COULOMB
INTERACTION

o |
‘(:
3

2

N. HYDROGEN ATOMS

(INDEPENDENT , WITHOUT

INTERACTION )
EXAMPLE : N|=2

HO= h(M)+h(2) =>
WO (4 2)= W (1) Wen (%)
PRODUCT OF ONE- ELECTRON

FUNCTIONIS
HO Q_PO - EOQPO

(h(D+h(2) Wm (D) Wm(2) = Wm(2) h(ND ’ll;‘(il) + W) h(DY, (2)

= Eo {Ll’m“)qi’m(Q) /%“)(me(z)
hD%m(4) _ ~ h(2)Uml(2) o B

n ' (SEPARATION OF
'LPn (4) 'l.[/,-rn (2) 5 VAQ\ABLE'S)
INDEPENDENT

N(YWm ()= Eql%m(1) E°- E
h(2)bm(2) = (E°-Em)lm(z) | & = Em*Em

Eie: WO=W, () ¥m(2)

' ONE- ELECTRON SCHEME'
STILL EACH ELECTRON 1S DESCRIBED Bl OWN FUNCTION |

SINGLE ELECTRON APPROX'MATION
SINCE COULOMB INTERACTION 1S

TOO STRONG TO 8 NEGLECTED |
Ho PR R %
TR THPRGUE THE EESOLSC coute Ar LERST INET of

COULOMB |NTERACTION
CENTRAL FIELD APPROXIMATION




ENERGY SCHEME
ONE- ELECTRON SYSTEM

E/\ w.‘ Sd-
3s 3P 3P0 Sp1 3__‘:-2_ 3do d 3d2

28 2P, 2po 2p4 DEG.:FOR EACH NL :
22

15

= B
My = i 2 V()

,
MANY - ELECTRON 5\'51'5!-4

H=lHy + 2, = . j COULOMB INTERACTION

l‘J
SUM OF ONE- ELECTRON
OPERATORS
A -1 o 1
E —zw-__— A'
BB e _}
I i i i i 8
el
D e X i rones, g W e it }
.

CENTRAL-FIELD APPROXIMATION

'-"i - %‘ivf*r U(«'J)+Z £ "‘Z.U('n,)

% Q LL)
Sy =Y s THEQQH .
®) \NEu) porenTiAL | OF ATOMD >
=)

)= Hypy 0t V() REPLACED 8¢ U(T
o ) FUTUE

HOW TO CONSTRUCT N-ELECTRON WAVE
FUNCTION OF GOOD SYMMETRY




=)
e
S

DIEFERENT LEVELS OF GUANTIZATION .
FUNCTIONS OF GOOD SYMMETRY

W, . \MPOSSIBLE
2 h(u) T O SR
| s COORDINATES
CENTRAL FIELD APPROX|IMATION
EE _» ) AL (Nt (net)... (Myln
== _%LZVL DU FOR EACH EL‘E&‘ZON‘C =
= 7 aEcTRon CONFIGURATION
W= W) = %e grgz)lﬁ"z SPIN-ORBITALS =>
v , SLATER DETERMINAN
»x X
Y & _3 5* Sz [ spEcTROSCOPIC TERMSE
L &8 =2, um) P, 2% 5| SPECTROSCO '
ey Mgy ¢ L® Lz

X
IgSHsLNL>: 25+ [_{8@’
(2L+1)(25+1) DEG.

H \ . 3
2 . = Ay A 2\g LEVELS FOR SawdL: X
* Z’%L(“‘) SL‘T:L; jz} Jz - g
® l’KJﬂJ)%lKSL]HJ)?
SPIN - ORB\T Ny
INTERACTIONS (2]+1) DEG.
(WEAK)
LN EAR LINEAR Ji7as
7 7 A = e = | ™
dee|smgbm,| S0 [y SMsLML) SR g SLIMgD
,DEEPEST QUANT." ' SMALLEST DIMENSION

g ro OF SECULAR DETERM.
R eusroe 2 PLen vsconnancy _SWir aveacs ue

Eu*: 182282 2p® 282 3p6 390 ys?yphua'® 552 5p° ugé

G
CLOSED, 5ccuPATION OF ALL QUANTUM NUMBERS E‘QU\\,;&LEM;
SHEBLLS ' 5 SPATIAL AND SPIN ORIENMTATION OUTS\DE c.S.

