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Abstract

In their seminal paper, Aumann, Kurz and Neyman (1987) found the surprising result
that the choice of public goods levels in a democracy is not affected by the distribution of
voting rights. This implies that groups of individuals should not value the franchise. This
conclusion, however, does not correspond to what we commonly observe. We propose a
new model to address the question of enfranchisement. The main feature of our model
is that it takes into account natural affinities, such as religion or class, which may exist
between voters. This allows us to show that while individuals may not value the vote, they
nonetheless value the franchise. We also show that in the presence of nonconvexities, it is
more likely that the group in power will grant the franchise when preferences are severely

opposed.
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1. Introduction

In their seminal paper, Aumann, Kurz and Neyman (1987) found the surprising result
that the choice of public goods levels in a democracy is not affected by the distribution
of voting rights. This implies that groups of individuals should not value the franchise.
This conclusion, however, does not seem to be supported by our everyday observation.
Protracted and costly struggles to gain the franchise are one of the hallmarks of modern
history. Consider, for example, the recent situation in South Africa or the struggles of

blacks and women in the United States earlier in this century.

An important feature of Aumann, et al. is that voters are treated as individuals who
have no particular relationship to one another. We take an alternative approach in this
paper. We assume that there exist exogenously given groups of voters whose preferences
and interests are correlated. For example, there may be natural affinities between voters
of the same gender, race, religion, class or age. This explicit treatment of interest groups
allows us to address questions surrounding the value of the vote from a new perspective.
In particular, we show that individuals may value the right to vote independently of how
much they value the act of voting itself. We also explore conditions under which an

empowered group should extend the right to vote to other groups.

The literature addressing the question of how people should value the vote is extensive.
One of the most important early works in this area (Downs 1957) suggested that since the
probability of any one voter affecting the outcome of an election is negligible in a large
democracy, rational individuals should not vote at all. This suggests that they should not
value the vote at all either. More sophisticated game theoretic models in the same spirit
conclude that voters should in fact vote in positive numbers, but these results seem to be
very sensitive to the information structure of the underlying game. See Ledyard (1981,
1984) and Palfrey and Rosenthal (1983, 1985). It is not completely clear how much voters

should value the franchise in these cases, but the suggestion is not very much.

Another strand of the literature tries to motivate voting by postulating that voters

derive benefits from the act of voting itself independently of the outcome of the vote. In

3



other words, people vote because they have a sense of civic duty. The main criticisms of
this approach are that it removes politics from political action and fails to explain observed
behavior. For excellent surveys, see Mueller (1989) and Uhlaner (1993). Note that in these
cases, the value of the vote is exogenously assumed rather than endogenously derived. It
may be possible, however, to provide an evolutionary foundation for why public-spirited

preferences like this come into being (Conley and Toossi 1999).

Another approach that is closer in spirit to the current paper embeds individual
decision making in a social structure. Uhlaner (1989a, 1989b) develops a model where
individuals belong to groups. Members of a group identify with each other and have
similar preferences. Group leaders then play a crucial role in coordinating the actions of
individuals within groups. Thus, leaders play the role of intermediaries between citizens
and candidates. The leaders’ behavior depends on instrumental calculations by virtue of
the influence of a group rather than a negligible individual on the outcome of an election.

This cleverly reinstates the relationship between the decision to vote and politics.

All of these approaches are different from that of Aumann et al. (1977, 1983, and
1987). In this line of research, the authors abstract from the issue of why people vote and
simply assume that people will vote if they are given the right to do so. They then develop
a general equilibrium model to analyze the effect of the distribution of voting rights on the
choice of public goods in an economy. The choice of public goods is then determined by a
simple majority of citizens. One might think that the preferences of the noncitizens should
account for nothing in the choice of public goods. However, this is not what Aumann et
al. (1987) found. The main result they derive is that the choice of public goods depends
exclusively on the fundamentals of the economy, namely the distribution of preferences
and endowments of the entire population. In particular, the choice of public goods does

not depend on who has the right to vote.

The explanation for this surprising result seems to lie in their choice of using the Shap-
ley value to analyze the effect of different distributions of voting rights on the allocation
of public goods in an economy. The Shapley value takes the worth of voters as depending

on both their chance of affecting the outcome and as generators of utility. In a public
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goods economy, even if a voter transforms a minority into a majority, the total utility of
the coalition he joins barely changes since he was enjoying the public goods even when he
was in the minority group. Hence, the marginal contribution of any voter is negligible in a
public goods framework. In a private goods economy on the other hand, the majority can
exclude the minority from consuming the good they voted for. Hence, when a marginal
voter transforms a minority into a majority, his contribution to the aggregate utility is
significant and not just marginal as in the public goods case. Therefore the Shapley value
depends on the distribution of voting rights in a private goods framework whereas it is
independent of the distribution of voting rights in a public goods framework. This is why
Aumann and Kurz (1977) found that the vote is of central importance in redistributional
questions while Aumann et al. (1987) showed that the vote has little relevance in the

choice of public goods.

