.
This is because the conditional mean component (i (X, 6y)dt becomes more important than
the error component dU; in our model (2) as A increases. Therefore, all other things being
equal, the MGE would have a smaller variance for a larger value of A. On the other hand,
the marginal effect of A via the size N of the normalized increments of the error process
is the opposite. For a fixed T', N decreases as A increases, which would make the variance
of the MGE larger. Indeed, we may find an optimal choice of A for some simple cases, as
will be discussed in more detail later. However, we assume at the moment that A is just a
constant fixed a priori.



3. Statistical Procedure and Asymptotic Theory

3.1 Estimation of Time Change

To implement our methodology, we need to estimate the time change (7). Suppose that
we have n-observations on (Y;) and (X;) with sampling interval § > 0, which are denoted
by

(X17Y1)77(X2(57YYZ(5)77(X7L(57YH ) (11)

with the initial value (X, Yy). Throughout the paper, we let T' = nd denote the sampling
horizon. Note that the conditional mean component u(Xy,6y)dt in our model (2) is of
bounded variation, whose quadratic variation vanishes at all ¢ > 0. Therefore, we have
[U]; = [Y]; for all ¢ > 0, which can be estimated by

V) = Z(Yié - Y(z‘—1)5)2-
i<t

For the hypothesis testing, we may also impose the null value 6y of § € O, so that [U ]? =
> is<t(Uis — U(i_1)5)2 can be obtained directly under the null hypothesis.

In the subsequent development of our theory, we require § — 0 fast enough so that
([Y)?) becomes a consistent estimate for ([U];) over the entire sampling horizon. Below
we provide some simple sufficient conditions for the uniform consistency of both ([U]?)
and ([Y]?). For the expositional brevity, we assume throughout that the observations are
made over equi-spaced sampling interval. The extension to allow for irregular and random
sampling is possible, as long as the modulus of the sampling interval is small and decreases
down to zero.

Assumption 3.1 Forall 0 <s<t<T,
ap(t —s) < [Uls — [Uls < br(t —s),
where ar,br > 0 are some constants depending only upon 7.

Assumption 3.1 is satisfied for a large class of continuous martingales. For the Brownian
motion, we may easily deduce that the condition holds with ar = by = 1. More generally,
the condition holds for any martingale (M), defined as dM; = o,dW; for some volatility
process (03) and Brownian motion (W;), if we have

ar < inf o? and sup o2 < br.
0<t<T 0<t<T

Many diffusion processes satisfy this condition.

Lemma 3.1 Under Assumptions 2.2 and 3.1, we have

0<t<T

E < sup \[UJ:? - [Uh\) =0 (bT(6T>1/2)
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for by introduced in Assumption 3.1.

Therefore, the estimated quadratic variation ([U]?) obtained from the discrete samples is
uniformly consistent for the true quadratic variation ([U]t), as long as b%(67) — 0. Note
that the longer horizon the data spans (i.e., as T' becomes larger), we need to observe
them more frequently (i.e., § should be smaller) to ensure the uniform consistency of the
estimated quadratic variation over an expanded time interval [0,7]. This is more so, if the
quadratic variation increases more sharply (i.e., by increases faster).

Assumption 3.2 We assume that
4
E ( sup_sup \u(Xt,e))r) —0(c)
0<t<T Hc®

for all large T'.

Assumption 3.2 specifies the maximal growth rate of (u(Xy,0)) over t € [0,7] and 6 € ©. If
the instantaneous conditional mean function p is bounded, then Assumption 3.2 is trivially
satisfied with ¢z = 1. More generally, we let (a) supgce |p(z, 0)| < c|z|P for some constants
¢>0and p >0, and let (b) E(supyc;<q |X¢|)" = O(T9) for some r > 4p and ¢ > 0. Then

we have
4 4p
E( sup suplu(x,,0)| <¢E( sup |Xy
0<t<T 6€O 0<t<T

rq4p/r
(s ] o

0<t<T

<

and therefore, Assumption 3.2 holds with ¢p = T2P/".

Condition (a) is not stringent and met for virtually all instantaneous conditional mean
functions used in empirical applications. Condition (b) is also not restrictive and satisfied
by all stochastic processes commonly used in practice. Many processes that are used in
practical applications, such as interest rates, certain growth rates and various financial
ratios, have natural boundaries, and consequently, the condition holds with ¢ = 0 for any
value of » > 0. In this case, we would therefore have ¢y = 1 in Assumption 3.2 for all
values of p. Stationary Gaussian processes satisfy the condition with any ¢ > 0 for any
choice of r > 4p if some mild additional requirements are met. The reader is referred to
Berman (1992) for more details. For instance, it is well known that the running maximum
supg<¢<7 | X¢| of Ornstein-Uhlenbeck process has any integral moments and grows at the
rate of (logT)'/2. Therefore, Assumption 3.2 is satisfied with ¢z = T¢ for any £ > 0,
regardless of the value of p. Finally, the condition holds for Brownian motion (W;) with
q =r/2, since

T2 sup |Wy| = sup T~Y2|Wrpy| =4 sup [Wi]
0<t<T 0<t<1 0<t<1
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due to the scaling property of Brownian motion. Note that supy<,«; |W;| is distributed as
the modulus of standard normal, and therefore, has the infinite number of moments. See,
e.g., Revuz and Yor (1991, p.19). As a result, Assumption 3.2 holds with ¢p = T?. It can
be readily seen that the condition is also satisfied for Brownian motion with drift if we set
q = r, which yields Assumption 3.2 with ¢y = T?P.