£= & = 4= P EEEE,
ek 1332241 13210-1-2].. A=y =3
-/‘mb:-"},‘“zl... 3



82.2
PERTURBATION THEORY 2t Mmoo
H= Ho + AV VALID ONLY IR SUCH

PARTITIONING 1S POSSIBLE

ZEROTH ORDER \ PERTURBATION

m:él-m“"*“ PARAMETER , ASSUMED TO BE SMALL
’ KTURBED MEASURE OF THE SIZE OF PERTURBATION

CONDITIONS: MEASURE OF THE SMALLNESsgs OF
THE PERTURBATION

@ IT1S POSSIBLE TO SOLVE IN AN EXACT WAY
HO wno - Eno wf?

@ PERTURBATION 1S j SMALL"

THE WAVEFUNCTIONS AND THE ENERGY RRE EXPANDED
IN POWERS OF A :

a2 q_l,Ko + 9\,1‘)(1) % 9\2,1_‘)(_2) e CORRECTIONS TO

lpk & K K THE WAVEFUNCNON
E k= E@ + AEM + NEW + ... CORRECTIONS 10
THE ENERGY

HW, = By W HOW TO FIND (EVAWATE)
CORRECTIONS OF CERTAIN ORDER -

{Ho+ ?\\/)(QPK°+ NP, W ¢ A2 A, (D +) e

(EC+ABL + AP ELD+. )(m + AW AN D+
THE TERMS AT EACH POWER OF A MUST BE SEPARATELY EQUAL
T (Ho+ W)W = T AW g DO
v l-J
ao 0 0,,0
! Ho W = By W ZEROCTH ORDER IN A\
A Ho WY +V WO = ELWY +EWVY,°  FIReT ORDER IN A\

A2: 1o WD +V W = B Q\’ (D4 gy ) SECOND ORDER INA
: Q"-hc



IN GENERAL:
12}
Ho W (n) +\ﬂl_f(n D _ s S, Eét)%(n L)

L :
ALL THE OTHER CORRECTIONS |

HOW TO EVALUATE EJD?

“-)x.\ How,°® = & 'LP.(
W
g LW o @S = EL2CW P 14,°>
< Hol WS + CYLIVIUED = B LW +
.<w[j\;z°>
WO H WY = B <t h2H¥

LW T HS WD = B {2 3>
Ho= Ho+

%
%

== (0 LWRVIWES | zero™ orper
WANEFUNCTION

HOW TO FIND W, "2  RAYLEIGH-SCHRODINGER
PERTURBATION THEORY

THE SIMPLEST REAUZATION

Hoq'vg _E- Q‘\’k

ALL
ASSUMPTION : {Q.Pk} : COMPLETE. SET |
KNOWN FUNCTIONS !

() - T )

SXPANDED (N A SERIES (N THE Y,{®)



lljk“) = %‘ Crx W
\\/ ']_Pk = zrn‘ b'nk _.f-LPnO

Ox% Somm

m <Q‘P{Tno|\ll(u)m0>: Z_' bfnk <mer? lfu)m0>= bmrnc
m
bk = <¥m®IVIW°> = B 2 Em(a)

Nl = EMy0 + T, <V

BUT FIRST ORDER EQUATION HAS THE FORM:

Horu,K(q) = E° q_ch) % Ez“) QPKO

Heo %Cmf@mo + EMKO & L <Q-lfn°| V|(Lh<°> Q-Pno

mk
- Ekof'u,k(!)_‘_ EK(I ,LPKO
HQ (q"no = Er? n"Py?