A tangentially related literature in political science takes up the issue of the effect of
enfranchisement of groups of voters on the growth of government. Kenny (1978), Husted
and Kenny (1997), and Meltzer and Richard (1981) analyze the effect of the expansion
of the voting franchise on the level of government spending. The conclusions turn out
to depend on the relationship between the elasticity of substitution between government

services and private goods and the income elasticity for government services.

A crucial property that drives Aumann et al. result is the property of random coali-
tions in the formula of the Shapley value. Indeed, every random coalition drawn from
a continuum of heterogeneous agents will be statistically representative with probability
one. In particular, this implies that a coalition of 49% of voters and a coalition of 51% of
voters roughly enjoy the same level of utility in a public goods economy since they will vote
for the same allocation of public goods. However, the assumption of random coalitions is
very restrictive. In particular, using the Shapley value explicitly rejects the notion that
voters with affinities will form a coalition. The possibility that exogenously given affinities
exist among voters and these might affect the probability that various coalitions form has

important implications.



In this paper, we explicitly take into account these affinities.! More specifically, we
explore a model with two groups of individuals, the group in power and the unenfranchised
group. Individuals within each group have correlated interests. There is an exogenous
random generation of policy proposals that produce nonexcludable benefits to individuals
from each group if passed. Preferences between the two groups over these proposals may
be positively or negatively correlated. Within this framework, we analyze the following
question: Is it rational for the unenfranchised group to engage in costly threats in order
to gain the right to vote? The answer depends in part on the degree to which the interests
of the two groups clash.

A second question we explore is why the currently enfranchised group would extend
this privilege to other groups. It is especially puzzling that the franchise is expanded
even when interests conflict. To examine this question, we extend our model to allow the
unenfranchised group to impose costs on the group in power if the franchise is not granted.
This might take the form of civil unrest or civil disobedience. To make their threats
credible, the unenfranchised group must precommit itself by organizing and purchasing
what is needed to carry out these actions before the group in power makes its decision.
Once everything is in place, it is costless to actually carry out the threats. The group in
power then faces a tradeoff in its decision to grant the franchise. On one hand, granting the
right to vote affects them in a negative way since some proposals that they favor may no
longer pass. On the other hand, by not granting the franchise, they may incur substantial
losses resulting from riots and other forms of protest. The unenfranchised group must
also decide whether to engage in costly threats by comparing the costs of organizing these
protests and the benefits from having the franchise. We model these strategic interactions
as a game of complete information. The resulting game is analyzed in terms of subgame
perfect equilibrium. We then derive conditions under which the resulting equilibrium
involves the franchise being granted.

The most important result we derive is that while individuals may not value the

vote, they nonetheless value the franchise. It is a general result of our analysis that the

IThis paper is a modification of one the chapters of the Ph.D. thesis of the second author
(Temimi 1996) and extends an idea contained in Wooders (1994).
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stronger the unenfranchised group, the higher the probability of having the franchise as
an equilibrium outcome. The relationship between the likelihood of the franchise being
granted in equilibrium and the degree of preferences conflict between the two groups
depends on the characteristics of the threat technology. More specifically, if the threat
technology is characterized by constant returns to scale, then we cannot say whether it
is more likely or less likely that the franchise will be granted as the degree of preferences
conflict increases. However, if economies of scale in the threat technology are present,
then the probability of having the franchise as an equilibrium outcome increases with the
degree of preferences’ conflict. This is especially interesting since there are typically large
set-up costs in organizing groups’ activities before the group can be effective.

The rest of the paper is organized as follows. In section 2, we present a formal
description of the model. In section 3, we investigate the case where the franchise is
not granted. In section 4 we analyze the case of franchise. In section 5, we discuss the

equilibria of the game. In the final section we present some concluding remarks.

2 The Model

We consider an economy populated by two groups of individuals, A and B. Group
A is the enfranchised group and must decide whether to enfranchise B. Each group has
a continuum of agents uniformly distributed on (0,604) and (0,1 — 64) respectively. The
measure of the whole set of agents is normalized to unity, and each individual has measure
zero. Let there be an exogenous random generation of policy proposals, which if passed,
would generate nonexcludable benefits (or losses) to individual agents from both groups.
For each policy proposal, these benefits are summarized by two statistically correlated

benefit functions B;, (t) and B;,(t), for A and B respectively (see figure 1).