Lemma 3.2 Under Assumptions 2.2 and 3.1 - 3.2, we have

2
E ( sup |[V]} — [U)} D = 0 (3(0T)%) + O ((brer)sT?)

0<t<T
with by and cp introduced in Assumptions 3.1 and 3.2.

As in Lemma 3.1, we require in Lemma 3.2 that 6 — 0 as T" — oo. Lemma 3.2, together
with Lemma 3.1, establishes the uniform consistency of ([YV]?) for ([U];). In particular, it
allows us to use ([Y]?) to estimate the time change (73). Naturally, the required condition
in Lemma 3.2 is more stringent than the one in Lemma 3.1, since (¥;) has the conditional
mean component and we need to ensure that its contribution to the estimation of quadratic
variation is asymptotically negligible. In particular, Lemma 3.2 makes it necessary that §

decreases at least faster than T2 increases.?
Now we define
Ror = sup |IV]] = [U]]. (12)
0<t<T
Then it follows that
ER2; = O <bT(5T)1/2) +0 (&(6T)2) + O ((brer)dT?) (13)

from Lemmas 3.1 and 3.2. If we let S = [U]r, we may readily deduce that

Corollary 3.3 Under Assumptions 2.2 and 3.1 - 3.2, we have

E ( sup (Tf - TtDZ -0 (b_§(5T>1/2> 1o <%(5T>2> i) (ijT(5T2)> ,

0<t<S ap ar ar
with ar,br and cp introduced in Assumptions 3.1 and 3.2.

The time change based on realized variance of (Y;) may therefore be used instead of the
required theoretical time change, if § — 0 sufficiently faster than T — oc.

2We may use the fitted residuals Uss — ﬁ(i,l)(; = (Yis — Yi—1)s) — n(X@i—-1)s, é)(S, i =1,...,n, obtained
using any consistent estimator 0 of By to estimate the quadratic variation of (Ut). Our subsequent results
would then hold under less stringent conditions.
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3.2 Feasible Martingale Estimator
Let

i—1)A 5
G-y TG_1a

EN

Z0(0) = A—1/2 (YTEA — Y5 —/ ,u(Xt,H)dt) (14)
for i = 1,...,N. The feasible MGE is based on (Z;()°) in (14), in place of (Z;(0)) in-
troduced earlier in (8). Note that we construct the samples (Z;(0)%) of size N, from the
observations (X5, Y;s) of size n on the underlying stochastic processes (X,Y") given in (11),
to estimate the parameter 6 in the model. Throughout the paper, we call (X;s,Y;s) and
(Z;(6)°), respectively, the original and estimation samples to avoid confusion. Of course,
we have n > N.

Given our results in the previous subsection, we may well expect that the estimation
samples (Z;(0)?) get close to (Z;(0)) as 6 — 0 for each i = 1,..., N. Furthermore, they
are expected to be close to each other uniformly in ¢ = 1,..., N, if § — 0 sufficiently fast
relative to T' — oo. Below we present the exact condition that we need to require to make
the error in approximating (Z;(6)) by (Z;(0)?) uniformly negligible for i = 1,..., N for all
large N. In what follows, we use the notation p A ¢ = min(p, q).

Assumption 3.3 We assume N = Ny A Ny — 0o, where
a? a? a?
Ah::()(——lL(ajs—”?/\—g(ajj—QA-—lg4570)—1>
bTCT Cr TCr
and that, for some ¢ > 0,

—1/4+ep-1/4 —l4ep-1 —1/2+4ep—1
M:0<5 5 5 )

b1T/2 cr (brer)l/2

for all small § and large T'.

Lemma 3.4 Under Assumptions 2.2 and 3.1 - 3.3, we have

E sup sup|Z)(0) — Zi(0)| = o(N~1/?)

1<i<N 0€f

for all large N.

Lemma 3.4 requires that we have at least 72 — 0, as in Lemma 3.2. We may set N
larger as § — 0 faster, compared to the rate T' — co. The resulting approximation error in
(Z;(6)°) would then become smaller.

Using the estimation samples (Z?(6)) in (14), we now define

1 1

MY (.0) = & DO HZL0) < 2} = - S UZO) < 21} HZL g (0) S 20} (15)

i=1 i=1

Clearly 11, in (15) corresponds to I introduced in (9).
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Assumption 3.4 We assume that the conditional distribution of Z;(#) on (Z2() — Z;(6))
is absolutely continuous respect to Lebesgue measure having density bounded uniformly in
1<i< N and 6 € 0.

Lemma 3.5 Under Assumptions 2.2 and 3.1 - 3.4 we have

E sup sup |11 (z,60) — Iy (z,0)| = o(N~Y/?)
2€R4d €O

for all large N.

The result in Lemma 3.5 follows immediately from Lemma 3.4 under Assumption 3.4.
Though it is difficult to check, the condition in Assumption 3.4 does not seem to be overly
stringent.

The feasible MGE is given by

0% = argmin Q% (0),
bco

where

Q4(0) = / (13 (2. 6) — T1(z. 60) P (d2). (16)

which is defined correspondingly with @x in (10). It is well expected from Lemma 3.5 that
the feasible MGE would behave similarly as 6y in asymptotics under suitable regularity
conditions. We will show below that this is indeed true.

