AT

ANGULAR MOMENTUM COUPLING \}.,es

COEFFICIENTS
TOOLS: vl

ANGULAR MOMENTUM OPERATORS =
GENERATORS OF ALL ROTATIONS (N SO(3)

[LxyLy)=thbe, Ly Lad=thix, e, Lad=thiy

LLz,L2])=0
PROPERTIES :
Le¥=TRY," Lz ILMLY= MR ILMYS ;
Ly ¥ e=\L(t0)-M2 1) 4,::'?‘ Ll LMY= () = Myt L MUt
v " spHERICAL HARMONICS Lz tbm > =myf lbmS
L 1Ly =\LIL+O)- m;,(m,,tl)'a’mbﬂ
TRANSFORMATION ‘

PrROPERNES LNDER V2 !IMID=M3R 1JM5)
ROVATIONS IN SO(3) 4130t =(J(F+0-My (520 1My 24

5z |4me) = Mgh |amy)

St1ema)=\5(sH)-MMa(myt OF | Mo
SYMMETRY OPERATIONS R

| [W,12]=0 W, 'le": O QUANTUM NUMBERS
COUPLING OF ANGULAR MOMENTA :

g
Ly my,
bz ma }

“ﬂr‘l-zl -.< L £ L1+Lz
HL-—- My +My
ML= -L,... L (2L+1VAwWES)




N 2
Hi=2_., & couLoMs INTERACTION
ey Ty
;
N e
H2=_Z, %('fc) Sc L; SPIN-ORBIT \NTERACTION
= dy
%(rr) cz'r dr

THE MOST |MPORTANT
CORRECTIONS TO THE ENERGY |

HOW TO EVALUATE THEM ¢ DsING THE PROPERTIES
OF ANGULAR MOMENTUM OFPERATORS

Hy: S°s. 1%L, —> SPECTROSCOPIC TERNS

LINEAR COMBINATIONS

OF TETERMINANTAL | SMg LML) )

FUNCTIONS DIMENSIONS OF

. » SECULAR DET. ”
I—Iz. J° )= ARE REDUCED'...
BuT
LINEAR COMBINATIONS ,
OF ATOMIC TERMS IXSLJHJ> =g g

‘y THE COORDINATES
OF DISTINCT PARTICY

nls = = mblmem,

SHIFT OPERATORS 4\\\

SMeLML

M = = SLJM’/




SYSTEM OF TwO PARTS:
ey Ljzmy )

PO 1 emied = Je(jet)R® L me>

. s K=.1.|2
320 13emeH= meh 1jeme

j = JM+5@) ¢ L, }(2]=0
3%, Jz - BIGENFUNCTIONS 1 (Joj2) JM)
NeovpLed 1o 3

F1GIDIMP> = JI+HR G DM D
Jz| (1) IMD>= Mk I(j)2)TMD

PRODUCT FUNCTIONS

ljamaljzma > = | pomy :|2'm2>
EIGENFUNCTION OF Jz = jz()+ jz(2)

Jz |J4m4> IJ2m2>= (Jz(ﬂi'dz(Z)) qufm1J2(mz>=
= (my+amz)k |y my j2me)=
= MR 1jgmy jeamg>

LINEAR COMBINATION OF quﬂn.qun2> 1S THE EIGENFUNCNON
OF j2;

HOWW TO CONSTRUCT IT ¢



LY,

-

«~ UNCOUPLED HOMENTA

| (J132)IM>= L |J1mqumz><J1”"1szz‘ (J1J2)JM>

COUPLED ;smim, TV
MOMENTA .(mli-mz-M) CLE.E)SI-I ~GORDAN COE.FFICIE?\WS
. : VECTOR- COUPLING COEFF.
A= Z | j-nman1mul :: ANGULAR MOMENTUN COUPLING COEFF.
{ RE-COUPLING COEBFF.
1- ZJszb(szzl kil e