Figure 1 about here

BiA(t) = a(iA - t) ; te (07 914) (1)



Bi,(t)=a(ip—t); te(0,1—464a). (2)
where i4 and ip are the horizontal intercepts of B, (t) and B, (t), a is their common slope,
and ¢ is an index for individuals. The specific form of the correlation will be specified later.
The benefit functions B, (t) and B;,(t) are assumed to be linear for analytical simplicity.
Once the slope a is fixed, the horizontal intercepts i4 and ip completely identify B;,(t)
and B;, (t). Therefore, we will denote proposals by their corresponding benefit functions’
horizontal intercepts. For each proposal, we rank individuals from each group as follows:
the individual with the highest benefit is to the extreme left, while the one to the extreme
right derives the lowest benefit. Therefore the benefit functions B;,(t) and B;,(t) are
nonincreasing in .

Suppose that i4 is drawn from a uniformly distributed random variable I4.

Iy ~ U(0,0,4). 3)

Note that if i 4 = 0, every individual from group A derives negative benefit from the policy
proposal. If i4 = %A, one half of group A derive positive benefits. Finally, if i4 = 04,
every member from A gets positive utility. The political procedure we consider is simple
majority rule. This means that a proposal passes if it is approved by at least one half of

the voters. For instance, if only group A is allowed to vote, a proposal will pass if and

only if 14 > %A. If both groups vote, a proposal will pass if and only if i4 +ig > %
Figure 2 about here

We consider conflicting preferences over policy proposals between the two groups. For
this purpose, we first generate a random variable I7 negatively correlated with I4 in the
following sense (see figure 2). If every member from group A derives negative benefit from
a certain proposal (i4 = 0), then everyone from B derives positive benefit from the same
proposal (i =1—64). Similarly, if a proposal is favored by all members of A (ia = 04),
it is opposed by every member of B (i = 0). For this purpose, we define I7 as follows:

04 —1
I== I 1—-064. 4
A 9,4 AT+ 014 ()




It follows that I is uniformly distributed on (0,1 —64).
Ig~ U(0,1—6,). (5)

The benefits of group B will be a convex combination of this strictly negatively correlated

variable and an uncorrelated random variable I. Hence, we define Ig as follows:

Ip = Oz[z—f— (1 — Oz)[c, (6)

where

Ic ~ U(O> 1- HA)’ (7)

and « € (0,1). As « increases to one, I4 and I become strongly negatively correlated in
the sense described above. When a goes to zero the two intercepts are uncorrelated and
thus preferences of the two groups over proposals are independent. Hence, by varying «,
we control the degree of correlation of preferences between the two groups. Note that this
transformation guarantees that Ip lies in (0,1 — 64). Substituting for I in (6), leads to

the following:
04 —1
0a

Iz =a Ii+a(l—04)+(1—a)le. (8)

The total surplus accruing to group A from a proposal is, T'B(ia), is obtained by
integrating the benefit function B;,(t) over the set of individuals of group A. Hence, it
follows that:

TR = [ B (e
JO
- /GA a(ia — t)dt ©)
0
afa(2i4 —04)

2
Note that TB(i4) > 0 if and only if i4 > %.
Similarly, the total surplus to group B from a proposal ig, TB(ig), is obtained by

integrating B;, (t) over the set of individuals of group B. Hence, we have:
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1

1—04
TB(ig) — /0 B, (t)dt
= /HA a(ip — t)dt (10)
J0
_ a(@a—1)(1 —04 —2ip)

2

Note that T'B(ig) > 0 if and only if ip > 1729‘*.

In deciding whether to grant the franchise group A compares the ex ante expected
total surplus from all proposals in the case of franchise and no franchise. We now proceed

to compute the ex ante expected total surplus for each group and under different scenarios.

3 Social Surplus in the Case of No Franchise

In this section, we consider the scenario where group A does not grant the right to
vote to group B (no franchise: abbreviated by NF). In this case, under simple majority

rule, a proposal i4 passes if at least one half of group A approve it. Therefore, the ex ante

BNF

expected total surplus for group A, E4T , is obtained by integrating the total surplus

TB(ia) weighted by the density function f(ig) over proposals for which more than one

half of group A derive nonnegative benefits.

04
EATBNF:/G TB(ig)f(ia)dig

ZA
2

' (11)
8
where f(iy) is the p.d.f of I4 and T'B(i4) is given by (9).

1
f(iA) = a;

iqa €(0,04).
To determine the ex ante expected total surplus for group B, some careful analysis
has to be undertaken to determine the range of integration. First, it follows from (7) and

(8) that the conditional distribution of Ip given a proposal i4 is given by:

-1 —1
Ig/la=is ~ U a(l—eA)+a9A iA,1—9A+a9A iA (12)
9,4 QA
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Under no franchise, only the proposals i4 € (%A, 6 4) pass for group A since only members
from A are allowed to vote. Therefore, the ex ante expected total surplus for group B under
no franchise, EgTBNF is obtained by integrating over all proposals ig corresponding to

each iy € ( ,04). For each i4, the range of ip is given by (12). Thus, we have

’L

EpTBNF = (/ / 4ot TB(ip)f(ia,ip)dipdia
a(l—thetaa) +a i A

(13)
~ —aa(fs —1)?
B 8
where f(ia,ip) is the joint density function of (I4,Ip) and T'B(ig) is given by (10).
1 1 1
fiasip) = 1—041—8,49;1
The joint density f(i4,ip) is derived in an appendix. Note that (13) implies that
OEpTBNF
— <0 14
e S (14)

The above inequality says that as preferences become more diametrically opposed, the
expected total surplus for group B decreases since proposals that are favored by B are

less likely to pass and proposals that are disliked by B are more likely to pass.