3.3 Asymptotic Theory for Martingale Estimator

The following are a set of sufficient conditions we impose to obtain the limit distribution of
our martingale estimator 6.

Assumption 3.5 We assume that

(a) For all 0 € ©, (Z;(0)) is strictly stationary and a-mixing with the mixing coefficient
a(k) = O(k™°) for some ¢ > (2d + 1)(4d — 1).

(b) For all # € © near 6y, we have |u(z,0) — pu(z,0p)| < v(x)||@ — | for a measurable
real-valued function v on R. Moreover, we let

T;
Z; = UTiA - UT(FI)A and W, = . I/(Xt)dt,
(i—1)A

and assume that the conditional distribution of Z; on W; is absolutely continuous with re-
spect to Lebesgue measure having density bounded uniformly in ¢ > 1, and that sup;, EWE <
0.

We have
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Lemma 3.6 Under Assumption 3.5, we have
\/N[HN(Za 9) - H(Za 9)]

1s stochastically equicontinuous at 6y € © with respect to the Fuclidean metric on © C R™
for all z € R%.

Assumption 3.6 We assume that

(a) The parameter space O is compact, and 6y is an interior point of ©.

(b) The function II(-,6) of 6 is differentiable at 6y in £3(w), i.e., there exists IT € £?(w)
such that

/(H@ﬁ%Jﬂ%%)—w—ﬂwﬁ@)

2
w(dz) = 0
16— ol ) (%)

as |0 — 6p|| — 0, where £2?(w) denotes the Hilbert space of functions that are square
integrable with respect to measure w. )
(¢) The function @ has a positive second derivative matrix @) at 6.

Under Assumptions 2.1 - 2.2 and 3.5 - 3.6, we will establish that
VN — 00) = —20(0p) VN / T1(2)[x (2, 00) — T(z, 00)]w(dz) + 0,(1)  (17)

for all large N. Moreover, by the functional central limit theory given by, e.g., Deo (1978),
we have

VN[ (-, 00) — TI(-,00)] =4 A(") (18)

as N — oo, where A is the Gaussian process with covariance kernel X(z,y) = EA(x)A(y).
Note that IIn(+, 6p) is the empirical process defined from d-dimensional multivariate normal
samples that are (d — 1)-dependent.

To define ¥(z,y) more explicitly, we let z = (z;) € R? and y = (y;) € RY, and define
for k| <d-—1

Ui(z,y) = E[1{Z;, <} — To(@)|[I{Z(;-r), <y} - o(y)]

with Z;, = Z;,(0p). The covariance kernel of the Gaussian process A is then given by

2(£,y): Z Pk(xvy)

|k|<d—1
for 2,y € R?. We may easily see that

Lo(z,y) = ®(x1 Ayr) -+~ ®(xq Aya) — ®(z1) - @(2q)P(y1) - - - P(Ya)
and, for 1 <k <d-1,

Dule,y) =)~ () | @(wrr Ayn) - Dlaa Ayar)
= ®(zpt1) - (@) P (Y1) P(Ya—k) | P(Yd—k+1) - - P(a)-

Furthermore, it follows that I'_p(z,y) = I'k(y, ).
It is easy to deduce from (17) and (18) that
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Theorem 3.7 Under Assumptions 2.1 - 2.2 and 3.1 - 3.6, we have
é?v — O + Op(N_l/z)

for all large N, and R
VN Oy — 60) —q N(0,49Q),

where Q = Q(0y) ' PQ(6y) " with

P= / / ()2, )T(y) () o (dy)
as N — oo.

Theorem 3.7 establishes the asymptotic normality of the MGE. The proof of the theorem
relies on the results in Andrews and Pollard (1994), Wegkamp (1999) and Brown and
Wegkamp (2002). If TI(z,-) is twice differentiable, then we may expect to have

$(00) =2 / TI(2)T1(2) o (d2)

under suitable conditions required to interchange the order of differentiation and integration.
In general, the asymptotic variance €2 can be estimated by the usual resampling methods
such as sub-sampling and bootstrapping.

The usual subsampling method can be directly applicable for our model to estimate the
asymptotic variance §2. For the bootstrap method, the most natural way to implement it
in our framework is to use a block bootstrap and resample from the pairs (X;s,Y;s), say,
(X}5,Y5) fori=1,...,n. It is important to resample the pairs to preserve the dependency
between X and Y. Of course, we need to introduce some additional conditions on (X,Y),
such as stationarity and strong geometric mixing conditions, to make the block bootstrap
valid. See, e.g., Horowitz (2001). Those conditions are not very stringent, since all sta-
tionary diffusion processes are strongly geometrically mixing. Under the required extra
conditions for the validity of the block bootstrap, we may expect the block bootstrap to
be consistent. If we denote by 9?\}* the MGE obtained from the bootstrap samples, then we
may indeed follow Brown and Wegkamp (2002) to show that the conditional distribution of
VN (8% — 03, consistently estimates the distribution of v/N (A3 — 6p) in probability.?> We
may therefore use the bootstrap sample variance of v N (é?{,‘ — é?v) as a consistent estimate
for the asymptotic variance €.