Z Cmk Entit + 1, <ULV W° =

Mk

0
= Ey® %:me Wm

2. (E2- E,;‘;)c,,,.< % 3 <'u»n°|vmuk°
m - m#k

Cog = <'1vm°LV|'u;£> G
(EX-Em>

O

e i e
m#w (EL-Ex)

=5 LW%EIVITSS 40
QH‘ %‘ CEx®- En) {L\/m



WHAT ABOUT Cpn?

I
W21 W,M\N=0  (assuMPTION)

1Y = 2, Cyy { e 1D = i, =0
Senx

HIGHER ORDER COEQF'CTI(}M..;

Eé2)= Z_. » SWe 'Vt"VmX’Wml\/lq\r’k‘»

(B~ Em). . 1

LBV RSP

L:_k('s) » <rq,K(0lV|rq,k(0> . Ek(‘)

PROPERTY : WITH THE FUNCTIONS LP TO THE AMth ORDOER
IT IS POSSIBLE TO EVALUATE THE ENERGY

T (2m+4)-th orRDER
IN GENERAL.:
Ee= EQ + AWV IS +R T SHEN XUl |
m (EK - Em ) .
= EC+ AV + A2, YenVne 4+ .
m  (ExP-Em)

ENERGY SEPARATION
W= W + A Z‘ VK Yy, °
E&‘en

WHAT TODO WITH A\ ¢ WHEN THE ENERGY

1S EVALULA —>
H= Ho + AV

{WLIHIW) = <'7-Pk°lHo|QPk°>+<’¢K°|\J|'lyk°> E°+E(“)

EXPECTATION ZERCTH ORDER 9(" g A= 1
VALUE OF THE %
WHOLE HAMILTONIAN




B2.6

VARIATIONAL PRINCIPLE

— THERE ARE NO LIMITATIONS
NO COMDITIONS TO BE SATISEIED...

HWm = Em Wn
Eo — ENERGY OF THE GROUND STATE (THE LOWEST ENERGY)

Eo<Em m>»0
Eo E4X En< ...
WmEm — UNKNOWN

$ — TRIAL FUNCTION , DEFINED IN THE SAME SPACE
AS EXACT FUNCTION Uiy,

APPROXIMATION To THE CORRECT WAVEFUNCTION
ESTIMATE OF THE TRUE ENERGY

g = <PIHI®> gugraY FUNCTIONAL
<old>

— IF d DECRIBES AN ENERGY STATE OF A SYSTEM =>
% 15 AN AUERAGE EMNERGY IN THAT STATE

—IF § 1S ARBITRARY , IS € CONNECTED WITH ENEREY?
EXACT EVGENFUNCTIONS U, FORM COMPLETE SET
} 15 EXPANDED INTO SERIES

=3 Con
m

FCOIy=1 = <2 CnWn |2 ConWmp=

=24 2 Cor* <rq’m|q-\’rm>= P ‘lez =%
m m m

Sonem



£ o <OIHID>

- <old> - 4
o b= CnlUy,  <PlO>=d

€= <%Cmq¥m\H\%CmePrm>:

=Zﬂ%‘ ZCm* Cmm <q-\’m“““q-\"fm>= . e
=2{%- )}n Cott Comn Ern Wi | Wom> {Um Yy =Emm
=2 _leml%En
m
Ez%lCm‘zE—m - /-—Eo

N PROBABILITY THAT W, WITH
ENERGY Em 1S PART OF O

¢-Eo =), (EmEo)lcnl? Eo'4= Eo2 lonl®
e >0

. £ 1STHE UPPER BOUND
ozt € 2Ep J (LIMIT) OF EXACT ENERGY

.(-—-' REACHED ONLY INTHE CASE

OF EXACT FUNCTION, IT HEANS —
TRIAL FUNCTIONS - ‘b4) d, ) Cbg,) ... ONLY FOR HWDROGEN ATON)