4 Social Surplus in the Case of Franchise

The purpose of this section is to analyze the situation with franchise (abbreviated by
F) whereby individuals from both groups have the right to vote. Under simple majority
rule, a proposal passes if it is approved by at least one half of the total population. This

is translated by the following inequality:

iA+1iB > (15)

N | =

But since given a proposal i4, ip is determined only up to a random shock, it follows
that the passage of a proposal i4 will in general be probabilistic. This implicitly defines
an approval function A(i4) that gives the probability that a proposal i4 will pass. It is
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roughly the proportion of ip’s belonging to Ig(i4) that satisfy ip > % —14. We will use
this approval function in computing the expected social surplus. The approval function
depends on whether A is in the majority and on the degree of preferences’ conflict a. The
details are computationally involved and are relegated to an appendix. Here we present
the basic results and comparative statics. The exante expected total surplus for group A

in the case of franchise, E4TBY is given by the following expression
04
EATB" = / TB(ia)A(ia)f(ia)dia (16)
Jo

where f(i4) is the p.d.fof I4, A(.) is the approval function which is derived in an appendix
and T'B(ia) is given by (9). As mentioned above, there are several cases to consider. We
will focus on the case where 84 < % and a < m. The analysis for the other cases is
identical and is relegated to an appendix. Taking the derivative of (16) with respect to
the parameter of preferences’ conflict «, we find that
OEATBY <0

9o (17)

The result in (17) simply says that as the degree of preferences’ conflict « increases, the
expected total surplus of group A decreases.

In a similar fashion, we compute, the ex ante expected total surplus , EgT BY, for group
B. The computations are relegated to an appendix. Taking the derivative of EgT BY
with respect to a, we get the following

OETBY

e <0 (18)

It follows from (17) and (18) that as preferences become more conflicting, the expected
total surplus of each group under franchise decreases.

5 Equilibrium Analysis

We now examine the question of why the currently enfranchised group would extend

the franchise to the other group. It is especially puzzling that the franchise is expanded
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even when interests conflict. To examine this question, we will allow the possibility for
the unenfranchised group to impose a cost on the group in power if the franchise is not
granted. To make its threat credible, the unenfranchised group must precommit itself by
organizing and purchasing what is needed to carry out the threats before the group in
power makes its decision.

More specifically, we consider a game G with complete information. Let G =<
N,S,v > where N = {A, B} is the set of players, S’ is the strategy set of player i
and v’ : S4 x SB =S — R is the payoff function of player i € N.

The sequence of moves is as follows: Group B moves first by choosing a threat level
T € R*. If group B invests T dollars, they impose a loss of C(T') dollars on group A if
they carry out the threat. The function C'(T") summarizes the threat technology available
to group B. Group A moves second, after observing B’s move, decides whether to grant
the franchise. It is not uncommon to find situations that mimic this structure. Suppose
for instance that the Israelis are negotiating in the Knesset whether to give the franchise
to the Palestinians while the latter have already committed themselves to carry out the
threats and assembled together waiting for the decision. If the franchise is not granted,
they carry out the threats. However if they are given the right to vote they go home
peacefully. A strategy for group A is a decision whether to grant the franchise for every
possible threat level that may be chosen by group B. Formally, it is a mapping from R
to {F, NF}. Hence, the strategy space for A, S4,is S4 = {f : Rt — {F,NF}}.

A strategy for group B is a choice of a threat level T'. If they choose to invest T'
dollars, they inflict a cost of C'(T") dollars on group A if the threat is carried out. We will
first assume that C(7T') is linear, C(T) = K - T where K > 0. We next describe the payoff
functions of A and B.