1] Z) | Janmy J2 mz)(Jqﬂthz m2|

mmg

PHASE CONVENTION | {jimy)zmz 1M for M=] ano M=) (MAX)
OF CONDON & SHORTLEY | ARE POSITIVE OR ZERO AND REAL

COUPLED HO‘HM
ljtmnajamap= 2", 1(j4ja) JM Y4 (a)2) JMILjamy jarmg )
e M CLEBSH- GORDAN COEFFICIENT

C-G COEFFICIENTS ARE REAL=> THE SAME SET OF COEFFICIENTS
FOR B0TH TRANSFORMATION

L(j1)2)IM I:)1ffmjz’mz§= {jumajzamz [(j1)2)In>

GENERAL PROCEDURE:
(JuDD . 10/44)

USING J+1(1y2) JM=]1>=0
e
PPLYING J— (J-M) TIMES ON K\)'l:]?-) J] b

\U/ ALGEBRAIC EXPRESSION FOR THE C-G COEFFICIENT
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—

5"j SYMBOL = 2-j COEFFICIENT = WIGNER COEFFICIENT

:]1 :lz :]5 i jq—:,z—m3 . L ' .
(m.mz ’“3)- &4 (Z5+) 2 jamyJama | j3-ma>

{Jrmajamz| (j1)2))3~Ms )
My+tom 9_“‘ M= O

; -0 |
|34-)2| é:ls-‘..:)q-l-Jz OMERWSE =0 !

TRIANGULAR
CONDITION
Wi\ fi= s 30\ (1® 3 32
Q) (m:rnzma) (mz m,_,,,m,‘) (m,ﬁ,m4 . (EVEN PERMUTATION)
Tz 13\ o L MH2103 ()2 1 §3 |
(m.mz ma =) My Mym3 (ODD PERMUTATION

@ (J‘l J2 J3 o (_l)31+j2+]3 Y 2 i3
m, My M3 'ml—"n2_~m3 ”

ORTHOGONALITY OF ANGULAR } o ORTHOGONALITY ”
MOMENTUM STATES i OF %-) SYHBOLS

\rzib‘ms |(j12)33ma X (Je)2)jzms| =1
<:Hm1 jz’mz Jqu; .:|2 fTT)z'> = 6(,1“4,7“}:) d-(’mz,rmz")

_Z_ 4.:]1 fm.jgrmz I(J 432)33”“39{ (J:U:)Jg,ffnb | :)4 nm,‘ sz2‘> = .;S(m‘ m,‘)é(mz mz‘)

Jamy,
\'Z v
' % Y
| gaet) (31 3233 \[) J2 ]3):: | |
@ Jg,ZrIni J3 ) (rm m; m?,)(rn" m, ms d(mm, )(j'(mz mz)




; A we.
| J1my)2 mz5<J“m“‘zm2\ h

mimz

((J1JZ)J3’m3ﬁ (J1j2)jams > = S (ja]3) T (Mzms)

n?m{(jﬁz):lsm 31 4y J2mgHjamy Jemz | (jaj2) jam3 D= 8(j3j3) S(mams)
1712

N NG
37 2]
132 35 \ (1 J2 Jg,
@ %.'rnz (murnz mb)(ml mz My ) (2J5“) 6(J3J3)6(m3m3)
PROPERTY :
2. (2) = 2)3+1  (NUMBER OF VALUES OF m3
FOR GIVEN |3)
b M Jjz ]3)(34 2 13\ =4
M4 Mz M3z /\Ma My Mo
mi Mz Ma,

EXAMPLE : PERFORM TRANSFORMATION

l¥5L)Mp — ISMs LML)
N THE CASE OF THE GROUND STATE Hy OF {2

A. TRADITMONAL WAY (USING SHIFT OPERATDQS)

S=1, L=5, J=4 , My=-u, -31'2»"‘)0~“>213r®mx

My= ML+ Mg = 4 (MAX)
|3Hy My3=4)= Q/|3H Ms=4 Mi=3) +b|2HOU4 Y+ CI>H-15)