Subsampling or bootstrapping entire samples can be computationally burdensome. It
is unnecessary, if the conditional mean model is linear in parameter and given by u(x,6) =
0yv(z). In this case, we may directly resample

Tia

(i—1)A

3They consider only i.i.d. case under simpler conditions. However, their main arguments for the bootstrap
consistency readily extends to our framework given the validity of block bootstrap and all our previous results
in the paper.
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using the subsampling or block bootstrap method. The dimension of the resampling is
now significantly reduced from n to N. Moreover, the steps to obtain the MGE using the
subsamples or bootstrap samples become greatly simplified. In particular, it is not necessary
to re-estimate the time change and collect the samples at the random intervals given by the
time change. The computational burden of bootstrap is therefore minimal in this case. We
use this approach in our simulation reported in the next section.

3.4 Other Issues in Implementation

Obviously, our results here are not applicable if the error process has jumps. The DDS
theorem holds only for continuous martingales, and therefore, our methodology relying on
the theorem breaks down. Note that we may allow jumps in (X,Y) as long as they are
synchronized and do not disturb the relationship between X and Y in any discrete fashion,
since we only require the continuity of sample paths for the error process. There are several
ways to avoid the discontinuity in the error process. First, we may use samples collected at
relatively lower frequency. It is well observed in many economic and financial time series
that jumps are relatively rare for samples at the frequencies of daily or lower, though they
are frequently observed for many intra-day samples. Second, as a preliminary step, we may
detect the presence of jumps using a test by, e.g., Lee and Mykland (2007). Once we identify
the locations of jumps, we may simply discard the observations corresponding to (dY;) and
(1(Xy, 0)dt) before we implement the martingale methodology. The subsequent analysis,
of course, will be made conditional on the preliminary jump test, which is not entirely
satisfactory. However, as long as the number of jumps is not substantial, the procedure
should not have any major impact on the performance of our MGE.

Our result in Theorem 3.7 allows us to find an asymptotic optimal choice of A, if the
distribution of (X, Y") is known and (X, Y") is continuously observed. Indeed, for the simplest
case of Ornstein-Uhlenbeck diffusion dX; = k(u — X;)dt + odWy, the value of A which
minimizes the variance of 6y is given by A* = 2.1502 /k, and the corresponding size of the
estimation sample becomes N* = kT'/2.15, if the sample path of the process is continuously
observable. With the choice of optimal A* or N*, the MGE has the asymptotic variance
1.54v/2k. As is well known, the MLE of  has the asymptotic variance v/2x. The MGE has
the asymptotic variance that is 1.54 times bigger than the MLE. This, of course, does not
imply that the finite sample behavior of the MLE is better than that of the MGE. Indeed,
as we show in our simulations, the MGE performs well and often better than the MLE in
finite samples. However, we expect that the MLE outperforms the MGE if T becomes large
because it uses more information.

It seems very difficult to find the optimal value of A or N in more general models.
Furthermore, if we consider é?v based on the discrete observations on (X,Y), it would be
impossible to obtain the analytical solution for an optimal choice of A. In this case, we may
also take into consideration the errors in approximating the required time change (7;a) by its
estimate (TfA) Clearly, the relative magnitude of the error incurred in this approximation
becomes smaller as A gets large, since we have a greater number of observations in the

4The optimal value of A for the Ornstein-Uhlenbeck process reported here is made available by Minchul
Shin, to whom I am very grateful.
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original sample for each interval [Té._l) A,TfA]. Of course, we may try various values of
A and find an optimal choice numerically. It will be explained in detail how we may do
this in a later section. In case we need to compare our methodology with other competing
approaches based on the fixed sampling schemes, we may also set A comparably to them
so that they have the same number of observations. This can be done by dividing [U ]gﬂ by
a fixed value of NV to find the corresponding level of A. For instance, setting N to be the
number of months in the sampling horizon, we may obtain A = (1/N)[U]} corresponding
to the monthly observations.

4. Illustrations and Simulations

In this section, we provide some empirical illustrations on how to implement our method-
ology in practical applications, and present some simulation results to evaluate the finite
sample performance of the MGE. For our purpose, we consider two continuous time models.
The first model, Model I, is the Feller square-root process given by

dXt = (Oé + BXt)dt + v/ Xtth, (19)

which has been widely used to fit interest rate models since the influential work by Cox,
Ingersol and Ross (1985). As discussed, the model can be regarded as a special case of our
model with dY; = dX; and dU; = v/ X:dW;. The second model, Model II, is specified as

dY; = (o + BX,)dt + /X dW, (20)

with
dXt = (/,L + VXt)dt + wy/ XtdZt,

where (W}) and (Z;) are Brownian motions with dW;dZ; = pdt. It is commonly referred to
as the Heston model, since it was used by Heston (1993) to model stochastic volatility.

4.1 Empirical Illustrations

To estimate Model I, we use the annualized three-months T-bill rates in the secondary
market for (X;). The data are collected at the daily frequency from January 4, 1954 to
September 30, 2009, with the sample size n = 13,927. The observed rates were zero on
December 10, 18 and 24, 2008, which were deleted since they are not comparable to the
model. To detect for jumps, we use the test by Lee and Mykland (2007). The test results
are somewhat dependent upon the size of window, so we tried various lengths of window
from 5 to 100 days. For the 5% level test, the numbers of jumps that the test detect are
332, 112, 75, 74 and 69 corresponding to the window sizes 8, 16, 32, 64 and 96. The number
of detected jumps is pretty stable after the window size 45, which yields 70 jumps. We
delete them before we implement the martingale method, so the actual number of daily
observations is 13,857.