If group B chooses a threat level T' and group A does not grant the franchise (NF),
then the payoffs of the two groups are given by (See Figure 3)

(v (T, NF),v?(T,NF)) = (EsTBNY — C(T), EgTBNY —T)

Figure 3 about here
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If group B chooses a threat level T and group A grants the franchise (F), then the
payoffs are given by

(vN(T, F),vB(T, F)) = (EATB" ,EgTB" - T)

Note that once group B chooses a threat level T > 0, they incur the cost of preparation
independently of whether they eventually carry out the threat. Group A suffers from the
threats only if they decide not to grant the franchise. We now analyze the subgame perfect
equilibria of G. If group B chooses a threat level T', group A will grant the franchise if
the loss incurred from doing so is less than the loss they would suffer as a consequence of

threats. This could be expressed as follows:

[EATBNY — EATBY[a] < C(T) (19)

The left-hand side of (19) is the expected loss for group A from granting the franchise,

the right-hand side is the cost inflicted on group A if group B chooses a threat level T'.
The unenfranchised group will engage in costly threats if the gain they would get from

having the franchise is greater than the cost of engaging in threats. Formally, T has to

satisfy the following inequality:
T < [EgTBY — EgTBNY)[a] (20)
Combining conditions (19) and (20) leads to the following:
[EATBNY — E4TBY][a] < C(T) < C ([EgTBY — EgTBY"[a)) (21)

The left-hand side of (21) is the loss to group A from granting the franchise. The right-
hand side represents the maximum cost that group B is willing to impose on group A
to get the franchise. Therefore, if there exists T' satisfying (21), the subgame perfect
equilibrium (henceforth SPE) outcome would be for B to choose the threat strategy (the
equilibrium level of C(T) would be ([EATBNY — EATB¥][a]) and for A to grant the
franchise. However, if the left-hand side of (21) is greater than the right-hand side, then

the cost of threats that would induce A to grant the franchise is greater than the gain
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that B would get from having the franchise. Hence the equilibrium outcome would be for
B to choose to be peaceful (T' = 0) and for A not to grant the franchise.
We now analyze how the equilibrium evolves with the degree of preferences’ conflict
a. For this purpose, we analyze the behavior of (21) as the degree of preferences’ conflict
a varies. Taking the partial derivative with respect to a of the left-hand side of (21) leads
to:
O[EATBNY — E4TB"[q] O|EATBY][a]

= — >
da Oa 20 (22)

The result in (22) follows from (11) and (17) and says that the loss to group A from
granting the franchise is increasing in a.
For the right hand side, using (14) and (18), after some derivations, we conclude that:

OC([EgTBY — EgTBN")a]) Ka([EBTBF — EgTBNF)[a])
O N Ja

>0 (23)

The result in (23) implies that as preferences become more conflicting, the expected
total surplus of group B under franchise decreases at a lower rate than the expected total
surplus under no franchise and hence the gain to group B from having the franchise is

increasing in a which in turn makes group B willing to invest more in threats.
Figure 4 about here

It follows from (22) and (23) that the L.h.s and the r.h.s of (21) are increasing in a.
However, they can cross several times (See Figure 4). Let o, denote the n'" crossing
of C[EgTBY — EgTBNY|[a] and [EATBNY — EATBY][a] for a < 1/2(1 — 04). Let K*
denote the slope of the threat function which guarantees that C([EgT B — EgTBNt][a])
and [EATBNF — EATBY][a] cross at a = 1/2(1 — 64).

EATBNF — E,TBY|[-+2
K* — [ ][2(1 GA)]' (24)

[ERTBY — EgTBNF][5325]

~—

Suppose that for any a < M’

K*([EgTBY — EgTBNT)[a]) < [EATBNY — E4TBY][q] (25)
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If condition (25) is satisfied, then if K = K* the maximum cost that the unenfranchised
group can impose on the group in power is too small to induce the group in power to grant
the franchise for any «. Formally, it guarantees that there does not exist another crossing
to the left of @ = 1/2(1 — 64) when K = K*. Let Cy = K ([EgTB" — EgTBN*1[0]) be
the corresponding vertical intercept.

The following results extend from theorem 1 in the appendix.

Result 1.1 If the unenfranchised group is sufficiently weak, then the franchise will not be

granted in equilibrium independently of the degree of preferences conflict.

Result 1.2 If the unenfranchised group is sufficiently strong, then whether the franchise
will be granted in equilibrium depends on the degree of preferences conflict «. However
there is no monotonic relationship between the degree of preferences conflict and the

franchise being the equilibrium outcome.

The intuition behind Result 1.2 is as follows. As preferences become more conflicting,
the unenfranchised group has more to gain from getting the right to vote. At the same
time, the group in power has more to lose from giving the franchise. The equilibrium
outcome depends on how the rate of change of the gain to group B and the rate of change

of the loss to Group A from granting the franchise evolve as a function of «.

We now analyze the case where threats are rational at o = 0. Suppose that for any

a < M’ the following condition is satisfied.
K*([EgTBY — EgTBNY[a]) > [EATBNY — EATBY)[a] (26)

If condition (26) is satisfied, then the maximum cost that the unenfranchised group can
impose on the group in power is bigger than the loss that group A suffers when they grant
the franchise for any o when K = K*. Formally (26) guarantees that the first crossing
of [EATBNY — E4,TBY][a] and C([EATBY — EgTBN][a]) occurs at a = m when
K =K*.