0/ b,C - UNKENOWN COEFFICIENTS OF LINEAR COMBINATION -

j-l-laHLlLl'):O ) J+=S+ +L+



3.
a (5:6-3U)2 PHA4D +b(1:2-0-4)2 13H 14 +
b(5-6-4-5Y%2|32HOS)+c(1-2- (N-0Y2|3H 05) =0
¥ SLMHs ML ARE ORTHOGONAL

W

) (i€ a +1Z b=0
10 b +Y2¢c =0

<3Hq Y | 3H|_| L|>= i => ao” + bb*-l' =1
L3H M M| 2H MM H=8(Ms Mg ) S(ML M)

5500 =4
= i -3 %
QA= D=— C= —
Vss Y55 Y1
0 1348 / O.YOMS , 0. 90'{5
3H 3 -——-—3 oy ——3 5
|2Hqud = @E\H43> PH By + 2= |>H s>

USING J. =S_+L. = OMER STATES |>H, H3>
B. MODERN WAY
[¥SLIMyD=2 |SMs LMLDSMs LML [¥SLIM D

fer V-6
I¥A544 )= =l |4H55H._>(1H55H,_|g45qq>
MsML
Ms HL. -y
M5+T1L—"-I=O
Me=d M=% Mg=0 M =Y Mg=-1 M =5
(4 S Y (4 5 H) A S Yy
13 -4 O Y-y -1 § -4
0.0449 -0.1348 ' 0.3015

X3 = 0.1348 - 0.404S 0.904S
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Appendix C. Formulas of 3-j and 6-f Symbols

Reprint from: Edmonds [1957]

A ANAN (_l)u[m + o = Gl + Jo = WG + Ga = j&!}*

@J)!
GJ = IGJ — G — )

if J is even.

(jl J2 jﬂ) =0 if Jisodd where J =454+ 52+ fa
0O 0 O
J

B

) (_1):—1\4—; J— M+ 3 :r

e @7 + 2@ + 1

k3=
v

J+1 J 1 (_1).!—M—1_ (J = M)(J ot M+'l) :ls
[ (2J + 3)(2J + 2)2J + 1)

B (—pyrum[ LM+ DU = M + 1)-2]‘
L @7 +3)@J + 2@ + 1)

@J + 227 + D@

gy (—1)7* M
(2] + D + DJT

a b c ! = (__1)3_ ss + (s — 2a — D(s — 2a) ]i
1

el it L(2b — D2b(2b + (2 — 1)2¢(2c + 1)

a b c% _ (x| 2 £ D6 — 20)6 — 2b)6 — 2 + l)]}

e % | 26(2b + 1)(2b + 2)(2c — 1)2c(2¢ + 1)

a b ¢

} _ (< €= 2 = DG = 206 = 2 + D6 — 2+ 2)]*
1 e—1 -kl | (2b + 1)(2b + 2)(2b + 3)(2c — 1)2c(2¢ + 1)
w b e (_1)34.1 2[b(b -+ 1) + cle + 1) D a(a + 1)]

(2626 + D(2b + 2)2¢(2c + D2 + 2)]F

(
(
(
(J J 1) (_I)J_H[(J - MJ + M+ 1)-2]*
(
|
|
|
|

wheres = a + b + c.
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3110,001
*2211,0111,
3210,1111,
*1131,0111,1
0000,001
*3110,0011,
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*2210,0011,
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3011,0011,
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321,011, 1
0211,0011,
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4211,1011,1
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1411,1011,1
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EXAMPLE: sHow THAT ForR * s+L= EVEN ,

WHERE. § AND L. ARE TOTAL ANGULAR
AND &PIN QUANTUM NUMBERS DEFRINED
WITHIN THE =5 COUPLING SCHEME

| L? SLIMy»>=3", ILESMgLM N LESMe LM | L? 5L3H3>
Mg M —

N
C~6 COEFFRCIENT

; A 2 =J4=]24+M3 ¢ . i oJz )
<J1‘T"4J2”“2-|(]4J?-)J{m?’ ) LA ;LJ;Vz (01 J2 Jas)

