POINT GROUP THEORY L

A GroUP (3 15 A FINITE OR INFINITE SET OF ELEMENTS

TOGETHER WITH THE  cenyp oPERATION

(A SET 1S SALID T BE A GROUP
IF »UNDER" THIS OPERATION)

G)ZLOSURE= IF AEG avp BEG =>
AB € G

(2pssociaTiviTy: THe erouP opERATION
(MULTIPLICATION) 1S ASSOCIATIVE

Apocea (ABIC =A(BC)

@IDENT”‘\’: THERE 15 1DENTITY ELEMENT
I (= 4) e) E)

VIE.G /\Aee IA=AI=A

®I\NERSE¢ THERE HMUST BE AN INVERSE OF EACH
ELEMENT

VBEG AAee AR=RA =T = B=A""

— A GROUP MUST CONTAIN AT LEAST ONE ELEMENT

TRIVIAL GROUP
IF THERE 1S A FINITE NUMBER OF ELEMENTS (GROUP ORDER)
FINITE GROUP (YMMETRIC GeouP Sy, OF PERWUTATIONS)
A SUBSET OF A GROUP THAT 1S ALSO A GROULP
SUBGROLP
CONTINUOUS GROUP (LIE GRoUP) ROTATIONS IN SO(3) (=Ry)
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Symmetry
i ok Operations and
EXETER Character
Tables

All the character tables are laid out in the same way, and some pre-knowledge of group theory is
assumed. In brief:

e The topNsFA%' @Net' &
respecti :

e The et aglers. o

¢ The W m ; c iof® of Cartesian coordinates.

¢ Infinites A wrlliSte@as ¥, §, ¥ndy,

4

[ 4
The notation for the symrhetrygégg &A I ' N S i

= e (i \Ihe identity transformation (£ coming from the German Einheit,

z | -

» meaning unity).

T emm Q Rotation (clockwise) through an angle of 2# /n radians, where 7 is an
. 2 integer. The axis for which n is greatest is termed the principle axis

Rotation (clockwise) through an angle of 2k /n radians. Both 7 and &
n_Jare integers.

pris and irreducible representations

_ An improper rotation (clockwise) through an angle of 24 /n radians.
— Improper rotations are regular rotations followed by a reflection in the
plane perpendicular to the axis of rotation. Also known as alternating
axis of symmetry and rolation-reflection axis.

The inversion operator (the same as S,). In Cartesian coordinates, (x, y,

z) = (-x, -y, -z). Irreducible representations that are even under this
symmetry operation are usually denoted with the subscript g for gerade
(german=even), and those that are odd are denoted with the subscript #_

for ungerade (german=odd).
NiGeR 6 A mirror plane (from the German word for mirror - Spiegel).

@ Horizontal reflection plane - passing through the origin and
perpendicular to the axis with the “highest' symmetry.

Vertical reflection plane - passing through the origin and the axis with
i a the “highest' symmetry.

Diagonal or dihedral reflection in a plane through the origin and the
axis with the "highest' symmetry, but also bisecting the angle between

- the twofold axes perpendicular to the symmetry axis. This is actually a
special case of &,
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V1.3
HOW TO APPLY POINT GROUP THEORY TO PROBLEMS
OF ®UANTUM MECHANICS

REDUCIBLE awo |IRREDUCIBLE REPRESENTATIONS

HWYW=EY £ W - FOLD DEGENERACY

'L."z - LINEARLY INDEPENDENT
: FUNCTIONS (DIFFERENT)
Wy

H (C."u-‘{ +C.2_7-P2_+... 021#%) = E. (Cﬂ-lq +ICz’q"2+... CQQ-P%)
G GROUP OF SYMMETRY OF HAMILTONIAN

P,e)R,..
i [p) H] o SYMMETRY OPERATIONS
\H 'LPL = E‘IPL

?>H'Lp., = H,, E PW; 15 ALSO ElGEN-ZI

FUNCTION FOR THE
THE SAME CONCLUSION 1S VALID poR SAME ENERGY E

Rwy, SW, .-
THEY HAVE TO BE LINEARLY DEPENDENT |
AP"‘-P,;(KSZ)= RiWatxyz) + B, Y, xy2)+... F%': 'lp%(,xgz),
FO ALL SYMMETRY OPERATIENS AND ALL FUNCTIONS