The following result extends from Theorem 2 in the appendix.
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Result 2.1 If the unenfranchised group is very strong, then the franchise will be granted

in equilibrium independently of the degree of preferences’ conflict.

So far, we considered linear threat technologies. We now investigate more general
technologies. Assume that C(T') has a general form and that it satisfies the following
condition for any a € (0,1/2(1 — 64)).

OC|EgTBY — EgTBNF[q] - O[EATBNY — E4TBY[q]
Oa Oa

(27)

Condition (27) is a sufficient condition for single crossing (if any) between the 1.h.s and
the r.h.s of (21) (See Figure 5). Let Co = C([EgTBY — EgTBNF][0]). Let C be the
intercept that guarantees that C[EgT BY — EgTBNF][a] and [EATBNY — EATBY|[a] are
equal at 1/2(1 —64).

Figure 5 about here
The following result extends from theorem 3 in the appendix.

Result 3.1 Under sufficient increasing returns to scale in the threat technology, the
likelihood of the franchise being granted in equilibrium is increasing in the degree of

preferences’ conflict c.

Result 3.1 implies that when sufficient increasing returns in the threat technology are
present, the probability of having the franchise as an equilibrium outcome increases with
the degree of preferences conflict. As preferences become more conflicting, the unenfran-
chised group has more to gain from getting the franchise and hence is willing to invest
more in threats. In the presence of increasing returns to scale, the more they invest in
threats the more effective they become in imposing costs on the group in power and hence
the likelihood that they will get the franchise increases. This is especially interesting since
typically there are large set-up costs in organizing group’s activities before the group can
be effective. This implies that the empowered group may have an interest in mollifying

the other group.
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6 Concluding Remarks

This paper has examined the question of enfranchisement of groups of individuals. In
our model, affinities between groups of people play a central role. Within this framework,
we show that while individuals may not value the vote, they nonetheless value the fran-
chise. We also show that if the threat technology is characterized by constant returns to
scale, then it is unclear whether increased polarization makes enfranchisement less likely.
However, we show that in the presence of large set-up costs in the threat activity, it is
more likely for the franchise to be granted when the preferences are severely opposed. This

implies that the empowered group may have an interest in placating the other group.

We have focused our attention on a static game with complete information. However,
we observe that the group in power often grants the franchise after incurring considerable
losses through time resulting from different forms of protests. The situation in South Africa
is an example of this. In ongoing research, we extend this static model by introducing
asymmetric information in a dynamic framework. When the two groups are uncertain
about the strength of their opponents, equilibria involve dynamic selection. In other
words, as time passes, each group becomes increasingly pessimistic about the other group’s
strength. Weak types drop early in the game while sufficiently strong types drop at infinity.
We then introduce international support and sanctions for the group in power and the
unenfranchised group respectively. We get equilibria indexed by the relative strength of the
two parties. One possible extension would be to investigate the possibility of introducing

international arbitration and how it would affect the underlying equilibria of our model.

Appendix

Derivation of the conditional distribution
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To get f(ip/ia), we use the distribution method.

F(ig/Ia=is) =P (Ip<ip/Ia=in)

=P <Oz9A_ 1i,4+a(1—9,4) —l—(l—a)[c < iB>

04
. Oa—1.
iB—« g4 —oa(l —04
(s ot o000
-«
ip —a4=tis —a(l —04)
= fe 1l—«

where F denotes the cumulative distribution of I. It then follows that

.. OF(ig/i
flip/ia) = 7(;5/“)
iB
1 ip—a®4=Lis —a(1—0a)
=1 fc
-« 11—«
11
Cl-al—6y

where fc is the probability density function of Io. Since I¢ is uniformly distributed on

(04,1), it follows that
1

folic) = T—4~

Derivation of the joint p.d.f:
We should now find the joint p.d.f of (14, p). Recall from the Bayesian formula that:

flia,ig) = f(ip/ia)f(ia)

Hence,
1 1 1

fliasip) = f(ip/ia) f(ia) = 1= SR

where

04— 1 04— 1
ia€(0,04),ipe ((1—a)fa+at—is+a,l+a—is).
04 04

Derivation of the Approval Function
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First, recall from (12) that the set of ig’s corresponding to a proposal i4 is given by

04— 1 04— 1
Ip(ia) = (a(l = 04) + a2—i 1 — 04 + a——iy
(9,4 0A

Under simple majority rule, a proposal passes the vote if it is approved by at least one

half of the total population. This is translated in the following condition:

iA+1iB > (15)