For Model II, we use the S&P 500 Index (SPX) and the squares of the Chicago Board
Options Exchange (CBOE) Volatility Index (VIX) respectively for (Y;) and (X3), as in Ait-
Sahalia and Kimmel (2007). The daily observations of size n = 4,977 from January 4, 1990
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to September 30, 2009 are used for our estimation. The VIX is not available on March 1,
1991, January 31, 1997 and November 26, 1997, so the corresponding observations of the
SPX are also deleted. Once again, we use the test by Lee and Mykland (2007) with size 5%
to detect the jumps. For the SPX, the test detects 41, 22, 14, 13 and 14 jumps respectively
for the selection of window size 8, 16, 32, 64 and 96. We choose the window size 25, which
yields 15 jumps. For the squared VIX, we get 74, 51, 44, 44,and 51 jumps for the window
size 8, 16, 32, 64 and 96. For the window size 35 that we choose, we have 44 jumps. Some
of the jumps in the SPX and VIX are overlapped. Once we delete all the detected jumps,
there are 4922 observations that we use to estimate the model.
The actual sequence (TfA) of required time change is obtained by

k

T =6 argmin | > (¥js— Y1)’ — A
F>T-1a | j=1,_p)a+1

sequentially for ¢ = 1,..., N for any fixed A > 0. The value of A is chosen so that the
standard error of the MGE of § is minimized. To estimate the standard error, we use
the block bootstrap with the block size N/3, as suggested by Horowitz (2001), and 1,000
bootstrap iterations are made. The search for the optimal A is made for the range of
N > 20 and A > (20/n)[Y]}. This is to avoid having too small values of N and A. If
N is too small, the size of the estimation sample becomes too small and we expect that
the estimate is unstable and the bootstrap procedure to compute the standard error of
the estimate is unlikely to perform well. On the other hand, if A is too small, there are
not enough number of original samples in each of the interval from which we collect the
estimation sample. Then the time change will not be very effective. In fact, we will end up
using all the observations nullifying the effect of time change if we set A sufficiently small.

To search for the optimal value of A, we use the 1-dimensional MGE. For Model I, we
find that A = 0.0000887 minimizes the standard error of the MGE for 3, which gives us
N = 141. For Model II, the optimal value is A = 0.02829, and it yields N = 23. As
expected, the estimates are dependent upon the choice of A. However, they are not overly
sensitive to A. The MGE yields similar estimates for 3 for all the values of A we investigate,
though the standard errors of the estimates vary somewhat irregularly as we change the
value of A. In particular, we do not have the U-shaped standard errors with the unique
minimum at some optimal value of A.

In Table 1, we report the MGE of 8 for Model I and Model II. For comparison, we also
report the exact MLE for Model I and the approximated MLE proposed by Ait-Sahalia and
Kimmel (2007) for Model II.

4.2 Monte Carlo Simulations

This section is to be written.

5. Conclusion

This section is to be written.
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Mathematical Appendix

Proof of Lemma 3.1 For any s < ¢, we have
t
(U = Us)? = [Ulsy = 2/ (U, — Us)dU, (21)
due to Ito’s formula, and therefore,
¢
E (U, — Uy)? — [U)ss)* = 4E/ (U, — Us)2d[U],. (22)
Moreover, we have
t t
E/ (U, — Uy)2d[U], < bTE/ (U, — Uy)?dr
t
= br / (EU? — EUZ) dr

— by /t (E[U], — E[U].) dr

b (t — )2, (23)

due to Assumption 3.1, and the fact that EU? = E[U]; for all ¢+ > 0. Consequently, we may
easily deduce from (22) and (23) that

E (U, — Uy)? — [U)ss)” < 205(t — 5)? (24)

forall0<s<t<T.
We define a stochastic process [U°] on [0, 7] by

i1
[U%)e =D (Uss = Ug-1s)* + (Ve = Ugg-115)?
j=1
for (i—1)0 <t <idwithi=1,...,n, and

n

[0 = (Uis — Ug—ys)*-

i=1
It follows from (21) that
t

(U = Ui1s)” = U)i—1ys = 2/(. 1)J(Us — Ui—1)5)dUs,



and we may easily deduce that [U°] — [U] is a martingale.
We use Doob’s LP-inequality [see, e.g., Revuz and Yor (1994, p.52)] to have

s o, (0= U1) < 48 () - lr)

Furthermore, we have

n

U0 — [Ulr =Y (Uis — Ui-1ys)* — [U)r
=1

= Z{ —UGi-1)s ) - [U](i—l)é,ié}a

and it follows from (24) and the orthogonality of martingale differences that

9 2
E([U5T— ) ZE{ — Ui—1ys) —[U](z’—n&,m}
< 2an52 = 20%(0T).
Consequently, we have
2
E sup ([U%): = [Uh]) = O@}(T))
0<t<T
due to (25) and (26).
We consider
2
su Ul —[U? = max su Uy — Usi_1ys)?
ogth <[ =l ]t> 1<i<n 1)5£t<15( ! (-13)
< max  sup {(Ut - U(i—1)5)2 - [U] (i—l)&,t}

1<i<n (j_1)s<t<is

+ max  sup  [Ulu_1)s4-
1<2<n(z 1)6<t<26 (Z )

We have

sup  [Uli—1)ss < [Uli-1)5,i5 < 0br
(i—1)6<t<id

for all i = 1,...,n. Moreover, it follows from Doob’s LP-inequality and (24) that

2
E | max sup {(Ut - U(i—1)6)2 - [U](i—l)&t}]

I<i<n (j_1)s<t<is

<ZE

=1

< 42 { U(z 1) ) [U](i—l)(s,i(s}z

< San52 = 8b2(0T).