THE BEST 1S SUCH, FOR WHICH
€[®)=min

FoR GIVEN CLASS OF FUNCTIONS: OPTIMAL SOLUTION

TRIAL FUNCTION DEPENDS ON PARAMETERS
VARIATIONAL R
(VARIA PARAMETERS) - iy o

eldl=elai] = :g:' =0 %Z%_ >0 (minimum)

L=-LI...$ Rk
_ THE BESI
NON-LINEAR PARAMETERS —> {diop dioP'" dgp } PARAMETERS

€ [4°P d,%P... s P] THE BEST APPROXIMATION OF ENERGY



2.8
RITZ METHOD (APPROXIMATION)

— BASED ON VARIATIONAL PRINCIPLE
— WITH LINEAR VARATIONAL PARAMETERS

THE TERIAL FUNCTION 1S EXPRESSED AS A LINEAR
COMBINATION OF KNOWN FUNCTNIONS

| 4]
4
¢ )P::lcr'xp
Q UNKNOWN COEFFICIENTS
LINEAR VARIATIONA PARAMETERS

€ =7 &[CilCZ)--- Cm)
mun E[CLiCz)---Cm]=> EQUATIONS FOR C{ (4).--m)

g = <PIHIOS {‘XP}O.AL DO NOT NEED TO
<o oS " BE ORTHONORMAL

LOIHI Y= (%c,,'xpml%.c,rfx,,>=

= C X AN lHINN S =T S cl¢. H
2%5;_ p Ca <Xp e
MATRIX ELEMENT

e<D D= a<%cpfxpl %Cq-{xlr>=

=2 X O Cr {XpI Ky =€ 3 Cotr Spr
"
OVERLAP INTEGRAL

EF.:
{XplXa>= Spr (=Epr FOR ORTHONORMAL SET)

el T ofe.Ban= 30 e B R
Pn"PTP’r PTPTW

UNKNOWN : »

e) CL} -‘-Cm )C1¥.... Cm



min €[Cy,...Cn  Cf,...Cm]>  EQUATIONS %2.9

?‘é‘a(e%%cﬁc«- v = 32 ee o)

'aCo, 5 2220 Cr Spr + £ Ly Cr Sqr = LG Hgr

'%‘_% =0 FOR EXTREMULUM OF 6[61,..-Cn)C4”‘y--Caﬂ
0'

B2t oSy = Eouiige., SR

m
C - =
® %4 T(qu Eso‘r) v q=4,...m

SET OF HOMOGENOUS LINEAR
EQUATIONS

IWHAT 1S THE CONDITION FOR NON ~TRIVIAL sou.unous?'

lqu" Esqr|=°

SECULAR EQUATION
(MO LCAD)

Hﬂﬂ'-@ H‘|2 ok H""n ForR Sqr:: 6qlf=

Haoy  HppdE)-. Han : ORTHONORMAL SET OF
: % =0 FONCTIONS X
CoMMON PRACTICE
H mA H‘n 2 st Hmm'@

IN THE CASE OF ATOMS

m SOLUTIONS y THE LOWEST VALUE OF E 19 THE BEST

APPROXIMATION OF THE ENERGY OF THE GRrOUND STATE 5
THE OPTIMAL VALUE OBTAINED FOR GWEN CLASS OF
FUNCTIONS

op BACK TO
E4(GROLND), Eo' y ... EoP O,

=41
LCT(Hq"r E Sqr) O -—-—> $°P - ZC;F:rXP GROUND
i gt STATE

ql} M



EXAMPLE .: PARTICLE IN A 80X (4. DIMENSION) 52.10

POTENTIA ENERGY INSIDE THE 88ox V =0
OUTSIDE THE BOX V— oo

IWAVE FUNCTION . g
Kaumm, ——— 0 < X4
LX) = @ Y q12e of
o) OTHERWISE. A BOX

®—HDﬁEMORKi EVALUATE THE ENERGY OF THIS PARTICLE

224 2 212
Emzm N° _ m?h

2ma? 8ma?