N | =

But since given a proposal i4, ip is determined only up to a random shock, it follows
that the passage of a proposal i4 will in general be probabilistic. This implicitly defines
an approval function A(i4) that gives the probability that a proposal i4 will pass. It
is roughly the proportion of ip’s belonging to Ip(i4) that satisfy ip > % —14. More

specifically, there are several cases to consider:

1) 64 > %:
a) If X
. 0a— 5
MAS T ol
04

then A(i4) = 0. For each proposal i4 in this range, there does not exist ig’s belonging
to Ip(ia) such that ip > % — i4. Intuitively, proposals in this range are opposed by
a sufficiently large number of group A that they will not pass even if they are strongly
supported by group B.

b) If
0a — % i —a(l—-6a)
| ol 04) <A< | o0 0a)
Oa T T 0a
then
*1—9,4-"-()6‘4;1
Afin) = / | Flin/ia)dis
37
where f(ig/ia) is given by
.. 1 1
His/ia) = 01—,
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% —a(l—1404)
1 a(l—@A)

04

<y <0y

then

A(iA):/ Y flipfia)dip =1
a(l GA)+a9A 1',4

The exante expected total surplus for group A in the case of franchise, E4TBY is given

by the following expression
0a
EATBF = / TB(ia)A(ia)f(ia)dia
0

where f(ia) is the p.d.f of I4, A(.) is the approval function and T'B(i4) is given by (9).
This is equivalent to

1

57&(17914)

P 170((19 04) "

EATB :/ GA%A /1 ' TB(ia)f(ia,iB)dipdia+

| a(=0,) 27tA
R

04 =

la(leA)/ . TB(ia)f(ia,iB)dipdia

. a(1-64) a(l-04)

e

where f(ia,ip) is the joint p.d.f of (I4,Ip) and T'B(i4) is given by (9).

2)(9,4§

D=

a) a < 2(1__19A)

In this case, for any i4

A—1

104+« o
A(ia) = / Fin/ia)dis

J5—ia

and the ex ante expected total payoff is given by

Z

04
E,TBY = / / TB(ig)f(ia,ip)dipdia

—ia
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b1) If

then

1-04+a oA 1A
Alia) = / Flinfiadis =1

a(lfeA)#»aeA_l’L'A

04
b2) If
T —a(l—0.) 04— 3

a(l—04) — a(l—04)
== 1-=5

then

04—1
1-04+a ng

Ais) = / flinfia)din

b3) If

then A(i4) = 0. It then follows that E4T B is given by

L_a(i-0y4) _
EATB :/ N / . TB(ia)f(ia,ip)dipdia

0 a(l—04)+a-4—ia
o3 04—1

_al] pl-fatalgtia

+/%—@(1—§A) /1 . TB(ia)f(ia,ip)dipdia

|_a(=04) 37tA

o4

Similarly, EgT BY can be derived exactly the same way by replacing TB(i4) by TB(ig).
Social Surplus in the Case of Franchise (Not using the approval function).

1) 64 < &: (A is a minority)

Following the same procedure as in the previous case, there are two subcases to be con-

sidered depending on the degree of preferences’ conflict.

a) If a < , then

1
2(1-64)

0 A 1-04+a A
EATBF = / / TB(ia)f(ia,ip)dipdig
2

0 L_ia

Op—1.
04
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Proposals that are strongly opposed by A pass with a probability greater than zero since
A is not very influential, but less than one since preferences are moderately opposed.
Similarly, proposals that are strongly supported by A pass with a probability less than
one since A is not very influential, but greater than zero since preferences are not very

conflicting. Note that,
F
0EATB <0
oo -

This simply says that as preferences become more conflicting, the expected payoff of A

decreases.
1
b) If o Z m, then
L-a(i-0y)

Y 1*9A+a9A; i A
EATBF:/ T4 / TB(ig)f(ia,ip)dipdia
J0O a

(179,4)4»& 9‘3;1@',4

1
04—73

l_a(le—OA) 1—6’A+o<6‘21; i A
+/la(1?A) / TB(ia)f(ia,ip)dipdia
2

2 1.
=) tA

04

In this case, preferences are strongly opposed (a > m . Since A is not influential

=Nl N

A < 3), proposals that are strongly opposed by i4 < 2—5—5— | pass with proba-
04 < 1 Is that are strong] dby A (i ol ta) th prob
—o0Fa)
ility one. Moderately supported proposals pass with a probability between zero and one.
bility one. Moderately ted ] ith & probability bef d

_1
Strongly supported proposals | i4 > % pass with zero probability. In particular,

if & = 1, a proposal which is supported by a majority of A will pass with zero probability.
Also, proposals that are opposed by a majority of A will pass with probability one. Hence,

it is not surprising that
F
OFATB <0
fole -

For group B, the ex ante expected total surplus , EgT B, is described below.

1) If 64 > 3, then we have the following:

L-a(-0y) .
P 170(19_9A) 1-04+a "3; 1A
EgTB :/ GA_%A /1 ' TB(ig)f(ia,ip)dipdia+
Y el=6y 27tA
Al
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04—1.