2
sup {(Ut - U(i—1)5)2 - [U](z’—l)&,t}]

(i—1)0<t<id

20

(25)

(30)
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Therefore, we have

E sup (U1~ [0°))" = Or(5T)") + Obrd) = OBr(6T)2)  (31)

0<t<T

from (28), (29) and (30). Now it follows from (27) and (31) that

2 2 2
B swp (0= [U)) <E sup (103 =[U7)" +E suwp ({0°)~[U))
= 0(br(67)"2) + O(V7(3T)) = O(br(6T)"2),

as was to be shown. O

Proof of Lemma 3.2 Write

Y]} = [U]} + A + 2B, (32)
where
i6 2
4=3 (/ ,u(Xt,H)dt)
is<t (i—1)0
i
Bi=Y"( [ uXiut)dt) Ui~ U i)
is<t (i—-1)0
We have
n io 2]? 4
sup A2 < [Z ( / u(Xt,e>dt> ] < < sup sup\u(Xtﬁ)r) (ns>P.
0<t<T = \J(-1)s 0<t<T 0O
and therefore,
2
E ( sup At> =0 (c}(67)?), (33)
0<t<T

due to Assumption 3.2.
On the other hand, it follows from Cauchy-Schwarz inequality that

2

|By|* =

is
> </( u(Xe, H)dt) (Uis = Ugi—1)s)

i 2
< [Z < /U_l)&u(Xt,e)dt)

[Z(Um - U(i1)6)2:| :

i5<t
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Therefore, we have

n i6 2
sup |By|* < Z </ ,u(Xt,H)dt>
i=1

0<t<T (i—1)8

> (Uis - U(i—1)6)2]

i=1

2
< ( sup SUP|M(Xt,9)|) (n8*)(brT),
0<t<T 00

from which it follows immediately that

2
E < sup \Bt\) = O ((brer)oT?) . (34)
0<t<T

Note that [U]%. < byT, due to Assumption 3.1.
Now we have from (32), (33) and (34) that

2 2 2
E ( sup ‘[Y]? — [U]f‘) <2E ( sup At> + 8E ( sup ]Bﬂ)
0<t<T 0<t<T 0<t<T
=0 (c4(07)?) + O ((brer)dT?),

and the proof is complete. O

Proof of Corollary 3.3 Let R;r be defined as in (12). Then we have
Ti-Ror T < To-pyps

and therefore,
77 =T < | Toror = T (35)

for all 0 <t < S, since (1}) is monotonic increasing in ¢ > 0.
However, it follows from Assumption 3.1 that

ar(Ty —Ts) < [Ulp, = Ulr, =t —s
forall 0 <s<t<S, and that
Ty — Tu| < az'(t—s) (36)
for all 0 < s <t < S. Consequently, we may easily deduce from (35) and (36) that

sup |17 =T < 207" Ry,
0<t<S

and that

2
E < sup ‘Tt‘s - Tt‘) < 4a;2ER§7T,
0<t<S

from which the stated result follows immediately. O
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Proof of Lemma 3.4 We will show that

T} Ty
/ H(X,, 0)ds - / u(X,,0)ds| = o(N/2) (37)
0 0

E sup sup
0<t<S 0O

and that
E sup (YTa Y| = o(NTY?, (38)
o<t<s ! 7t

from which the stated result follows readily. To establish (37), we simply note that

< ( sup Sup|,u(Xt,9)|> < sup ‘Tf —TtD ,
0<t<T 0€© 0<t<S

which holds for all 0 <t < S and 8 € ©. Therefore, it follows that

T3 Ty
/ w(Xs, 0)ds — / w(Xs,0)ds
0 0

E sup
0<t<S

T3 T:
/ w(Xs, 0)ds — / w(Xs,0)ds
0 0

27 1/2 2
< |E ( sup suplu(Xt,9)|> ] {E ( sup ‘Tté_Tt‘> ]
0<t<T #€®© 0<t<S

1/2
0 (bL@T)W‘) +0 <C—T(5T)> +0 <M(51/2T)>

ar ar ar

3/2 1/2
-0 (M((;T)l/‘l) +0 <CL((5T)> +0 <M(51/2T)) , (39)

1/2

= 0(c}?)

ar ar ar

from Cauchy-Schwarz inequality, Assumption 3.2 and Corollary 3.3. Now we may easily
deduce (37) from (39), upon noticing that

(bren) /2 & (b *er) P
o) (T<5T>1/4> +0 (CLT—T((sT) +0 TCT((WT) = o(N; %),

as we assume in Assumption 3.3.
To deduce (38), we note that

T3 T
‘YTE -Yr| < / w(Xs, 0p)ds —/ w(Xs,0p)ds| + ‘UTf — Ur,

0 0

for all 0 < ¢ < S. Since it follows immediately from (37) that
T T 1/2
B sup | [ u(Xat0)ds — [ u(Xeb0)ds| = o),
0<t<sS |Jo 0

we only need to prove

E sup ‘UT;; — Ug| = o(NyV?) (40)