m4 My -M
=& = @
“'?.SLJH3~>:Z (‘“l) S L-‘l‘HJ L]jy2 (5 L] ) “'2 5“5 LHI..>
Mgy Hng“HJ
’\ UNCOUPLED MOMENTRA
S AND L COUPLED \u’
TO
J ISMs> [LML)
10 20
A© ISMed= 2 \4mg, 5m52><’5m51‘5m51|(66)5|"‘15>
Mg M, —
“5-A+Mg 4
-1) £s3% (ms.ms, . )
l3H5>"' Z_‘ (- 2‘5+ﬂ5[S]J- (6 AS ‘,b,m‘s‘ 6m§z>
MsiMs2 ms,ms,—-Ms ONE - PARTY
‘5’“@“5?50 FUNGINONS
- A OR
20 ILMy= I, | Uimy, Limg, Uiy, by () LMy = ®

MMy, — Y

(-*I)z"*HL[_L']i (L l' L )

mt‘mtz"'Hl—

= _n2ttH =
L ﬁL> L ( \ l-[ —in L L —l“ll.) |er,4 t/m{,g_>
My, Mgy UNICOUPLED MOMENTA

\Uj
ONE -PARNCL
5 (2 WML Itz wicnons:
) = €(2) 1. 2. OR@ITALS

INTERCHANGE



.44,

1°© (1e>2) e~ =TS
248+Mg 5 55D S
@)SHghy= 2, (-1 LS32 /e ms g )1 SMs > [4Ms2> =
MsMs, &2_;. Wi
" 26+Mg % (2645 (45 A S |
= 02" |(2)SMeye
2°(he—>2) L (2t
2L+HL % L L L
|(L2)LHL.>2 L (" Y.L] m.,,_m;,-ﬂ.. \Lﬂ”ﬂu»lb’w\bz>
\ MLy Mg e
= COZ IS,
tL+244S
[LZ2SM, LHL>12= % ?C lLQSHsLHL>21
=0 s Ma LML,

THE FUNCTION 1S ANTISYHHETRIC =D =
Lt+S =even FOR L

L+S=] 2
IF S=0 (sINGLET) Yl ooy J=even |[L®$=0 L=] Jﬂ)}
IF S=1: J=)L 44 => J=even |U*S=1 L=3HJM)
L+S=even , L=odd Theee POSSLBU
TRIPLET _‘ 7 Vs STAES
| ooD

IFs=4: J=L => [EEdE \L* 5= =] 3N>



- m.12
ARE ANY RESTRICTIONS ON THE QYWHMETRY OF o

ANTISYMMETRIC FUNCTION OF TWO FERMIONS
IN' )—) COUPLING 2
[Hso,ti]=0 [Hsp,lz])=0 [Hy,j#]=0 [Heo,j2]=0

[Hs0:3%}=0
IN J-) COUPLING Hsp INTERACTION SPLITS L, L, conmGurRATION
INTO FOUR CONFIGURATIONS:

(Liji ﬁ{z]z) WHERE 34-.-;. h-j;ié Jz.;tzijz_
(Csbaje (5L2)j2)

P, <
1Csb (8L2))z I = T, |y j2om XK jamjemal (Jaj2) JH>
™MyMg

—
o (..l)":]‘l'j?-“\‘ﬂ [.J]% (.M J2 J

m‘ mz‘-‘”

| 6L0jr (L) JHY= 2 ) T g 23 )1iimiy1jam,
MymMg
(3L (L MY, = 5, ¢4y M2 My, (12 ] )ummjzmo
MymMe
. ) J1‘|'J2+
IF j1= )2 (EQUNALENT) - ]
.3 2,j+:] . THE FUNCTION 1S
I(Ly) _‘]H>42= N ‘(LJ)ZJH>21 ANTISYHHETRIC |

j-— HALF INTEGER
2-j = odd = J: even
THESE ARE THE ONLY

ALIDWED STATES FOR
IDENTICAL. FERMIONS

HOW TO OBTAIN ONE RESTRICNON (L.S-COUPLING)
FROM THE OTHER (j)-COUPLING)? -} srmeg, |

[CONILIE )S‘_Ll(«ss)s (LOL; TN (BS)SILOL JHT (L)) (8L, IMD> )