VERIEY THAT “Wn(X) DEFINED ABOVE 1S
THE SOLUTION OF THE SCHRODINGER EQUATION

HWn(x)= BEnWn(x)

USING THE VARIATIONAL PRINCIPLE EVALUATE THE

ENERGY OF A PARTICLE IN A BOX USING THE TRIAL
CAPPROXIMATE) FUNCNON OF THE FORH

©(x)= Nx(x-a)

©(0)=k(a)=0
He -5 o } gle] =

{WlHIL>
ele>

16, NORMALIZATION

Q a '
NZS X2(x-a)’dx = N’-j x2(x*-2ax+a)dx = 1
O
=\l 30
N Tas

2° ENERGY FUNCTIONAL |

(A

2 d
&r (*-xa)= & (2x-0)=2



Q 2 L R
e=—-520 (xa-ayax= - 520 S(x""—a.x)dx = - BEA
mao.5 ma.3
o o

=~ K230 G3-9-.‘): 5K _ Sh?
masS \3» 2 ma?~ ymima?

APPROXIMATE VALUE OF ENERGY

o = ._Elﬁf_
app ma, &
2+v2
EQX = ﬁl = E.'
2mo.e

_ €app—Eq4 [5KR* _ H2nt\ 2mal
A= = (qu 4 ﬁtﬂzx400°/o

=(-‘11%—4)x 100% = 4.%%
(ERROR)

—— —

@ HOMEWORK : EVALUATE THE ENERGY OF THE GROUND
STATE. OF A PARTICLE IN A BOX USING
THE RITZ METHOD FOR THE TRIAL
FUNCTION

© = ¢4 X(X-a)

COMPARE THE RESULT WITH THE EXACT
VALUE OF THE ENERGY




@ exampLe: —
THE TRIAL FUNCTION THAT DESCRIBES

THE GROUND STATE OF HYDROGEN ATOM
HAS THE FORM:
f.q)z \ g‘_i_ o "dﬂ""Qo
wag &= VARIATIONAL PARAMETER

(49 EVALLATE KT, AnD VD,

FIND THE OPTIMAL WAVEFUNCTION AND THE BEST
APPROXIMATION OF ENERGY

(%) COMPARE. THE RESULT wiTH THE EXACT SOLUTIONS

TO SIMPLIFY THE TASK USE THE FOLLOWING RESULLYT

oo |
-“ -
fxme ™ ax= O,
o

ATTENTION: TO EVALUATE KINETIC ENERGY (<Ty,)
USE A PROPER FORM OF A
NOTE ALSO THAT %
(10-_-, 5._

me’
3D Eexarpe: ACCURACY OF THE RITZ METHOD

FIND THE BEST APPROXIMATION TO THE
GROUND STATE ENERGY OF HYDROGEN ATOM
USING THE FOLLOWING TRIAL FUNCTIONS

= e~ "2 X, = e iz
FOR THE ENERGY EVALUATED FIND THE OPTMAL FUNCNOM
cmmrze THE RESULTS WITH THE EXACT SOLUTIONS
E\IALUATE {n)> WITH EXACT AND APPROXIMATE FUNCNONS
ATTENTION: %4 AND X, ARE NOT ORTHOGONAL !



EXAMPLE : FOR $gypcr OF THE GROUND STATE OF
HYDROGEN ATOM AND

FROM THE PREVIOUS PROBLEM
42 EVALUATE (USE ATOMIC LNITS 2a.U.)

N ey RADIAL POINT OF
6= &~ TP +100% DISTRIBUTION '\HAXMUH
Q ex FUNCTION RADIA
alue =
max v PROGABILITY

20 ANALYZE THE PLOTS OF RADIAL DISTRIBUTION FUNCTIONS
OF BOTH CASES

@ EXAMPLE © FIND THE COEFFICIENTS OF LINEAR
COMBINATION

W=cylo,+C2le,
ASSUMING THAT:
<@ 1@ =4

Hiyy=Heaz =d
Hiz=Hz = r_')
THE ENERGY \N THE STATE W

IS THE BEST (OPTIMAL) FOR THIS
CLASS OF FUNCNON