0<t<S
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to establish (38).
Let Rs7 be defined as in (12). Then we have

inf U <Ums < sup U,
T, SI<T, T ’
t=Rsp =t=tt+Rs Ti— R p <t<TiyRs

i.e.,

inf Vi<Ups < sup Vg
|s—t|<Rs1 ¢
=113, |s—t|<Rs T

for all 0 <t < S. Consequently, it follows that

‘UTg—UTt < sup |V -V
' |s—t|<Rs .1
for all 0 <t < S, and therefore,
sup ‘UTS —Upn| < sup sup |V — Vgl (41)

0<t<S 0<t<S |s—t|<Rs1

However, we have

sup  sup |V — Vi =852 sup  sup  STV2|Vg, — Vs,
0<t<S |s—t|<Rs1 0<u<l [u—v|<Rs1/S

R S \?
_ ql/2 2 0,1 1
S < < og —R5,T

1/2

)

due to the Lévy’s modulus of continuity of Brownian motion [see, for instance, Karatzas
and Shreve (1988, p.114)].
Note that S = [U]r < bpT'. Therefore, it follows from (41) and (42) that

< \/E(bTT)eR((S};E)/Q

sup ‘UTa —Ur,
o<t<s ! 7t

for any € > 0, and we have

E sup (UT;; —Up,| < vV2(brT)F (BRZ,) "

0<t<S

=0 ((bTT)a) |:O <bT(5T)1/2) +0 (C%w((sT)2) +0 ((bTCT)5T2)} (1—e)/4

=0 (b;/4(51/8_€T1/8)> +0 <C;—‘/2(51/2_€T1/2)> +0 <(bTCT)1/4(51/4—5T1/2)) ] (43)
However, it follows from Assumption 3.3 that
O (b;/4(51/8—5T1/8)) +0 <C;«/2(51/2_ET1/2)) +0 <(bTCT)1/4(51/4—aT1/2)) _ 0(N2_1/2),

and (40) follows directly from (43). The proof is therefore complete. O
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Proof of Lemma 3.5 We have
N
‘H‘S 2,0) — Iy(z,0) ( NZ‘L{Z& )< 2} —1{Z,(0) < z}(
and
[1HZ,0) < 2} = 1{Zi,(0) < 2}

= ‘1{25 (0) <21} H{ZL g1 (0) < za} = H{Zi(0) < 21} -+ {Ziara (0) < Zd}‘
d
Z‘ ]+1 ) < zJ} - HZi- j+1(9) < Zj} .

Moreover, it follows that

‘1{ _1(0) < 2} = UZimj1 (0) < 2} < W Zimj1(0) — 2] <120 511(0) = Zimja (91}
However, it follows from Assumption 3.4 that
P{|Zi—j+1(8) = 2| <|Z)_j11(0) = Zijs1(0)|} < KE|Z]_;1(8) — Zij1(6)],
where K is a constant independent of 7,5 > 1 and # € ©. Finally, note that
E|Z{_j1(6) = Zij1(8)| = o(N~'72).

and the proof is complete. O

Proof of Lemma 3.6 We define a pseudometric r on R? as

7«(21722) = 1121?2%[(1)(2” V Zgj) — (I)(le A 22]')],

where z; = (21;) and 22 = (22;), and subsequently, introduce a pseudometric p on R? x ©
given by

p((21,61), (22,02)) = (21, 22) V [|61 — 62| (44)
Moreover, we let F be a class of random functions
f(z,0) = 1{Z,,(0) < 2} (45)

indexed by (z,0) € R x ©. Our proof heavily relies on Andrews and Pollard (1994) applied
with the pseudometric p and the class of functions defined in (44) and (45).

Let € > 0 be given, and consider a rectangle given by R = [z,Z] = H;lzl[gj,?j] c R4
with r(2,%) < €2 and a neighborhood N = {6 € ©|||§ — || < €} of Oy € ©. Then we may
deduce that

1/2
[E sup (1{zz-d<0>s:c}—l{zz-dwomy}f] < Ke (46)
z,y€R,0EN
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as shown below, where and elsewhere in the proof K denotes the generic constant whose
actual value may vary from line to line. To show (46), we note that

[UZiy(0) < &} = 1{Z,(00) < v}

< |12, (0) < 2} = 1H{Zi,(00) < 2}| + [1Z3,(00) < 2} = 1{Z,,(00) < )

d
<3 [HZ s O) < 0}~ UZijia(60) < 33}

j=1
d
+) ‘1{Zi+j—1(90) <z;} — H{Zi—j1(60) < y5}s (47)
=
and that we have
HZi541(0) < 5} = 1{Zi-51(00) < 2}
< 1{]Z,~_j+1(60) — x5 <1 Zi—j+1(0) — Zi—j+1(90)!}
Ti—j+1)A
< 19 1Zi—j11(00) — 25| < [|6 — o] v(Xy)dt
Ti-pa
Ti—jr1)A
< Ke / V(X,)dt, (48)

Ti—j)a

and
(UZisjia(00) < w3} = HZijia(00) < wid| < 1{2 < Zija(00) <7} (49)

for j =1,...,d. Consequently, due to (48) and (49), it follows immediately from (47) that

2 Ti—j+1a ?
E sup (1{Zid(9) <z} —1{Z,(6) < y}) < Ke? |E / v(Xy)dt ] +1
z,yER,0EN Ti—g)a

from which we may easily deduce (46), by redefining constant K appropriately.