04 1—-04+a 1A
/%a(leA)/ 0,1 I'Blip)f(ia,ip)dipdia
ey @l Tfa)teTria
A

where f(ia,ip) is the joint p.d.f of (I4,Ip) and T'B(ip) is given by (10). Note that,

OETBY
= <
Ja -

2)If 04 < %, there are two cases to be considered:

a)lf a < m7 then

04 *1—9,4-"-069‘2;1 LA

EpTBY = / / TB(ig)f(ia,ip)dipdia
0 Ji-ia
Note that,
F
OEBRTB <0
oo -
b) If a Z ﬁ, then
La(i-0y)

Tairy l-0atatiTha o
/ TB(ip)f(ia,ip)dipdia
J

EgTBY = /1 Oa
Jo (1-04)+a2d=Li,

oA
_04(19*9,4) 1-04+a 1214 A
+/%a(1?A) /1 . TB(iB)f(iA,iB)diniA
| a(1-6,4) “2 A
o
In this case, we have,
OFEgTBY
et e |
oo

Theorem 1. Suppose Cy < [EATBNF — E,TBY][0] and that (25) holds. Then for
K € (0, K*), the subgame perfect equilibrium involves the franchise not being granted for
any value of a € (0, ﬁ). For K > K*, we have alternating equilibria. For a € (0, aq),

the SPE involves no franchise. For «a € [a1, as), the SPE involves franchise etc.

Proof/
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First, note that K* guarantees that C ([EgTBY — EgTBN][a]) and [EATBNT —
EATBY][a] cross at a = 1/2(1 — 04) since

K*<[EBTBF—EBTBNF][2 ! )]>:[EATBNF—EATBF][2 ! ]

(I—HA (1—9A)

To guarantee that this is the first crossing, the following inequality must hold for any

a <1/2(1—64).
K* ([EgTBY — EgTB"F)[a]) < [EATBNY — E4sTBY)[a]

It then follows that if (25) is satisfied, the first crossing of [E4TBN — E4TB¥][a] and
C ([EgTBY — EgTBNT[a]) occurs at a = m for K = K*. Hence, for K € (0, K*),
the L.h.s of (21) is strictly greater than the r.h.s for any a < 1/2(1 — 64). Hence threats
are too costly for group B. Therefore the subgame perfect equilibrium outcome is one
where the franchise is not granted for any value of a. If K > K*, the L.h.s and the r.h.s
of (21) may cross at & < 1/2(1 — 64). Hence the equilibrium will be dependent on «. If
we denote the n'” crossing to the left of 1/2(1 —64) by ay, then we will have alternating

equilibria. If o € (0, a1), the SPE involves no franchise, for a € [a1, a2), the SPE involves

franchise, etc.

Theorem 2. Suppose [EATBN" —EATB"][0] < Co < [EATBN* — EATB"][5157] and

that (26) holds. Then for K € (0, K*), we have alternating equilibria. For o € (0, ), the

subgame perfect equilibrium involves the franchise being granted. For a € [a1,a3), the
subgame perfect equilibrium involves no franchise etc. If K > K*, the subgame perfect

equilibrium involves the franchise being granted for any value of a.

Proof/

If Cy < [EATBNF — EATBF][M]. If K € (0,K*), then the first crossing occurs
to the left of & =1/2(1 — 64), and we have alternating equilibria. If o € (0, 1), we have
a threat equilibrium, if a € [, ag), we have a no threat equilibrium, etc. If K > K*,
then the first crossing occurs to the right of a/2(1 —64) and we have a threat equilibrium

for any o < 1/2(1 —64).
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Theorem 3. If Cy < [EATBNY — E4TBY)[0] and condition (27) holds. Then for
Co € (0,C}), the equilibrium outcome involves no franchise. For Cy € (Cf, [EATBNE —
EATBY][0]), the equilibrium involves no franchise for o € (0,a;) and franchise for
a € [a1,1/2(1 — 64)]. Moreover, if Cy > [EATBNY — E4TB¥][0], then the equilibrium

involves the franchise being granted for any .

The proof is similar to the proofs of theorems 1 and 2.
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Captions for Figures

Figure 1- Benefit functions for groups A and B from a particular proposal.

Figure 2- The proposal represented by the dotted line generates losses to every member
from group A while it generates positive benefits to every member of group B. The proposal
represented by the solid line is the exact opposite.

Figure 3- Extensive form game between groups A and B.

Figure 4- Under constant returns to scale threat technology, the equilibrium alternates
between franchise and no franchise as the degree of preference conflict increases.

Figure 5- Under increasing returns to scale, the equilibrium involves no franchise when

the degree of conflict in preferences is low and enfranchisement when it is high.
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