; Pia Pz - Prg 2 Qu Quz - Qg "
D(B)= [P Pee-Pog|  D(R)=| Q2 Quz- Qe | D(R)=..
Fau Poz - Pgg _ é% Qqe- - Qgq

MATRIX REPRESENTATION OF SYMMNETRY
OPERATIONS OF Group G

Wi, W, ... Wy - BASIS OF REPRE SENTATION
g— DIMENSION
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SYMMETRY GROLP

)

PDAR.§.. €6
- GROUP OF MATRICES

e 51"“?2 . MATRIX REPRESENTATION T'
e TR
oonoTees s TIP) D@ DR
4 . \s FUNCTIONS ,-»'( (Q)/_ (,)»D(S)
o \.hh‘“‘“\\:\\\\ .",' : i /.’f ’/,'
& = T M o -~ ”f
" GROUP OPERATION=
- MULTIPLICATION OF MATRICES
T
D(®) . 0 :
o | 0 i

ny

ALL D'(P),D(Q)... HAVE THE SAME STRUCTURE (BLOCKS)
ALL D) (P),D(Q)... HAVE THE SAME STRUCTURE (DIMENBIONS)
MATRIX REPRESENTATION D' 15 REDUCIBLE

EACH SETOF D;(P),D;(Q),... 15 ALSO AMATRIX REFR.
OF Group G

THIS 1S IRREDUCIBLE REPRESENTATION
TS e .

REDUCIBLE . ~ St
REPR. IRREDUCIBLE REPR.
- - (SMALLEST DINENSIONS)
SYMBOLS:
AB - 1-DIM. REPR, (OnE ELEnENT)
E - 2-DIM (2x2)
T - 9-DiIM (3x3)

TRANSFORMATION PROPERTIES OF W) Uy, - Uy
UNDER SYMMETRY OPERATIONS OF GROUP G .

INSTEAD OF QUANTUM NUMBERS |
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SYMBOLS :

| Cr W12 = (W12
ROTATION AROUND
THE PRINUPLE AXIS

Cn'¥=+7 Cn'u"="q-|1

®

JY= +Y Jy=-Y

EVEN PARITY ODD PARITY
Gpapy @)

IN THE CASE OF PRODUCT G X C, (E\6n)

| T (INvERSION)

6, W= +W W =-W
!
rerr. A\ B A", B"
D )

EXAHMPLE. ARE THE ORBITALS pPx, Py,P; THE BASIS
FUNCTIONS OF THE REPRESENTATION OF Dgy, &
IF SO — 15 IT REDUCIBLE OR IRREDUCIBLE REPRESENTATION ¢

Crro™ rzmm}ﬁr sy P2 = & €nio= % £(r)
i = R ) B smi0e™ < = (o ) = X6
PP L .
1= Rmy(r) %M Pg("')“-‘-é}(‘fml-?m-l):'j;{“')
' FUNCTIONS WITH DERINED SpAmAL
D PrRoOPERTIES
3

{E;C;;,'",C.;', B ’czlb)cz'c} GRrROLP ORDER =6




Da -
E: x=x', y=y',z=2'
C3': x=-4x'- £ By, y= g4y, z=2
c5 ’ "=“é>‘+’iﬁg y Y=-ifx'-4y', 2=2
Cz'm x-..-.-x') 3:5' ) z2=-2
Cavs %= 4x' + 46y, y=4Gx'-4y , z=-2

| S
Cz' x=2x- 3@y, y=-bmxt 3y, 2=-2'

! Sl ﬂ'r) ARE THEY TRANSFORMED
Py= Y £ INTO THEMNSELVES 2
] Z-F(_ﬁ')

C5'=Cg',"xf(«') izxqc(frﬁ‘*fitd;(fr‘) = 29,,-!-51’395 ®

Fl=x

CS@I Co 'y ={3Bnpr) -2y g = -4p-spy  ©
Cs-l Cb-iz,F(q.)g {z‘.‘;(rﬂ}?'zﬁ_ =Pz ®

» & "5 "33

C3'(expyp)=(PxPype) [ 2 721 O)_ (0 o DesY)
i3 -3 0

MATRIX REPRESENTATON \ o o 4

IN THE Py Py py BASIS ® ® 6 1S \T REDUCABLE

i -4 O
0 0 1

_' - 4
‘[D(C-_:,“):( 5 26 0

OR 1IRREDULCIGLE
- (

i’ ) REPRESENTATION &
0

& 0 0
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