Now we define N(z,F) to be the bracketing number for the set R% x A using the class
of functions introduced in (44). It is obvious that we may cover the entire R? by a set of
O(£72%) many rectangles of r-length 2. Therefore, we have

N(z, F) =z~
To employ the result by Andrews and Pollard (1994, Theorem 2.2), we need to show that
for a(k) = k¢ and N(z, F) = z—2¢

00 1
Z k2 a(k)P (0T < 5 and / YT N (2, )Yz < 0o (50)
k=1 0



27

hold with some even integers a > 2 and b > 0. Note that the conditions in (50) are satisfied
if and only if

ch d b
—92)— 1, ————>-1
(a=2) a+b < a 2+0b >
which hold if and only if
ala—1) a
——<b< =2
c—(a—1) U= d
Therefore, the required a and b exist if and only if
a
— >1
54~
and )
(a—1) [(84-1)&—2}
c >
(53 1)
2d
In particular, if we set
a=4d
and
c>(2d+1)(4d - 1),
the required conditions are all met. The proof is therefore complete. O

Proof of Theorem 3.7 We first derive the asymptotic distribution of 0. Given Lemma
3.6, our proof of Theorem 3.7 is largely identical to that of Theorem 5 in Brown and
Wegkamp (2002), which in turn heavily relies on Theorem 3.2 in Wegkamp (1998). Since
our setup and notation are slightly different from theirs, we include a brief sketch of the
proof here. The inclusion of the proof would also make straightforward the proof for the
asymptotic equivalence of é?v and éN, which will be given later.

Note that

Qn(0) — Q(6) = / Ty (2,0) — TI(z, 6)]2oo(dz)
42 / TI(z, 0) — TI(2, o)) [Ty (2, 6) — T1(z, 0)]w(dz) (51)

However, due to Lemma 3.6, v N[IIy(z,6) — II(z,0)] is stochastically equicontinuous at 6
with respect to the Euclidean metric on © for all z € R?, i.e.,

VN[ (z,60) —TI(2,0)] = VN[My(2,60) — TI(,60)] = 0 (52)
uniformly in z € R%, as § — 6. Moreover, it follows from Assumption 3.6(b) that
T(z,0) — T(2,00) = (0 — 6p)'TI(z,00) + R(z,0), (53)

where [ R(z,0)%*w(dz) = o(||0 — 6o||*) near 6.
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It follows from (52) and (53) that

[ 2,8) = Tz, 0)Pso(d) = [ My (2, 60) = (e, ) Peo(d2) + 0,(N )
and

J11G16) = 1z, 8]y (2,6) — 11z, D))

_ (0 90)'/1'1(2, 00) MLy (=, 00) — T1(=, 00)]ew (d2) + 0, (N[0 — 6 )

near 6. Therefore, we may easily deduce from (51) that
Qx(6) = Q) = [ Mz, 0) = 11z, 60) P (d2)

+2(6 - 90)'/ﬁ(z, 00) [T (2, 60) — T1(2, 60| (d=) + 0,(N ") + 0, (N"1/2(}6 — ]

(54)
near 6.
However, due to the second-order differentiability of @, it follows that
) 1 B}
Q(0) = Q(bo) + Q(0o) (0 — o) + 50— 00)'Q(00)(6 — 6o) + o(]|6 — 6o|1*)
1 B}
= 5(9 — 600)'Q(60)(8 — 6o) + o(||6 — 6ol|*) (55)

near 6y, where Q and () are respectively the first-order and second-order derivatives of Q.

Note that Q(0y) = Q(6p) = 0. Consequently, we have from (54) and (55) that
Qx(6) = [ 11 (2, 60) ~ 11 b0)Peo(d)
4200~ 60) [ 11(z, 8011 (2, 60) — Tz 00)) ()

1
+5(0 = 60)'Q60)(6 — o)
+ 0p(N 1) + 0, (N7V210 = 0o ) + (10 — 6o]?) (56)
near fy. Given Assumption 3.6(c) it can therefore be deduced that
VN(Oy — 00) = —2Q(6))'VN / T1(z, 00)[Tn (2, 60) — T(2, 00)]w(dz) + 0p(1)  (57)

for }arge n, as in the proof of Theorem 3.2 in Wegkamp (1998). The asymptotic distribution
of O may be easily derived from (57) as explained in the discussion prior to Theorem 3.7.
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Now we show the asymptotic equivalence between éN and é?v To do so, we write
Q4 (6) = Qu(0) = [ [Ty (2.0) ~ Tz, 0) ()
42 [[M(2.6) ~ Ty Oy (2.6) - TGz b0)|(d). (58)
It follows from Lemma 3.5 that
JI(2,6) = Ty ()P eo(dz) = o) (59)

uniformly in § € ©. Moreover, we have

‘ / [T, (=, 0) — Tin (2, )] [Ty (2, 0) — T(z, 0] (d2)

1/2

< ([0 - HN<z,e>12w<dz>>l/2 (/i (e.) - 1 oot
= 0,(N71) (60)

near y. Therefore, we may deduce from (58), (59) and (60) that
QN (0) — Q(0)| = op(N )

near 6y. The asymptotic equivalence between Oy and é?v can therefore be seen easily from
(56), and the proof is complete. d
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